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ABSTRACT

This article presents closed-form analytic solutions to three illustrative problems in biochemical kinetics
that have usually been considered solvable only by various numerical methods. The problems solved
concern two enzyme-catalyzed reaction systems that obey diversely modified Michaelis—Menten rate
equations, and biomolecule surface binding that is limited by mass transport. These problems involve
the solutions of transcendental equations that include products of variables and their logarithms. Such
equations are solvable by the use of the Lambert W(x) function. Thus, these standard kinetics examples are
solved in terms of W(x) to show the applicability of this commonly unknown function to the biochemical
community. Hence, this review first of all describes the mathematical definition and properties of the W(x)
function and its numerical evaluations, together with analytical approximations, and then it describes the
use of the W(x) function in biochemical kinetics. Other applications of the function in various engineering
sciences are also cited, although not described.
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1. Introduction

be traced back to Johann Lambert in around 1758, and it was con-

A function that is convenient for solving transcendental equa-
tions of the type y +In(y)=x was derived and used independently
by several researchers [1-3] before Corless et al. settled on a com-
mon notation in the mid-1990s [4,5]. They called it the Lambert
W function (the letter W was chosen following the use of early
Maple software [4]), on the consideration that this function can
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sidered later by Leonhard Euler [for references, see 5]. These two
mathematicians developed a series solution for the trinomial equa-
tion, although they left it unnamed. However, in the years during
the Lambert/Euler era and through the modern history of Maple
[4], this function did not disappear entirely, even if the literature
remained widely scattered and obscure until the function acquired
the name of the Lambert W function. Meanwhile, Wright [1] ana-
lyzed the solution of the equation zexp(z)=a, in 1959, and later, in
1973, Fritsch et al. [2] presented an efficient algorithm for the root
computation of such nonlinear transcendental equations. However,
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even a decade later, in the early 1980s, Beal still evaluated the solu-
tions to the Michaelis—Menten equation using either a table for the
so-called function ‘F [3] or a relatively slow Newton’s root-finding
method [6].

However, across numerous scientific disciplines, the modern
knowledge of the Lambert W function as a mathematical tool
has allowed the derivation of closed-form solutions for models
for which explicit or exact solutions were not known, and there-
fore where alternative iterative methods or approximate solutions
had been used. Thus the Lambert W function can arise in a wide
scope of practical problems in mathematics, computer science [5],
mathematical physics [5,7] and engineering (see [8] and references
therein), although it received little attention in biochemistry and
biotechnology. In these latter disciplines, the solutions to relatively
simple model equations are frequently given by a standard family
of transcendental equations of the following type:

A-y+In(B+C-y)=In(D) (1)

where A, B, C and D do not depend on y. For many life scientists
that are faced with Eq. (1) in this implicit form, the usual next step
is to search for an available and efficient root-finding computer
algorithm that can numerically evaluate the dependent variable y.
Thus, they are not aware that Eq. (1) has the solution as given in its
closed form:

(0 ()

where W stands for the Lambert W function. Therefore, I believe
that it is expedient to illustrate here this function and how to use it
in practice. This is the subject of the present article, in which exam-
ples of specific biochemical kinetics are given that can be solved
algebraically and expressed in the closed form only in terms of the
Lambert W function. Other applications of the use of the Lambert
W function in various engineering disciplines are also cited at the
end of this review, although these are not described in detail.

2. Mathematical properties of the Lambert W function

The Lambert W function is defined as the solution to the follow-
ing transcendental equation:

y-exp(y)=x (3)

although using a logarithmic transformation, Eq. (3) can also be
rewritten as:

y+In(y) = In(x) (4)

However, the solution to Egs. (3) and (4) is the Lambert W function,
and it is written as:

y=W(x) (5)

Actually, when x is a general complex number, there are an infi-
nite number of solution branches that can be labeled with an integer
subscript, as W (x) for k=0, £1, +2, .. .. However, if x is a real num-
ber, the only two branches that take on real values are Wy(x) and
W_1(x). This function is real valued for the interval [—exp(—1),00)
where it takes on values from —oco to oo, although it is two val-
ued for negative x. As can be seen in Fig. 1, a branching point
located at (—exp(—1),—1) separates the two branches of the Lam-
bert W function; i.e. the upper branch, Wy(x), and the lower branch,
W_1(x). These two branches are the only ones that are needed in
the applications of this article, although for practical reasons, Wy(x)
is frequently separated into two regions for positive and negative
argument x (see Fig. 1). Both of these branches have a common
vertical tangent at the branching point. The upper branch, Wy(x),
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Fig. 1. The three real branches of the Lambert W(x) function for the correspond-
ing values of argument x. Region 1 (---) x>0, region 2 (---) —exp(—1)<x<0 and
0>W(x)>—1;region 3 (—) —exp(—1)<x<0and W(x)< —1.Regions 1 and 2 divide the
principal Wy (x)branch as Wp*(x) and Wy~ (x), respectively, while region 3 represents
the lower W_;(x) branch.

is usually called the principal branch: it passes through the coor-
dinate origin, as for the lower branch W_;(x), and it has a negative
singularity and a vertical asymptote for x — 0~.

The main properties and calculus of W(x) are given in [5,7], but
I present here a brief survey, and in particular the expressions for
power series, derivatives and integrals of W are given in Appendix
A.

3. Computing the Lambert W function

A specificity of the Lambert W function is that it is defined
as an inverse function, and it cannot be expressed in terms of
elementary mathematical functions. As a consequence, arbitrary
precision evaluations can be obtained through iterative root-
finding techniques. Numerous numerical methods are available
for this purpose. The choice has to find the trade-off between com-
plexity of implementation, conditions, and number of iterations
to convergence at a given precision. These properties are usually
controllable via the order of the method.

Newton’s method [6,9] is a simple method with a second order
in convergence that is appropriate, but with relatively slow con-
vergence. The Newton iteration for Eq. (3) is available in the
Supplementary Materials, provided by an initial guess of yg, as
described in [9]. However, near to the point (-1, —exp(—1)), where
the Lambert W function has a horizontal tangent, the Newton
method only converges linearly, and can even fail to converge
because of the cancellation errors in the denominator of Eq. (SM5)
givenin Supplementary Materials. Additionally, for x near, although
below, zero, while the Newton method for W_;(x) is numerically
stable, it can take many iterations to converge.

Hence, a better compromise is realized by the Halley method [5],
which is a third-order method. This leads to high-precision evalua-
tion in reasonable time. The Halley method is based on the iteration
scheme given in Supplementary Materials, which is provided by an
initial guess for y, as described in [5]. However, supplying this iter-
ation technique with a sufficiently accurate first approximation of
the order of 10~# will give a machine-size floating-point precision
of 10-16 in at least two iterations.

Furthermore, a fourth-order method was proposed in 1973 by
Fritsch et al. [2], which is even faster, although it is also more
complicated. Their algorithm 443 is based on an efficient itera-
tion scheme and is also available in Supplementary Materials. This
algorithm was superseded by algorithm 743 in 1995 [10].

The procedures described in this section are implemented in
various technical mathematics software (e.g. Maplesoft Maple,
Mathworks Matlab, Wolfram Mathematica). While the Lambert
W function is simply called W in Maple and Matlab, in the
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Mathematica computer algebra framework this function is built-in
under the name of ProductLog.

4. Analytic approximations for the Lambert W function

Although the Lambert W function is useful in many scientific
disciplines, it is not yet available in the standard mathematical soft-
ware libraries that are also widely used in the life sciences. Hence,
it is very interesting to express it approximately with other ele-
mentary mathematical functions that are readily available with
any computer program. Thus, in this section, I will present such
approximations for W_q(x) and Wy(x) from [8], although some
other approximations for W_;(x) have also been described over the
last decade [11,12].

The upper branch of W(x) can be broken into the two portions,
and most applications are confined to either of these: Wy~(x) and
Wy *(x). Therefore, Barry et al. [8] provided three simple analytical
functions that can accurately approximate W(x) for three different
regions (see Fig. 1):

(a) Region 1, for x > 0: with the Wy*"(x) approximation to the pos-
itive principal branch Wy*(x), as in Eq. (6):

1.2-x
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Fig. 2. Relative errors of the three different approximations of the Lambert W
function. Wp*"(x) (---) for x>0 on the exponential x-scale, although on the lin-
ear x-scale: Wo="(x) (---) and 10 x W_;"(x) (—) on the intervals —exp(—1)<x<0
and for —exp(—1)<x<0, respectively. The infinite x range interval (0,00) has been
mapped onto the interval (0,1) with the aid of the exponential x-scale x=1—1/In(x
+exp(1)).

The definition of N1(x) and N, (x) is taken so that the approxi-
mation of the Wy~"(x) is exact at x=—exp(—1) and 0, and the
relative error of Eq. (7), the maximum of which is less than
0.15%, vanishes at these limits. Setting N1(x) and N>(x) in Eq.
(7) gives the condensed expression of Eq. (10):

2-(1+exp(1)-x)

(10)

(1+(((3.4142 + 0.5799 - \/2 - (1 + exp(1) -x))- /2 - (1 +exp(1) - x))/(10.2426 + 2.9798 - /2 - (1 + exp(1) - x))))

W_i(x) ~ W2, (x)

—In(—x) - 5.9506- | 1—

(c) Region 3, for —exp(—1) <x<0: with the W_; "(x) approximation
to the lower branch W_{(x) with a maximum relative error of
only 0.025%, as in Eq. (11):

1

It should be noted here that for x=0, the logarithmic terms in
Eq.(6) are not defined, although when x tends to 0, both of these
terms tend to the limit 0. Consequently, the Wy*(x) approaches
0atx=0.Forthe approximation of Eq. (6), the maximum relative
error is below 0.2%.

(b) Region 2, for —exp(—1) <x <0: with the W~ (x) approximation
to the negative principal branch Wy~ (x), as in Eq. (7):

Wy (x) = Wi (x) = -1+

(1 +((0.3361 - /(1 +In(—x))/2)/((1 + 0.0042 - (1 + In(—x)) - exp(—0.0201 - /(1 + ln(—x)))))))

V2 (1+exp(1)-x)

(11)

All of these three equations, Egs. (6), (10) and (11), represent easily
computable approximations for W(x), with argument-x-depending
relative errors as shown in Fig. 2. It should be noted here that the
approximation equations Eqgs. (6), (10) and (11) are constrained to
give the correct values for W and the derivative dW/dx at the end
points of their intervals. Consequently, the approximation equa-
tions are also continuous at the points x=0 and x=—exp(—1).

where
1
MG = (1- ﬁ) (M) +2) (8)
Ny(x) = 3v2
6 ((2237 + 1457+/2) - exp(1) — 4108+/2 — 5764)

(215 + 199+/2) - exp(1) — 4302 — 796
2-(1+exp(1)-x) 9)

(1 F(NI(X) - /2 (T exp(1)-2)/(Na(x) + /2 (1 +exp<1)-x>)))

5. Use of the Lambert W function in biochemical kinetics

The Lambert W function is nowadays mostly applied in compu-
tational sciences and mathematical physics [5], where it has been
discussed in great detail. However, over the last decade, the use of
the Lambert W function has broadened widely in chemical kinet-
ics [13-16] and engineering [17-19]. In contrast, biochemistry and
biotechnology are still seldom used to demonstrate the use of the
Lambert W function, although biochemical kinetics provide the
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Scheme 1.

opportunity to apply it readily, as illustrated with the following
three case problems.

5.1. Case I: classical and generalized Michaelis-Menten enzyme
reaction systems

Traditionally, the kinetics of enzyme-catalyzed reactions have
been described by the mechanism proposed by Henri [20], which
can be schematically represented as illustrated in Scheme 1:

This is thus a reversible reaction between enzyme E and
substrate S, giving the enzyme-substrate complex ES, which irre-
versibly yields product P. The rate equation that is associated with
this mechanism was largely resolved by Michaelis and Menten [20],
through the expression nowadays known as the Michaelis—-Menten
equation, as shown in Eq. (12):

_d[S] _V.[S]
dr Kin + [S]

where V is the limiting rate under saturation conditions, and Ky, is
the Michaelis constant. It should be noted that the latter two kinetic
parameters can also be apparent (inhibitor-dependent) constants
when the quantitative kinetics of inhibited enzyme-catalyzed reac-
tions is studied in terms of the correlation between initial rate
measurements according to the expression given in Eq. (12) [21].
However, this equation is of fundamental importance in enzyme
kinetics for both theoretical and practical reasons, although little is
known about its closed-form solution, which was reported for the
first time by Beal in 1982 [3]. Fifteen years later, in 1997, Schnell
and Mendoza [22] recognized that this solution can actually be
expressed by the Lambert W function as:

[S]t:Km~WO{%~exp ([S]oK—#)} (13)

Eq. (13) can be obtained from the widely known implicit inte-
grated Michaelis-Menten equation [20], which can also be written
as:

V= (12)

[Sle [Sle\ _ . ([Slo) , [Slo—V-t
(k) =0 (k) =g, (4
Substituting y =[S]¢/Kr in Eq. (14) simplifies this to Eq. (15):
_ [Slo [Slo—-V-t
y+In(y)=1In (m-exp (T)) (15)

Eq. (15) shows similar relationships to those given in Eq. (1),
with the identification of the closed-form solution, as in Eq. (16):

Substituting for y in terms of [S]; and K, results in Eq. (13),
where the argument of W from Eq. (13) is positive at all times
because Kn, [S]p and the exponential function are always posi-
tive. Therefore, a unique solution to Eq. (13) exists for any progress
curve of interest when this solution to the basic Michaelis-Menten
reaction mechanism is applied, as shown in Fig. 3. This algebraic
integration approach is certainly the most appropriate, because
enzyme-catalyzed reactions are typically presented in the form
of time-concentration ([S];) measurements. Hence, time-course
data analyses that use the integrated rate equations in its closed
forms avoid the differentiation of concentrations into rates or com-
putation of intensive numerical approaches for solving the rate
equations in different forms (e.g. the Runge-Kutta integration and
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Fig. 3. Simulated progress curves of substrate concentrations for

Michaelis—-Menten-type (irreversible) enzyme-catalyzed reactions (V=1uM/s,
Kn =1 M) with different initial substrate concentrations (1, 2, 3, 5 wM). The lines
represent the data directly calculated from Eq. (13).

E+S~=—ES~=EP<—E+P
-7 -2 -3
Scheme 2.

Newton-Raphson root-finding method for solving Eqgs. (12) and
(14), respectively).

However, real-world enzymes generally do not obey the mech-
anism of Scheme 1, although the experimental conditions can
sometimes be manipulated so that this is a very good approx-
imation [20]. The forward velocities of many enzyme-catalyzed
reactions are affected by product inhibition if the enzyme and prod-
uct form an unproductive complex, EP, although more realistic
reactions are also reversible. Thus, the sequence of elementary pro-
cesses during the reaction involves two central complexes, ES and
EP, that are mutually convertible at velocities that are character-
ized by the rate constants k, and k_», respectively, as illustrated in
Scheme 2.

These kinetics of enzyme-catalyzed reactions presented in
Scheme 2 are governed by the general Michaelis—-Menten equation
[20], as shown in Eq. (17):

L dP) __dIS] _ (Vy/Kp)-1S]— (Vi/Kr) -[P] a7
Todt  dt T 1+([SI/Kp) + ([P1/Kr)

Vr and Kj, and V; and K;, represent the limiting velocities and
Michaelis constants in the forward and reverse directions, respec-
tively. However, when such a reversible reaction is started with
only the substrate and free enzyme, and when the free enzyme
converts the substrate to product until it reaches its final equilib-
rium concentration [S]., the time-course of the reaction can be
described by the closed-form solution [5], given as Eq. (18) (for its
derivation, see Supplementary Materials):

[SI =1l — AlSl + K- Wo { Sk exp (2 0) 1

K, K
(18)
where
_ (Vy-[Slo/Kf)
AlS] = WK+ VijK) [Slo - [Sl» (19)
L WK+ Ve/K)
= /K —1/K) (20)
K= Bl A, el

T (/K - 1/Ky)

Eq. (18) is conceptually equal to Eq. (13), but the value of K},
depends on [S]y (see Eq. (21)). The solutions of Eq. (18) (i.e. the
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Fig. 4. Simulated progress curves of substrate concentrations for general-
ized Michaelis-Menten-type (reversible) enzyme-catalyzed reactions (Vy=1 wM/s,
Vi =1uM/s, Kr=0.67 uM, K;=0.33 wM) with different initial substrate concentra-
tions (3, 5, 8 wM). The lines represent the data directly calculated from Eq. (18).

values of [S];) at time zero and at times that tend to infinity are
0 and [S]., respectively (for details see Supplementary Materials).
An interesting feature of Eqs. (20) and (21) is that V" and K, can
have negative values if Kf>K;, although they must both have the
same sign. Additionally, Eq. (18) indicates that argument x in this
equation can be either positive (when Ky<K;) or negative (when
Kf>K;), as A[S]w in Eq. (19) is always positive, while the sign of
K, depends on the relationship between Ky and K. Nevertheless,
whether argument x is positive or negative, the required solution
to Eq. (18) as shown in Fig. 4 is from the principal branch of the
Lambert W function; i.e. Wy(x) > —1 [5,23].

Egs. (13) and (18) have been used for progress-curve analyses
for enzyme and microbial kinetic reactions that apply powerful
mathematical software with a built-in W function [22-25]. Unfor-
tunately, the standard software libraries that are most widely used
in the life sciences are not set up to handle equations that involve
the W function. To avoid this problem, the replacement of the
integrated Michaelis-Menten equation with an empiric integrated
1 — exp alternative model equation was proposed recently by Keller
et al. [26], although this reformulation causes a distortion in the
Michaelis constant and deviations between both integrated model
solutions can increase significantly with time [27]. However, it is
known now that the replacement of model equations is not neces-
sary at all, as the use of approximations to the Lambert W function
has been recommended recently for those who use standard com-
puter programs without implemented W code [27-29].

5.2. Case II: Michaelis-Menten enzyme reaction systems with
endogenous substrate production

There are many exceptional biological kinetics systems that can-
not be described by only the classical Michaelis—-Menten equation;
e.g. sediments, anaerobic digestor sludge, and rumen fluid [30-32].
In these systems, the substrate being consumed is also endoge-
nously produced, and hence Eq. (22) must be modified to include
an additional parameter R, as:

_d[s] V-I[S]

@ - Kprs TR (22)

where R is the rate of endogenous substrate production. Robinson
and Characklis [31] published an implicit integral form of Eq. (22) in
1984, although Goudar recently identified an error in that equation
[33] and re-derived. The complete closed-form analytical solution
of this equation [53] which has remained unnoticed since its first
use in 2007 [34].

The solutions of this modified Michaelis—Menten rate equation
(see Eq. (22)) under the particular initial conditions depend on

A 5+ . ; . .

[S]; (uM)

=
3
-
[2)
[ =1
0 v T v T v
0 10 20 30
time (s)
Fig. 5. Simulated progress curves of substrate concentrations for

Michaelis-Menten-type enzyme-catalyzed reactions (V=1uM/s, Kpn=1uM)
in systems with different initial substrate concentrations (0, 1, 2, 3, 5 M) and
various endogenous rates of substrate production. The lines represent the data
directly calculated from Eq. (23), with respect to two different cases: (A) with R>V
(R=1.1 nM/s) when Eq. (23) is expressed with the lower branch W_; of the Lambert
W function and (B) with R<V (R=0.6 wM/s) when Eq. (23) is expressed with the
principal branch Wy of the Lambert W function.

factor b, which denotes the difference between the rate parameters
R and Viax (b=R — Vmax), as shown in Eq. (23) [35]:

_R K’” VK me LIOL b>0
[Sle =} —Km + \/Km+[S]o) +2-V-Kn-t, b=0 (23)
_ReKn V- Kin -Wo[x(t)], b<0

b b

where x(t) represents the time-dependent argument of this func-
tion, as expressed as in Eq. (24):
‘ ”) (24)

(R-Km +b-[S]y) exp (_(R~Km +b-[S] + b?
V. Kn V- Km

Eq. (24) indicates that the argument of the Lambert W function
has a limit, llmx(t) = 0, although x(t) is negative (—exp(—1)<x<0)
for b>0 (i.e. R >V) at all times, as the initial concentration [S]g, the
Michaelis constant Ky, the rates R and V, and the exponential func-
tion are always positive. This is in agreement with the solution
of Eq. (23), which is expressed via W_q(x), which is defined only
for the interval [—exp(—1),0). Thus, for b>0, the progress curves
always increase with time, as shown in Fig. 5B, although simulta-
neously the slopes of these progress curves decline and approach
the limit b (=R — V). However, for b<0 (i.e. R<V), x(t) can be either
negative (for the interval [-exp(—1),0)) or positive (for the inter-
val [0,00)). The sign of x depends on the following relationships: (i)
if R>V.[S]o/(Km *+[S]o), then x is negative and the progress curves
increase; and (ii) if R<V-[S]o/(Km +[S]o), then x is positive and the
progress curves decrease. However, in both cases, the solutions
of the model Eq. (23) asymptotically approach the steady-state
concentration [S]” = —R-Kin /(R — V), as shown in Fig. 5A, when R<V.
Simultaneously the slopes of these progress curves are negative or

X(t)=—
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positive, although they flow together to zero when steady-state is
attained.

The closed-form solution of Eq. (22) has been used for progress-
curve analysis for describing one-compartment pharmacokinetics
model with constant drug input [34], although recently, the appro-
priate substitution with approximations to the Lambert W function
were suggested [35].

5.3. Case IlI: kinetics of analyte binding to the surface by
mass-transport limitation

In a typical experiment using surface plasmon resonance detec-
tion, a selective surface is created by covalent immobilization of
a specific ligand to a surface of a sensor chip. A sample (analyte)
solution is then injected at a constant flow rate and the molecules
of analyte bind with noncovalent interactions to the surface ligand
over time. The response signal detected is based on the changes of
refractive index, which are proportional to the level of accumula-
tion of mass at the binding surface [36]. However, during sample
injection, the analyte concentration at the surface is lower than in
the bulk flow, as a consequence of mass-transport limitations. Thus,
a simple model based on this assumption was proposed by Myzska
et al. [37], where the observed binding is treated as a two-step
process, as shown in Scheme 3.

This two-step process represents transport of the analyte to
the surface (first step), followed by a binding interaction with the
immobilized ligand (second step). This has been termed the two-
compartment model.

Within the two-compartment model, the binding kinetics of
the association phase as shown in Fig. 6 (where the analyte bulk
concentration is kept constant by a continuous injection of fresh
analyte solution at a constant flow rate) can be described in the
steady-state approximation by the following nonlinear differential
equation [38,39]:

dR

—— =kg - (Rmax — R) - < [Alo + kg - R/km

1+ kg - (Rmax — R)/km

i > —kq-R (25)

InEq. (25), kg (M~1s~1)and kg4 (s~1) are the association and dis-
sociation rate constants, respectively; [A]g (M) is the initial analyte
concentration; Rmax and R are the maximum and current response
intensities expressed in response units (RU), and K;; (RUM~1s-1)
is the phenomenological mass-transport constant. For the initial
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Fig. 6. Simulated response curves for analyte binding kinetics to the sur-
face by mass-transport limitation (k;=1.8x10°M-'min~', k;=0.18 min!,
km=9x 106 RUM~" min~!, Rmax = 1000 RU) in system with different initial analyte
concentrations (100, 200, 300, 500nM). The ascending and descending lines
represent the data directly calculated from Eqs. (26) and (30), respectively.

condition R(0) =0, the analytical solution of Eq. (25) in the closed-
form reading is as follows:

R(t) = Reo - (1 _ Wola- eXI;(a -8 t))) o6)
where

oo = % (27)
T e R T (28)
B = ka - [Alg + ka 0

(1 + (kg - Rmax/(km - (Kp +[A]o))))

Furthermore, it should be noted that ligand equilibrium dissocia-
tion constants from surfaces are defined as the ratio between the
dissociation and association rate constants (Kp =kg/kq).

In the dissociation phase, the differential equation still holds,
although since [A]p =0, it follows that the analytical closed-form
solution in this case is:

where

_ ka - Rmax + km

ka (31)

and R =Ry at time tg, which is the start of the dissociation phase. It
should be noted that there are negative signs in Eq. (30), although
the argument to W in the equation always lies between —exp(-1)
and zero whenever t > tp, implying that the Lambert W function is
defined and negative here. The negative sign at the start of Eq. (30)
then makes the total value of this expression positive (see Fig. 6).

As Eq. (25) takes into consideration the entire processes of mass
transport and binding kinetics in the solution, Eqgs. (26) and (30)
present the complete analytical solutions that allow both deter-
mination of the active concentrations and accurate and precise
measurements of the association and dissociation rate constants of
the binding interactions from response curves (see Fig. 6). The main
advantage of these solutions is that global progress-curve analysis
explicitly shows the reliability of the results.

6. Other uses of the Lambert W function in engineering and
life sciences

Although this review is mainly focused on problems considering
the Lambert W function that appear in the biochemical and biotech-
nological disciplines [22-29,34-39], and in chemical engineering
[13-19], other applications of W of practical import have been dis-
covered in various engineering and life sciences, and I cite here only
recently published literature. Thus, Wappears in solutions to a large
family of equations that describes situations in physiology [40,41],
hydrology [42,43], colloid and interface science [44,45], materials
and transport research [46-48], electrochemistry [49], and droplet
microfluidics [50]. Furthermore, many delay differential equations,
where the present rate of change in some quantity depends on the
value of the quantity at an earlier moment, can be solved in terms
of W (see [51] and references therein). The equations of this kind
can be frequently found in population dynamics, economics, and
control theory, although these fields are not within the scope and
interests of the readers of this journal.

7. Conclusion

In this review, I have presented some of the calculus proper-
ties of the Lambert W function, along with its numerical evaluation
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and the approximation functions to W(x). I have combined these
with some biochemical kinetics examples of its applications and
the available references on this function. Furthermore, I believe that
awareness of the Lambert W function in the fields of biochemistry
and biotechnology will also increase in the years to come [15,52],
and many more applications will be recognized in these scien-
tific disciplines. Consequently, the aim of this article is to facilitate
this process, which will help in the identification of the practical
aspects of the Lambert W function for the life-sciences research
community.
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Appendix A.

The principal branch of W is analytical at x=0, and its power
series expression about the origin can be given as:

Wotx) = (-1 X0 (A1)
n>1

The radius of convergence of this series is equal to exp(—1) where

W(x)I<1.
The rules for integration and differentiation of W are as follows:
1
/W(x)dx:x- (W(x)—l—i—m) +C (A2)
oy W(x)
W= wi (A3

where Eq. (A3) is valid for x # 0. At zero, the derivative is defined
in the form of the limit:

limW(x) = 1 (Ad)
x—0

Appendix B. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.bej.2012.01.010.
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