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The aim of this work is to give a simple and concise (but not exhaustive) presentation of
the argument to all who are interested in it. We've created this worksheet to implement
digital filters (lIR) similar to the classics ones for DSP applications. We assume that the
reader already knows both the concepts and the use of the Laplace transform in the study
of linear and invariant lumped electrical circuits and everything about the z-transform.
However, we report about the latter, some concepts and some useful examples in the
worksheets dedicated to this argument. The paper therefore, consists of an initial part
which refers to the z-transform. Subsequently (worksheet 2) we depict linear and time
invariant active filters and the transfer functions thereof, namely: two filters of the first order
(low pass and high pass) and four of the second order (low pass, high pass, band pass
and band reject). For each of them, (worksheet: 3, 4, 5, 6, 7, 8, 9, 10), we report the
impulse response, the unit step response and the Bode diagrams. Subsequently, again for
each of them, we calculate the corresponding transfer function in z domain using the two
common transformations s->z i.e. the linear and the bilinear. For each of them follows the
corresponding difference equation and the Bode plots together with those of the linear
system for comparison. For each filter we derive the parameters to implement the digital
filter with a given DSP.
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INTRODUCTION
The most common signals used when dealing with signal processing are those here illustrated:

Unitarypulse:NcS“(v,k) =11 if v=k , (11
0 otherwise

which is an abstract mathematical entity.
In electronics we use very short voltage pulses of limited amplitude in agreement with the DSP data.

n:=0.099"

Unitary pulse: Unit impulse in advance.
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n
Unitary step:  u(n) := Z 8(n,k) if n>0 {2
k=0
0 otherwise




Generic sequence: Xy(n) = Z (x(k)-8(k ,n—K)) 1.3

k=-
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§1.1) The Z transform of a generic causal sequence h,,,

(non causal: unitary pulse response h, = 0 for n<0) is so defined:

oo

H(z)=ro o)z tdt= o (hy-z "), (1.1.1)
- n=0

o0
where: o(t) = Z (h(n)-A(t-n)) and h(n) are the sample values of h(t) at t=0,1,2...n, and A(t) is the
n=>0
well known Dirac pulse.

Example 1): h(n =ﬂ- 1+-1 +1+...+i+...
b 2 4 o

(geometric series)

o —n)_ 4 7' 72 ;73 z " 71
z transform: H(z) = Z (hn-z )=§ 1+ + + +it—+ ..., —

n: =40 =i _E_
2
H(z)=i- - :
i

Example 2): h(n) = %-(1 4075407524075 + . +075"+ ).

[1 —(0.75-2_1)N]

. 4 1
lim 1 = _.
No>o 1-075% > 8.1 _4
4
=102 4 4
202—15 5y g1

Example 3): h(n) = %{1 +0.75 + 0.752 + 0.7’53 ¥ o 075 (1 +% - i + ...+ iﬂ

w51 £.5)

n= n=0
for the linearity of the z transform, namely
Z(a-x1n + b-x2) = a-Y1(2) +b-Y2(2),
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we can write:

H(z) = st n SRR - ] . 2z
Sla-32" 2-71) %372 107 "+8
| —1
< 2.z
Ly 1
3.z “-10z +8

In this worksheet and all others we will use the operator ztrans.
Examples of Z transform:

1) n ztrans — 5
(z-1)
2) A ztrans - 22 ,
of 2.z-1

3) ki=k  kenztrans - 1

2

(z-1)
4) k:=k k-n® g — £ +67.2° +302:2° +302.2° + 572 + ki !
collect, k e 1)7
2
5) k-(—n +nf-n’+ n4) ztrans — 2'k'7-'(5'2 +55-Z + 2) ’
(z—1)
2
6  a(-Kibmik | zlatbrk(@-bl-kz(a-b)
collect,z,k e i
ztrans

7) a:(n—k+m) +b-(n+k+m) |simplify N l:_z-(a —15)}4( L z(a +1b) s 2Z-(a +b)
Vi Z—
collect,k ,m,z z ~&2%
8) sin(w-n) zirans — z-sin(w) ,
Z —2.cos(w)-z+1
9) cos(w-n) ztrans — z-(z - cos(w)) |
z —-2-cos(w)-z+ 1
Ztrans i 1
- (win) z.e” .sin
10) o (w1 n)-sm(uﬂ-n) simplify> ——— : (w1) .
i e Z°-2-e¥" .cos(w1)-z+ 1
11) k-a" ztrans — ——<Z
a-z
12) ke 2™ rans o 107 ;

—a
Z—€




13)

14)

15)

16)

17)

18)

19)

20)

21)

a

k-n-e 2" ztrans — Lez-
(z»ea - 1)
a
1-e*" ztrans - z-(e — 1) ,
(z-€?)-z-1)
k-n-a" ztrans — a-k-zz .
(-2
ztrans
, o z-(ez'aw 1)
sinh(a-n) | simplify - 5 2 )
. ea-(2-z +2)~z-(2-e 'a+2)
collect,e ™,z
ztrans , 2
cosh{a-n) - = 2 ZEos) 7 3
SRR z" —2-cosh(a)-z+1
n | ztrans - (n+1) N
(—1)"”-3— ...~ Ztran 2 ,n,E Iog(‘l +a-z 1) lal<|z|,
n | simplify n a
a-(an+bn) a-z(a+b-2-2
— = zirans — g
a-b (a-b)-(a-2)-(b-2)
a-(an - bn) a-z
— Zirans —
a-b (a-2)(b-2)
O z ++/z-atanh\z 2 ) _ 22 atanh\z 2 i e
2-n+1 2:z-2
undefined otherwise




§1.2) The inverse Z transform of H(z)

It is a contour integration of F(z) = z“_1 H(2) on a counterclockwise contour I traced on the Gauss plane,
enclosing all the poles of F(z):

hn = —— Qi 27T HE) ae, (1.2.1)
2.1 :

[¥]—Expand to see some classical examples

§1.2.1) RESIDUES METHOD
A(z)

For a rational function F(z,n) = zn_1 H(z) = E(—) whose poles are known, the integral can be analytically
Z

calculated with the residues method.

Stated that "my" is the order of a single pole z , "u" the number of such poles and P is the total number of

poles: '

P-1
the contour integral:  h, = —1— ¢p F(z,n) dz= Z (Res(F(z,n))), (1.2.1.1)
2.7t
k=20
P-1
If F(z,n) is a rational function with P poles of order my, with my = P,
k=0
F(z,n) = ‘;EZ; = . Arff) . (1.2.1.2)
Z o 1 P-1
(z-po) “(z-p1) -(z-Pg-1)
the theorem gives the residue for the pole pk of order my:
mk—1 m
Res(F(z,n)) = lim LRI [(z~ Pk) k-(F(z,n))] (1.2:1.3)
25 p, (mi—1)! 5Tk

(If the system has 6 poles, for example, with 1 one of third order and the other (3) of first order, the sum o
the residues is composed by the sum of the residues of the poles of the first order plus the residue of the
pole of third order, namely it results the sum of four residues.)

For simple poles (m, =1, Vk) we have:

P—1 P-1 K
3 ResFznm) =y [ im  [(z-pK)-(Fz,n] | (1.2.1.4)
K=0 K=0] * % )
. . . A(2) A(2)
If F(z,n) is a rational function F(z,n) = = 1215
@n) (2.1} B(2) (2—21)-(z~22)-...-(z—zn_) ( )
with all simple poles, then: _
P—1 A2
hp= 3" lim (1.2
Ko'o 27 Ry QB(Z)
0z

[*] Expand to see some examples




Example 1) two simple poles:

Let us compute the inverse Z transform of the given function: H3(2) := Z-0 75)2 Z+05) ' (1.2.1.7)
F3(z,n) = 2" H(z) (12.1.8)
P
han=§ [ lim [(Z-pj)-(F3(Z,n))]:l (1.2.1.9)
: Z—>p,
j=0 I
Creation of the coefficient's vector of the polynomial denominator:
n
z:=2z  n:=n F3(z,n) == = =2 (1.2.1.10)
(z-0.75)-(z+ 0.5)
-3.0
v := denom(F3(z,n)) coeffs,z —» | -2.0 (1.2.1.11)
8.0
Search of the poles of F3(z,n): poles := polyroots(v) ,
polesT =(-0.5 0.75) p := poles
h3n= lim [(z-po)-F3(z.,n)] + lim [(z-p1)-F3(z,n)] (20.12)
z-p, z-0p,

Representation of the contour of integration on the Gaussian plane of the complex variable z.
Radius of the circle that encloses all the poles of F3 (z,v): r == ceil(max( |poles| ))-1.0, r= 1

£(t) := r-cos(t) P(t) = r-sin(t) (1) == &(1) + (1) o =6 (1.21.13)
Gauss Plane (z) Gauss plane, H3(z) , F3(z)
T b T 4 T B T T
i &
2_ —
Im(poles)
eoo o+ .t
Im(p(t)) - Im(H3(p(1))) e o
Im(F3(¢(t),0))
—1+ B
— 2+ 1
-1 0 1
Re(poles) ,Re(p(t)) p ' i | l

- 0 1 2 3
Re(H3(p(1))) ,Re(F3(¢(1),0))

(fig. 1.2.1.1) (fig. 1.2.1.2)
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S T Pl < 1.2.1.14
L = | e

+ lim [(z 4 0.5)-[7.”‘1 - - ﬂ
” s BE (z—0.75)(z + 0.5)

Finally we get the sequence sought:

n n
M1 := 100 h3p = [ 0 ]J{ (0.9 } (1.2.1.15)
0.75+05) | -05-0.75
n=0.M1-1
h3q = %-(0.75" 05" (1.2.1.16)
.
e =] 0] 0.2] 0.25] 0.238] 0.203 ] 0.165] .|
rows(h3)—1
Energy E= ) (|h3k/)? E = 0.268 (1.2.1.17)
k=0
I 1 1 |
ILA
0.2 .

k
. TTT‘MA |
10 20 30 40 50

k
(fig. 1.2.1.3)

o

Example 2) c.c. poles:

Let us compute the inverse Z transform of the given rational function:
=
1+2-z +2z

'I»»zf1 +ot-zu2

o = 0.3561 H4(z) := (1.2.1.18)

M (z+ 1)

P=3 Fa(z)= 2" "Ha(z) =  Fa(z,n):= (1.2.1.19)

z-(z ~z+cx)

2
Z [ im  [(z-pk)- (F4(z))]} (1.2.1.20)
k=0

Z—)pk

o




0

3561.0
2=2 n:=n Vv:=denom(F4(z,n)) coeffs,z —» (1.2.1.21)
o -10000.0

10000.0

Search of the poles of F4(z,n): poles4 := polyroots(v) poles4T =(0 05-0.326] 0.5+ 0.326j)

£() == r-cos(t) () = r-sin(t) @(t)(t) = &) + (b {1.2.1.22)

Representation of the contour of integration on the Gaussian plane of the complex variable z.

Radius of the circle that encloses all the poles of F4 (z): I := cei!(max( |poles| ))-1.0 : {1.2.1.23)
tO::O tﬁn::2-’n o= B

Gauss Plane (z) Gauss plane-F4(z,n) in red, H4(z) in blue

T b I . I

g or o 8
1k .
1 | I
= 0 1
Re Re
(fig. 1.2.1.4) (fig. 1.2.1.5)
Behavior By the Origin
1
' 0

Im

-1 -0.5 0 0.5

Re

12




(fig. 1.2.1.6)
polesd4p = 0 poles41 = 0.5 - 0.326j poles4s = 0.5 + 0.326j

p0 := poles4g  p1:= s i p2 := 1 sl=4a (1.2.1.24)
2 2 2 2
p0 = 0 p1 = 0.5+ 0.326j p2 = 0.5 0.326j
The sum of the residues gives:
1 (z+1)?
hd,= lim |z-Z2" - (1.2.1.25)
z—>0 (z-p1)-(z-p2).
2
o i [ @}
z — p2 (z-p1)
2
+ lim Zn—1________(z+ L }
z—pl {z=p2)
1 (z+1)? 8(n,0)
lim |zz2""- = 2 (1.2.1.26)
z—>0 (z-pl){z~p2) p1-p2
L [V1‘4“"+1)-(1—___“‘4""j= T 1508 (1.2.1.27)
p1-p2 2 2142 2 o o
2 -1 2 2 -1 s
- [Zn-y (z+1) } _pt"hp1e ) - [an.(u 1) } _p2" 2+ 1)
z - pl (z-p2) p1-p2 z - p2 (z-p1) p2 —p1
v—1 2 v—1 2
and finally: il 2o Lty By Bl B P2 (P2 1) (1.2.1.28)
o p1-—p2 p2 — p1
ha! = 0 1 2 3 4 5
0 i3 3 3.644 2.576 1.278
ha,
¢
=) 1 ]
0 10 20
k
(fig. 1.2.1.7)

Example 3) one second order pole:
13



Let us compute the inverse Z transform of the given rational function :

2
—1
ag =1, By =42 H5(z) := az-—(f—i—"li , (1.2.1.29)
71y 62)
- a2-zn-(z + 1)2
F5(z,n)=z -H5(z) = F5(z,n):= 5 (1.2.1.30)
z:(Bpz+1)
h5n = Res(F5(z,n),p0) + Res(F5(z,n) ,p1) (1.2.1.31)
n 2 n 2
an-Z (z+1) an-z (z+1)
hSp= lim |2z.—2 ~| + tim 8 | (z—p1)222 ~l (12132
z-30 Z'(BZ‘Z‘”) z-»pl OZ Z‘(BZ‘Z+1)
Q9 = Qo Bo = B9
(0
1
Search of the poles of F5(z,n): , poles5 := z-(ﬁz-z 4 1)2 solve,z —»| B2 |, (1:2.1.33)
3
B2 )
1 az-zn-(z+ 1)2
p0:=0 F F5(z,n) = 5 (1.2.1.34)
P2 (z-p0)-(z—p1)
The function has a second order pole=—Bi
2
e g
Gauss Plane (z) F5(z,n) in red, H5(z) in bleu
1 T b T
1-— -
0.5 =
g o B k= oF 0
- 0.5 i
-1k -
~ 4 1 i 1
L ? ! Z1 -05 0 0.5 1

14



(fig. 1.2.1.8) (fig. 1.2.1.9)
az-zn-(z+ 1)2 a2~zn-(z+ ‘!)2
Res(F5(z,n),p0) = Ilm |z 7 lim 3 = ap-6(n,0) (1.2.1.35)
z—=0 Z(Bzz+1) z—>0 (B22+1)
n 2] n 2
0n-Z (z+1) 0n-Z -(z+1)
Res(F5{z,n).pl) = fim 2| fz—pt)2—2 s Jige B (1.2.1.36)
z.-3 pl OZ Z(Bzz+1)2 -39l 02 4
3 1
2 o -zn-(z+1)2 o -zn_z-(z+1)-(n+z+ n-z-—1)
8 [z+-—1—~) i simplify, max > — . (1.2.1.37)
oz B2 zA(Bz-z+1) B
a2-2n~2-(z+1)-[n +z-(1+n)-1]
Res(F5(z,n),p1) = Iim (1.2.1.38)
z — p1 522
R ‘
. . B [ P [ i 1
02" 2 (z+ 1)In+2-(1+n) ~1] b )( 32) (n+B2-nB+1
lim simplify ,max —
1 3,2 2
zZ——— 2 B2
B2
1\
OLZI(BZJ)'[_E“J -[n+[32-(1——n)+1]
hSn = ap-8(n,0) - = ; (1.2.1.39)
B2
0.6 T T T T
4
0.4f .
h5, O'Z—I i
4
1L r—
={) 2 4 1 1 1
0 2 4 6 8 10
k
(fig. 1.2.1.10)
5 invztrans 5 5
(z1+1) |simpify 0'»2'(n+“'52 - P2 “2'“'52”) 4 40
0y- : - = . +a9-8(n,0)
(ool o (2] ” -
z +B2) |collect,| —
B2

(1.2.1.40)

15




Example 4) one second order pole:
Let us compute the inverse Z transform of the given rational function :

2
-1
(z + 1)
oa:=1, Bai=v2 H55(2) = g (1.2.1.41)
Z + 62)
- cxz-zn-(z + ‘l)2
F55(z,n) =z "-H55(z)= F55(z,n) := 3 (1.2.1.42)
(62-2 + 1)
0 =0 Bp =By
1
B2
3 1
Search of the poles of F55(z,n): , polesod = ([32-2: + 1) solve,z — _b_:): : (1.2.1.43)
et
B2

The function has a third order pole= —-é—m
2

Representation of the contour of integration on the Gaussian plane of the complex variable z.
Radius of the circle that encloses all the poles of F55 (z,v): r := ceil(max( |poles55|))-1.0, r =2

£E(1) = r-cos(f) (D) = r-sin(f) (1.2.1.44)
S0 = £(1) +j-p(t)

ag:=0
Gauss Plane (z) F55(z,n) in red, H55(z) in bleu

T I b | I
g = 0.4F | 4
T 1 0.2 s
g of 01 g oF O o
i 1 ~0.2F .
~Ar T ~04f :

| | 1 | | i i : ; i

-04 -02 0 0.2 0.4

16




(fig. 1.2.1.8) (fig. 1.2.1.9)
1 2 133 a2z +1)°
h55, = Res(F5(z,n),p0) = lim ——|lZ+— | - (1.2.1.45)
112 a2\ B2 1)°
zZ—>-— (62'Z+ )
B2
3 2
h55p = —-ap- Y. tim -g-i[zn-(z+1)2] (1.2.1.46)
B2) 1 o
B2
Qg = Qg BZ = [32 Z=2Z
1Y (2. 3 2 2
il =1 4 ¥ 62 -2:n -62+n
1 1)° & [.n 2 B2
hB8p = _2—.&2.(6—) - lim ——2—[2 -(z+1)] simplify ,max — =
z 2—9——1— oz 2'62
B2
1Vt o g 2 2 2
oaz-(—B—J -(n By =20 BoEn =n:fy —2-n-32+3-n+2)
s
h55, = 5 (1.2.1.47)
2-B9
0.4' T T T T
0.2r ]
h55k
e OT{H—H—‘Wm
_0.2 1 1 1 1
0 10 20 30 40 50
k
Verify:
2 Q- —-—1- n-(n2-622-2-n2-{32+n2—n-622—2-n-62+3-n+2)
. (Z—1 +1) invztrans R By
- 1 3 | simplify ,max ' 2.3.3
(Z +62) B2

Iﬂ Expand to see some examples

(1.2.1.48)

1




§1.2.2) POWER SERIES EXPANSION METHOD.

We now consider a generic Z transform of a causal sequence, corresponding to a rational function, like th

(IR):
(bk -3 )

H(z) = ; (1224
(ak 7"
The Division of the two polynomials at the numerator and denominator generate the series:
0
H(z) = Z (hn-z‘ ”), (1.2.2.1)
n=20
whose coefficients are given by the following algorithm:
bo 2
with: hp = —, hp= —-| b - hn—i-aj 1.2.2.2
annaonZ(nll) ( )

Il =i
-1 -2
bo+bq-z  +boz
where for N=2:H(z) = (1.2.2.3)

ap +aq-z L ag-z_2

2
bg-z-+bq-z+b
or H(z) = 2 - L (12.2.3)

ap-z- +aq-z+ap

0
bo 1
with: hp= — , hp= —- bp - E hn—i-aj ’ 1222
0 a0 n ao{n. (nll) ( )

[+] Expand to see some examples

Example 1):
2
n=1..M1 H6(2) = 22 Sl AEg (1.2.2.4)
Z —1.5161-z+ 0.878
bn:=0 . an:=0 5

2.0e7

rows(b) = 101 B := numen(H6(z)) coeffs — | —8.09e6 |, p=rows(p), (1.2.2.5)
5.0e6

i=0.p-1 bBj = Bu-i-1

18




4.39e6

rows(38) = 3 o = denom(H6(2)) coeffs — | -7.5805e6 |, nr:= rows(o)
5.0e6
j =0..nr-1 /@J = Onr—j—1
e Y e i o (h6ni-ai) 12.2.7)
=—, =— - _i-ajl |. 2.2
ab 410n i n Z n-i'4i (

Sequence of the Unitary Impulse Response.

! 1 I T

(fig. 1.2.2.1)
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Example 2):
14272 14772

Hi(z) = 3 3 (1.2.2.8)
1-z " +0.3561.Z
Numerator N:=2 Denominator M=2
N1=N+M n:=1.M1 j.=0. N1 M1 = 100 k:=0. M
Numerator Denominator
=0.0
B 2 =00
Ntm = 2 a1 :=-1
bo = a2 = 0.3561
bo .
N1=4 h7p:=— h7n | bp— Z h7 i a, (1.2.2.9)
ap -

Comparison Between The Sequences h4 and h7.

4 T ]
h7 g [
k _
® 2
h4k 1 b
4 0
k1 1 1
0 10 20
k
{tig. 1.2.2.2)

[+] Expand to see some examples
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§1.2.3) PARTIAL FRACTION EXPANSION METHOD.

This analytic method consists in expanding H(z) in a sum of simple partial fractions. The inverse transformrr
then found using the elementary table of Z transform.
If we suppose N=M and the poles of H(z) are of the first order, then

) (bez™¥)
k=0
H(z) = 5 ((1.2.2.1))
~%
b) (a2
k=0
is expanded as:
L z bN
H(z) = By + Z Ck- , where By = —. (1.2.3.1)
K=1 Bt =

if N<M we have:

M
— & Z
H(z) Z (Ck Z-pkj (1.2.3.2)

where:

Ck= lim [I—-'—ZQ-(Z— pk):| . (1.2.3.3)

Z%pk

If H(z) has one or more multiple-order poles (coincident) (for an mtM-order pole at z = p;), then,

M " m Dk
H(z) = By + Ck- - : 1.2.24
@ oz(kzwkaZ T (1.22.4)
k=1 kx1(z R)
where:
mk—k m
Dy = 1 - lim g [(z—pi) ktl.gi).:| : (1.2.2.5)
(mk— )! z - pj amk—k z
{=] Expand to see some examples
2—1
Example 1) (two real and distinct poles): H8(z) = : ; (1.2.2.6)
r 8 .2
1-— ==z
4 8
H8(z) can be written also: H8(z) = 5 = i = , it has a zero at the origin and two simpl
z

poles in pg = ? and pq = il
0= 7 =
4 2
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Since the numerator order is less than the order of denominator we can write the partial fraction in this forrr

Chz Cyz
H8(z) = = -0 ki (1.2.2.7)
3 1 3 1
z—— || z+— Z—-— Z+—
4 2 4 2
SO:
Co= Ilim |:H8(Z) (Z—po):| :
Zbly z
Co= lim [@9( —po)} = lim - L 1 -[z—%) = [im . 1 =%,
& 2 z =2 Pyl = il 2 —] 3 (z+-—~)
’ g [ 4)( 2 dadl
Ci= lim [HB(Z)-(zpr)] :
z-p,
C1 = |im [w-(z—p.])] = ( l) = |lim 1 = _i !
z-p, z z—>p1 ( Wf’_) (Z+1) 2 z—>—1 (Z"EJ 5
4 2 2 4
a2 _ 2 (1.2.2.8)
5 1
Z—-— Z+-—
4 2
z . n z . n
we know that: a=a z:=z, —— invztrans > a , invztrans — (-a)
z-a z+a
473y [ 1Y
and ultimately: h8(n) :=—=-|=| -|—1 |. 1229
’ - [(4] ( 2) ] i
1 T T T
0.8F .
he(k) | |
J ( )04_ |
0.2f ¢ .
5 T | T RALZTIVIOTOOOS
0 5 10 15" 20
k
fig.(1.2.3.1)
n n
e 0
f invztrans — - (1.2.2.10)
z 3 2 S 5
. N
4 8
1+az 1472 2
Example 2) (first order complex conjugate poles): H9(z) = , =2 b=
1 D NN N e
1-z  +b-z
or: ;
z2 +a-z+1
HO(z) = = (1.2.2.11)
z-—z+b
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v = denom(H9(z)) coeffs,z —| _4 (1.2.2.12)

a:=a b:=b
poles3 := polyroots(v) poles3T = (0.5-0.343] 0.5+0.343j)
pg := poles3p pg = 0.5-0.343]  pq := poles31 pq = 0.5+ 0.343]
£(D) =rcos() (i) := r-sin(t) CO =W +j-P@® (1.2.2.13)

0,=0 lgo =27

2 B T
Im(poles3) e
/
1

Im(C(t) \

T
1
2 ~1 0

-2
= 2
Re(poles3) ,Re({(t)) Re(H9( (1))
fig.(1.2.3.2) fig.(1.2.3.3)
so, we can write:
22 +2-z+1
H9(z) = (1.2.2.14)

(z-pg)(z-p1)
P = 0.5 0.343]
pq = 0.5+ 0.343]

Since numerator and denominator are of the same order, the partial fraction expansion has the form:

B c c i
B e gl gl G s (1.2.2.15)
z Z 2-Pg z-p, an b
Bg:=e C1= Im l:tl—?—-(z)—~(2—-p0):| ,
Z— Pg ra
=i 22+2-z+1
C1= lim (z-po) (1.2.2.16)
2 pg | Z(2-Po)(2-P1)

(Po—Pg) = -0.687]
23



(12.247)

Po=P0  Cqy:= Iim

Z—)po

2
2 +2.241 pg +2:pg+1
ey —> e
Z'(Z_pO) po-(po—po)
C4 = ~0.859 + 5.62]

P1 =Pq Po == Po

. S
2 : pg) +2.0-pg+1.0
Cpi= lim {Z *’2'0”1} -3 (O) g (1.2.2.18)

2 -5 g Z'(Z"pO) po.%_ 1,0.(56)2

C, = -0.859 - 5.62]

Cqz Cr-z
H9(z) = e + L + 2__ (1.2.2.19)
Z_pO Z—po

e invztrans — e-46(n,0)

-1 2
C -Z p n - p _|_1
. invztrans — 0 ( 0 )

B (1.2.2.20)
Z-Po Po— Pg

e 2
Czi invztrans — (po)n -(p0+1) (1.2.2.21)

=Py po-b?)
o0 (oo (po) (o)

Po—Po Po—Pg

k=0.99  h9y:=e-5(k,0)+ (122.29)

h9

3.632 2.528 1,192 0.262 -0.176

11
i
w

_9 ! 1 1 ]
0 10 20 30 40 50

k
fig.(1.2.3.4)

Example 3) (H10(z) has a second order pole): H10(2) = 5 = z .
23_5-22 +2-z—1 (Z_E).(Z_n
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Poles: 1
Po.= E First order,

Pa= 1 Second order.
H10(z) A B G
= I +

el 2
74 Z—l z-1 (2”1)
2

(1.2.2.23)

remembering that Cx= lim [m:(z)-(z—pk)]

Z— Py

)2
= 2, (1.2.2.24)

A= lim [Elq(_zl.(z_po)} - i (Zm%)'zz : (%

Z— Py z Z~+—1— Z.(Zﬂi).(zh 1)2 1 (-—1]2
2 - 217
2
B= lim G_[Hm(z)-(z-—m)z} = lim & z (z-1?| = -2, (1.2.2.25)
Z— Py oz Z z2-5102Z Z-[(Z—l)-(2—1)2:|
2

Z2

C= Iim [m-(z—m)ﬂ = lim (z-1?%| =2. (12226)
Z— Py w £~*M z]:( ~%)-(Z—-1)2}

2 2.z 2-z

H10(z) = - + , (1.2.2.2
st Bt pogf
2
n
Z_ invztrans — 2(1) , o 2 2Z _ invatrans —> 2+
2 z—1 2
zZ— 3 (z-1)
_ -
h10, = 2[[5) +Nn- 1] Sz (1.2.2.28
200 T T T T '
h1g. 100F | |
- unnnnmWIUHMWUIW“H“”l“”
5 .ttt Il
0 2|0 4'1-0 éO éO 100
n:=n k
fig.(1.2.3.5)
[ " ] 2.22
test: 2. (—) +n-1| ztrans — (1.2.2.29)
“ z-1%22-1)

[=] Expand to see some examples
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§1.2.4) USING THE "INVZTRANS" OPERATOR.

We will use this operator in all worksheets.

Examples:
) invztrans
n:= Z(Z“z) e 20+ 1 (1.2.4.1)
(z-1) simplify
. invztrans
n:=n [— < 5| [simplify > -n-(n-1) (1.2.4.2)
=1 factor
a.z invztrans (1 )ﬂ
a:=a e TP 1.24.3
a-z- 1) simplify ~ \a ( )
% 7 7 invztrans
k:=k [w )-k+ 5 oty n-k (1.2.4.4)
I P e (z-1) simplify
A z.(k—1) —k-z2 | |invztrans
k:=k z st kK+n (1.2.4.5)
z7-2z+1 SRy
m:=m Ki=k a:=a b= b
ot o 9 invztrans
2" —2z+1 collect,a,b
m:=m k:=k a:=a b:=>b
invztrans
z-(a—b)].k+ i Gl T C R simplify - (m=k=+n:a+k+ma+n)b (1.247)
£ = 2> -2.z+1
collect,a,b
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§1 25) Transformation s —z , = F(s) —G(2)

1) First transformation (s —2z).

- k
- q -sTg (_S'TS) . . .
Placez =e = ST (s = o +]-w) and truncate the power series to the first order,

k=0

namely; 7 1=1_ s-Tg, from which

(1.2.5.1)

Although, it is a very inaccurate approximation, nevertheless using this approximation and notwithstandin:
the previously mentioned defect, the results produced are very acceptable, as will be seen later) .

The previous transformation is a conformal mapping because it is analytical:

e

Now place z= x +j-y and consider the function j{x,y,Ts) e s (x:j-y) . To see if it is analytical or
not, we apply the Cauchy-Riemann conditions:

0 j 18 j

S P J-(mf(x,y,Ts)} e

ay Ts'(x * Y!) X Ts'(x + y.l)

hence ia—f(x,y,TS) = j-a—f(x,y,TS).
oy OX
moreover it satisfies the condition:
im  |%f@)| =0
z— 2z |0z
o 1- 7
z:=2 zy:=2 Ts:=TS, fim -- oo if Zg =D
z— 2z |0Z Ts
signum(20,0)2
5 if zg=0
2o [T

this result let the previous transformation be a conformal mapping (as requested by the theorem thereof).

Complex plane representation of s and z.

N =100 j,=0.N-1 p:=1.0
2.7 .
9j = -—ﬁ--] rows(6) = 100
-6,
zj = p-e }
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s-plane

fig.(1.2.5.1) fig.(1.2.5.2)

Example: knowing the function f(t), we search the corresponding sequence via Laplace transformatior

The function needs some parameters: . := 1000, 3 := ] , Q= 20T,
0

the function is: fOO(t) := —t-o>-e " %.&(t) (1.2.5.2)
Sampling frequency: g = 100-p, 7g:= L , T = 1x 10"5
Ho
t:=0,0+22 2.8
N 8
o
0} IH”IIHf||H|iunnH““'*' 5 T 6 Tg'N
_1><103—H UH‘ -
f00(t)
. _ 2103 4
~3¢10° ' ‘ '
0 5¢10~ 4 1x10™ 3 1.5x10" 3 21073
t
fig.(1.2.5.3)
Laplace transform of the given function:
t=t JTs:=T70 S$:=8 p:=p o=
2
_to?-e” t%a(t) laplace,t — — 5 (1.2.5.3)
(a+s)
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2

Fo) = £(-to2e o) = - (1.2.5.4)
(s+a)
F6(s) := {1.2.5:5)
2
(s + )
Z transform applying the given approximation:
TOZ=TO S =8 Z.=2Z Q=0
1271
substitute ,s = 2 2 2
2 TO o -'TO Z
G6(z) = " —> N 5
(s+a)° |collect,z (OL Ty +2-00Tg + 1)-2 +(—-2-0L-T0—2)-Z+1
2 2
(o)
or G6(z) = (1.2 5.6j
2 -1 -2
(TO O+ 2-Tpyonk 1) - 2-(1‘0‘01.+ 1)-2 +z
Define the following parameters:
A1 = 1.7y Bl=2(rga+1) Cl=rp>0’+21ga+l (1257)
Al=-3948x10 °  B1=2126 Gf=1.13
A1
G6(z) := 5 = (1.2.5.8)
z -B1z +C1

Plotting magnitude in dB and phase of the two functions F(s) and G(z):

Magnitude

0 0 L T | T
: }‘ ! "‘-._i.; | .1‘ ‘ a | l

i AN |
20-log(|F6(j-w)|) i 1 \\\ |
20.10g)|aslel ]| "Soi T \\Mq. i I
Ml " \L )
AR A A

100 ‘
100 1x10°  1x10%  1x10®  1x10®  1x10”  1x10®
w
fig.(1.2.5.4)
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T a T I I T
L iy
() _
\5_ 0 ™
| (2 | ] i 1
100 1x10°  1x10%  x10®  wx10® 110’ 1x108
W
fig.(1.2.5.5)
Poles calculation of G(z):
1
v = denom(G6(2)) coeffs,z —»| 2 *T0~?2 (12.5.9)

poles6 = polyroots(v)

Pg,:= polesbg pg = 0.941 P4.:= polesbq pq = 0.941
1= ceil(max( |poles6| ))-1.0
t:=t £( = r-cos(t) 24k Ipl
ab(t) = r-sin(t)
S8 = £ +]-P(1)
_ _ tin—1o
A.;Qd'z 0 m_: 2. tO tO + 100 tfln
z plane G(z) plane
2 0.01 T T
| / \ 5)(10_3“ _
lm(polesﬁ)
e ]y Im(G6(C(t or
() m(G6(C(1)))
1\\\\\\\~H_‘ _,,,,////// =
-2 -0.01 ! .
2 _0015  —-001 -5x10"°
Re(polesG) sRe(C( )) Re(G6(L(1))

fig.(1.2.5.6)

01,2-702 Fed iy

poles6' = (0.941 0.941)

fig.(1.2.5.7)
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Calculation of the sequence corresponding to G6(z):

zZ.=2 Al=A1 B1:=Bl

A1 invztrans .

outy := e it —> (1.2.5.10)
2—2 pra1, C1 simplify ,max

parameters definition:

\/81 _4-C1 B1 ++/B1% - 4.C1
N2 = (1.2.5.11)
C1
ol = 2 C1—B1 +B1+/B —4 C1 o2 —81 -2-C1+B1 \/812—4-01 (1.2.5.12)
(1 L ( n-1 n—1 )
searched sequence outp :==| — ANl selan2 o2 (1.2.5.13)
2

—4 C1)
n=0.N-1

The approximation , as shown by the plot below, reduces the amplitude of the given function, although
it looks very like to the original one. Hence, the amplitude of the original function is scaled down.

Resulting Sequence After the transformation

T -
—0.01F |
out
n
L _o.02-
-0.03 | | | |
0 20 40 o - s
n
fig.(1.2.5.8)
L0 0+ N .28
Original
0

'H”HHHiIim.Hll‘“G

-2x107F

P

“3X103 | 1 1 |

0 2:10”%  ax107* ex107* 8x107?

t

fig.(1.2.5.9)
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2) Bilinear transformation:

3
&= _...1....|n(z)] e i z-1 + (Z_ 1) S (12514)
TQ T0|Z2+1 3qz41)®
(See: R. Isermann, Digitale Regelsysteme, 3.2-74 pag.:32 ) in a first approximation one can write:

o =

1

Bilinear transformation: = —.2_. 1-z

T 14z

The previous transformation is a conformal mapping because it is analytical, in fact:

(1.2.5.15)

1

2 A-ptjy)

T . 1
0 1+(x+jy)
To see if it is analytical or not, we apply the Cauchy-Riemann conditions:

X=X V=Y T0:=T0

4

place (z= x+j-y), define j(x,y,To) =

T

-a—f(x,y,TO) simplify,max —

3

T (x+1+ y-j)2
4

j-a—f(x,y,'ro) simplify, max — ,
ox : NG
T AX+ T+ ¥

hence z—yf(x,yno) - j-z—xf(x,y,'ro).
simplify 4

6_[3,1 ~z‘”1j N
o2\ T0 147 assume,zg # 0 (|ZO“”1I)2'|TO|

this result let the previous transformation be a conformal mapping (as requested by the theorem thereoi

lim
Ly ZO

Bilinear transformation s and z planes:

N =100 j=0.N-1 p:=0. g e rows(6) = 100

e
P
5= 1-1l%3)— (1.2.5.16)
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z-plane s-plane

=09 i -0.82
0.1p 0.2
lm(zj) oL Im(sj)
L 0 i
-0.1F
| ] | -0.21
~0.1 0 0.1 ! | !
~1.2 -1 -0.8
Re(zj) Re(s.)
]
fig.(1.2.5.10) fig.(1.2.5.11)

Z transform calculation of a given Laplace transform (function of s)

To = TQ s =8 Z.=2 o=«
-1
substitute ,s = e -
2 0 14z
G1(z) = —= > (1.2.5.17)
= > | collect,z st
(s+ ) 3
collect,p ,a-1

—[1'02-042-(2 + 1)2]

Functionofz G1(z) = (1.2.5.18)
ot 2)2.72 2_( 2.2_4)_ o —2)2
(TO0L+ ) Z + ’TO Q Z+(‘T00¢ )
or as a function of z*:
( 2 ﬂ 4 2
—Tn &
Gy = — 0 : (1) (1.2.5.19)
2 2 2 2
(To-a—2) (To-a+2) (TO o — ) 1 -2
+2- Z +Z
2 2
(To-cx—Z) (To'aﬂ*z)
Magnitude and phase plots.
Define the following constants to simplify the calculation:
——(1’02-&2) (702-(12 - 4) (To-OL + 2)2
A1l = Pea—— BT = 2---——-—--——-—~—~§— Gl = e (1.2.5.20)
(To-a—z) (T0~OL—2) (To‘a—z)

A11 = ~1.052x 1073 B11 = -2.13 C11=1134

z2:=2Z A11 := A11 Bt1 = B11 C11:=C11
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md 1)2

7248112 '+ C11

results: |G1(z) = t1.2.5:21)

Magnitude
L 4,:1 ﬁ || | |
O T TS T T
I T HTTING L
. LN R L
20-log(|F6(j-w)|) I l \\ 1 |1
: L - Y Y =
). N [N 11 | ‘ | ! AT
201og [ ] S0 NN &
O N U
..,.100 | I IO NN | |‘I I 8B e ();!Jl
100 1x10°  1x10®  1x10®  1x10® k10" ix10®
w
fig.(1.2.5.12)
Phase
T
fé\
5 01
1 ] i | |
100 1x10° 1x10* 1x10® x10® 10’ 1x108
w
fig.(1.2.5.13)
Plot of G(z) as z moves on a circle
Zi=2 A11 = A11 B11 = B11 11 =011
0
0
v = denom(G1(z)) coeffs,z —| 1 (1.2.5.22)
B11
C11
search of the poles to represent on the z plane
poles1 := polyroots(v) po[esTT:(O 0 0.939 0.939)
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Po,:= polesig pg=0 Pg.:= polesiy p1=0

—_
Z moves on a circle I= ceil(max( poles1 ))-1.0 f=2 (1.2.5.23)
bl £() = r-cos(t)
A(t) = r-sin(t)
G(B) = &) +j-P(1)
¥in—to
IN:»-: t09t0+ 1000 o tf|n
z plane Gl1(z) plane
2 T b T ™ D
1_.. ol
Im(poles1)
00 ok = ® 01 Im(G1((t
Im(C(t) m(G1(¢(1))
~1F -
_9 ] 1 1 L i
T : : _8x107°  —ax107° 0
Re(poles1) ,Re(((t)) Re(G1(C(1))
fig.(1.2.5.14) fig(1.2.5.15)
Sequence calculation of the given z function:
=7 A11 = A11 B11 = B11 11 =001
]
A11-(z""1 +1)2 invztrans
_}
_ _ imoli 1.2.5.14
5 2.,811.2 1+ cqq | simplify, max (1:2.5:14)
Seek of simplicity define the following constants:
2
K1 = B11«-\/B11 -4.C11 (1.2.5.15)
C11
(/112 ) |
KD — B11°-4.C11-B11/-(B11 -2-C11) +-2-C11-.(C11-1)
c11%./B11% — 4.C11
2
K3 = 8114«\/811 -4.C11
C11
K4 o —(811 +\/B112~4-C11)-(B11 -2-C11)-2.C11-(C11-1)

c112./B112 - 4.C11

The resulting sequence is:
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n
outlp := A11-3(n,0) + (%J A11- (k1™ k2 4 k3™ Ka) (1.2.5.16)

Resulting Sequence After the transformation

: ” HH”HH“||”||l”““H||||IIE||||||“,,‘...‘...
-0.01F =
out1
n
L -0.021 =
~min(out1)
-0.03 :
0 495 99
n
fig.(1.2.5.16)
(=0,0+22 2.8
N
Original
TR
O
~1x10°%F | .
00 (1)
- 3
-2x107 11
rrrrrrr e fOO(—)
o
"‘3)(103 | | | ]
0 2x10°% 4x107* ex107? sx107*
t
fig.(1.2.5.17)
1 - o(3)
fGO(—) =-2311.455 ———~—-—~9~L~—~——— = % 105 min(out1) = -0.023
o |min(out1)]
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§1.3) DIFFERENCE EQUATIONS

We consider the following z transform, as a rational function:

bo + b1 1y bg-z_2

5 1.3.1)
1+a1-z +asz
moreover, since H(z) is defined as:
Hitzj= L2
X(2)
(for a causal system, X(z) is the z-transform of the input signal while Y(z) is the corresponding output),
we can write:

Y(z)-(1 +a1-z L axz 2) g X(z)-(bo +b1-z = bo-z 2),
z inverse transforming we have:

y(n) +a1-y{n-1) +az2-y(n—2) = bg-x(n) + b1-x(n—1) + b2-x(n-2) .
The corresponding difference equation is,
y(n) = x(n) + bqy-x(n—1) +ba-x(n-2) — (a1 y(n—1) +az-y(n— 2)), 1. (1.3.2)
To these difference equation we must associate the initial conditions y(0) and y(1).
We can maitch to each difference equation a block diagram that depict the filter structure and the

computational procedure for implementing the digital filter. The basic four elements of the realization
structure are: branch, delay block, summing node, node multiplier, namely:

i ot - ge
a - z-.‘l. a . & b
: ; a+
| + o
b
node delay block summing node node multiplier
fig.(1.3.1)
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So, for the difference equations defined above, we have the following flow or block diagrams:

DIRECT FORM

b ;
. ¥ byXn+b,Xn1+ b, Xa, byXn+b, Xn1+ b, X 5-2,¥, 178, Vn2
Xn—t X > f‘ - =yn
n bXa .7 4+
Xn
[l i+ a4 T
z! e s $-2,Yn173,Yn2 -z:’-_
¥ Yo
Sy
+
¥
lx +  "a.¥na Yo
-a2 yn-? 'y 3 Z—f
¥ Yoz
.;2

fig.(1.3.2)
Practical second order building block for IIR structure.
DIRECT FORM

b
. E.ﬁ hnxn+b1 Xaa+ b, xn_z-am,, 1 'H?Yn-J
A5 Xa h';x“ -: ,‘4 ¥ = Yo
e
- e VN
4
7 "'n ’
bixnri / ; 'i,' "-ﬁ‘x -a_]y" 1
/ H s'a o
L3 SN ,-*! / } L ? ¥ha
¥at  } / f; ! A }
L2k ; \ S T
.f |1 yll-‘
/ |
/ !
! 1
/ h}! X2 -agynﬂ ‘il
Xz '."f I ? Yoo
2 / \ %
o JE. NI | | . $_
fig.(1.3.3)
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Example of input sequence and computing of the corresponding output :

0.37

X3

P
K1 *3)(4

0.2t4 | |47,

Xy k
. 0t

A ’ TTTTT‘PM““.“““....*..._‘_,_uu_,_._._u_u..,,w
0 10 20 30 40 50
KDX,I XZXB ){4 L k

R IR A

y@ Y-!I yz YS Y4 .

i. c. #0 £0 #£0

y,= bX,+b, X+ b, Xp-a,¥,-a,Y,

Y3=byX3+b X+ b, X, -2 y,-a Y,
y4 = bnx 4+b1 x3+ bZ xz'a,l y3'32y2

=

fig.(1.3.4)
DSP registers:

b{} b1 bz 31 az xﬂ xn-1xn-2 y“ yn-" yn_E

fig.(1.3.5)

A useful stability criterion for linear time invariant systems is that all bounded inputs
produce bounded outputs, this is the so called BIBO (bounded input-bounded output)

condition.
LTI system is said to be stable if and only if it satisfies the criterion:
o0
Z Ih(k)| < o (IIR), (1.3.3)
k=0

where h(k) is the sequence of the impulse response of the system.
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Special cases:
x(n)=x(n-1)=x(n-2)=0 = y(n) =—(asy(n-1) +azy(n-2)),
the resulting block diagram is below depicted:

-31 YII g agy“ =2

i —e= ¥,
3 -a-] Yn 1 '32yn-2 2'1
2 T Yana
13
gt
+ 'a1yn-1 yn 1
.8
¥ Yn-2
fig.(1.3.6)

For system stability the following conditions must be satisfied:

0<_:|a2|<1 |a1| <1+ay

It is well known that a filter with a transfer function like this:

H(z) = . : (1.3.4)
—1 -2
1+aq-z +azz
difference equation: y(k) = aq-y(k-1) +ay-y(k-2), (1.3.5)

is stable if and only if the parameters (a4,a;) lie inside the triangle drawn below.
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al

: %
|
e ; -
stable
0 o
: Unstaﬁle
---------------------------------------- ia*r
> | '
-2 0 2
al

fig.(1.3.7)

Under some conditions this can be a digital oscillator.
Example: if we place:

a1 =-15 a2:=10
n=2.. M1 k1:=0.35

and define the following recurrence relation:

ul(k1) = —(a1u1(k1 - 1) +az-ul(k1 —2)) if k1>1
otherwise

15 if ki=0

065 if ki=1

» | .m; THL] i l JlLQ\
|

41
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Instead of using a recurrence relation , we can define an array, as follows, which is faster than the
previous one, but with large expense of memory:

vp=15 y1:=0865
vp = ~(21-Vn_1 +a2-vn_2) (1.3.7)

Output Signal

fig.(1.3.9)

[¥]— Stability "Triangle"
for the previous example we have: Check_stability(a) = "Unstable"
while if we use some other coefficients the system become stable as we can see changing them.

aq=-15 az =1 x:=-3,-3+001..3
System Stability
z 0 a,

I 0
=
® a,
-2
-2 0 2
a2
fig.(1.3.10)
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CANONICAL SECOND ORDER SECTION

On the other hand, for a second order filter, having placed:
Y(z) _ Y(z) W(z)

2= X2~ W X
namely:

Y@y by e byr?

W@ bg+bi-z  +boz 7,

W(z) _

Az (1 va;z '+agz 2) ,
or W(z) = ZX(Z)

1+ (ap-z_ p)

and

Y(2) = bg-W(2) +b1-2 -W(Z) +bs-Z 2-W(2),

X(2) = W(2) +a1-2 -W(2) +a2-Z 2-W(2),
The corresponding set of difference equations is:
state at time n w(n) = x(n) —aq-w(n-1) —as-w(n-2),

output signal y(n) = bg-w(n) +bq-w(n-1) +by-w(n-2),
whose block diagram is given in the next drawing:
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{1.3.8)

(1.3.9)

(1.3.10)

(1.3.11)

(1.3.12)
(1.3.13)

(1.3.14)
(1.3.15)



Ya=bw,+bw +b,w_,

Wh=  Xp - a-|Wn-1 - az wn-z
_ b,
+ xn"a1wn_1-azwn_2 = wn wn &
Xn H, ¥ - -,ay,,
+ b.{}wn +
Wh
YW
-61 n-1 b1
- é wl‘l 1 L Wﬂ—" +
o b e
w
5
* _a1wn_1 1n +
wn-1
: A
A
-aw 4 £ $ byw,
'wn-z
b2
W, W2 .é
= =af —& o= -
fig.(1.3.11)
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DSP registers:

o
=

o

o
™

b

o
()

=

-
T
-

£ |8

=

Xn

fig.(1.3.12)
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Practical second order building block for lIR structure.
CANONICAL SECOND ORDER SECTION

[ Ya= bW, +b,w ,+b,w_, |
Wn= Xn-a W, -aw,

! - s 13 ]
v X3, W -a,W,,= Wn Wa % +
Xn e * i ','_’ ¥n
i bW,
Wa
W
k - wm’!
i L o 1 |

\- a q W, 4 Z b¥ W, .

W

| _ b
-aw 1 { / bW,

fig.(1.3.13)
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0 10 20
XO K1 x2x3 xq

P Y4t
Wo W, W W W,
BERER
X, X, #0 #0 #0
Wo= Xy, =W, -a W,
Wa= Xp-a,w,-a w,

k

&
AR
Yo ¥q VY3 ¥y
I. C. #0#0 #0

Y,=bWy+b,W, + b,W,
y3=b{}w3+b1w2+ bgw1
Yy =bWy+b W+ bW,

fig.(1.3.14)

H(z) = Yar. Y@ Wal
X(z) W(2) X
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-a W

Yo=bw +bw ,+b, W

-aw -aw

bﬁ
—aqwnd-azwn'z = w;; w;}
o= »é i3
hi.'!"yn
Wn
n-1 'azwn-&’i Z"
YW
& |
-a, ) b@
+ é wﬂ-‘l wn-‘! ‘ +
9« < - 4 o ’éb o —,
w
+ i a 1W“_1 1 “’1 +
wﬁ-‘i
. .
T
- e
azwn_ 2 & £
Y wﬁ—?
=3 b
Z 2
W2 W2 é
~aiif - . = =
fig{1.3.15)
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Example a1 :=0.5 a2:=09 bp=15 Db1:=-225 b2:=0

-1 2
bg+bq-z  +bs-z
MO e 2 (1.3.16)

1+a1-z  + 32-272

n:=2.M1 k1.:= 0. M1 Xp=0
X1 = u(k1) (1.317)
Unitary pulse:
1__ |
o P

— !
-10 0 10 20 30

k1
fig.(1.3.16)
Wp = Xo W1 = X1
Wn = Xpn—a1-Wp-1 —a2-Wnp_2 (1318)
y1n := bo-wp + bq-wn_1 + b2-wn_2 (1.3.19)
System Output
20 3 I 1 [ |
SOl ~
M L ey
4 1 Res )
_ 10 | | I |
0 20 40 60 80 100
k1
fig.(1.3.17)
Searching the poles of H(z):
0
36.0
v := denom(H10(z)) coeffs,z — (1.3.20)
na 20.0
40.0
P, = polyroots(v) rows(p) = 3
pT = (-0.25+0.915) -0.25-0.915j 0) (1.3.21)

?EEI

for the previous example we have: Check_stability(a) = "Stable"
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al

X:=-3,-3+0.01..3

System Stability
2 0 a,
0
=2
-3 0
a2
fig.(1.3.18)
aq =0.5 az =09
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Cascaded Block Diagram of a fourth order system.

.S
Va=bW,*b,w  +byw , Vo= bowi + bwt, , +bwt

Whp= Xp - ag wn-‘i - a2 WH-Z Wih= U, - awl,, - a2w1“‘2 : .bo

fig.(1.3.19)
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Cascaded Block Diagram of a eighth order system.

u,=bWw,+b,w, +b,w_,

E.—._“ x—._ - m.-_sﬁﬂu__— e mN _E_u._..m

Yy, = _uai._=+ F_E,,_._-._ + sms:...-

W= U,

-aw  -aw,

./
2

g9,=bw,+b,w ,+b,w_

w2, = u,

2
-awz - a,we

Yn
Wi =




fig.(1.3.20)

Generally we can implement a digital filter of N° order using the cascade structure of second order
subsystems. For this worth the following expression.

L -1 -2
1+ Z o+ -z
(for example: N.:=7), H() = B Pk : P2,k - (1.3.22)
k=% 1-~0L1’k2 —-()ngk-z
where: L= ﬂoor(N 5 1), L = 4 is the number of cascaded blocks.

(example: |:=0..2, m:=0..L, create the afrays Bim:=00, oy m:=0.B = cost)

If N is odd the latter equation contains a first order term. The output signal is a function of the states
wi(n—1), wi(n-2), i=1,....L and of the input signal x(n), as follows:
]
Yn = WL n+PB1,L'WL,n-1+B2,L'WL,n-2 , (1.3.23)
|
W n=WL-1,n+B31,L-1WL-1,n-1+082,L-1"WL-1,n-2 +01, LWL, n-1 +02,L"WL,n-2 ,

) ]
W2 n=W{ n+B31,1W1 n1+0B2,1Wl n2+01,2W2 n1+02 2W2 n2 ,
| |
W1, n:=BXg+0o1 1-W1 pn1+02 1W{ n-2.
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Special cases.
Any sampled monochromatic signal switched on at n=0, of amplitude A, phase [0 , angular frequency w4

and sampling frequency fg, at sampled time n=0 is given by:

(g N+
X = A-6 (o 1), forn>0, (1.3.24)
X =0 for n<0.
.
normalized angular frequency: ¢qg = i (1.3.25)
s
It follows that for two complex samples, namely:
i$
x0=Ae
i-(wgrdq)

X1 = A-e )
we can obtain:

X
normalized angular frequency ¢qg = —j-!n[—lJ )
X0

signal amplitude A, = |xo| = |X1|,

phase at sampled time n=0 ¢4 = —j-ln(—gg}
X

Example: f:= 1-kHz, T := Jf’ wq = 2-m-f, g = —, Ay =10, fg =121 Ig:

(&) ]
I
|
S
i

|

(1.3.26)

ge(x(n)) Otz
—5k4[F

-10

fig.(1.3.21)

| wy—
f
Z= e .
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X(z) - X(2)

H(z) = (1.3.27)
1+a1-z_1+az~z—2 e Zz: (a Z_p)
-
p=1
H(z) = X2 - (1.3.28)
. —;-[w-f—]
1+ Z ap-e °
p=1
k [ |
[
h(k) := T Ay e 3 (1.3.29)
T )
1+ Z ap-e 2
p=1
x(0) = 8.09 + 5.878] Ax-em1 — 8.00 + 5.878] (1.3.30)
4
i'f—‘
x(1) = 4.067 + 9.135j x(0)-e ° =4.067 +9.135] (1.3.31)
1 x(1)
h(k) = _-—) (1.3.32)

x(0)-
"o

Z
2 [ap'(x(m
n=1

Thus, known the first two sample of the monochromatic input, we can determine the memory of the filter
so that the filter is in its settled state.

0 20 40 60 80 100

fig.(1.3.22)
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2
arg(h(k) 1||’ IIl | || .LI I III |||; 3 | I’ill

=2

< 4 | . | | | I

fig.(1.3.23)

For a monochromatic input signal and a cascaded structure worth the relation for state of the A stage
A=t , us=b.2,

-1 =2
[ x(1) (XD
13 B0 (x((})) + 02 1 [X(O)] . 1(5@
- .(mz)”_a _[m)‘z ")
N x(0) 2, x(0) .
n
i o - _z-x(O)-(l;%l] (1.3.34)
x(1 x(1 (0)
NN
L) A x(0)

Knowing H; we can pre initialize the memory of an IIR filter in the cascade structure to shorten the filter
settling time.

v
Hy = ) . (1:3.33)
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§1.4) Consequences due the quantization error in IIR digital
filters

In a DSP a finite number of bits is used to represent constants and variables and to perform arithmetic
operations. Typical word lengths in modern DSP processors are 16 or 32 bit . The use of finite word lengtt
produces errors which influences the performances of the DSP.

The causes of errors in DSP are:

1) ADC quantization errors,

2) Difference equation coefficients quantization errors,

3) Overflow errors due to operation results which are greater than word length,

4) Roundoff errors.
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§1.5) PERIODIC SEQUENCES. FOURIER SERIES.

A periodic sequence with period N, is so defined:
xp(n) = xp(n+ k-N), k=0,1,2..N.

Its Fourier series is:

;N [ j.—zN—“-n-k]

Xp(n) = v Z Xp(k)-e .
k=0

N-1 ( _j.z'T“.n.kJ
X (K) = Z Xp(n)-e :

n=20

. 2. ¢

_J..-..m
placing: Wn=e
N-1 g
we can write Xp(K) = Z (xp(n)-wN“' )
n=20
1 e n-k
Xp(n) = y Z (Xp(k)-WN )
k=0
Indicating in a period: x(n) = xp(n) for 0 <n<N-1
x(n) = 0 otherwise,

we can deduce its z transform:
N-1

X@=Y (xm-z ),

n=>0

_ ~k
Xp(k) = X(WN )
Example:

yi=M1-1 period: N =10  Amplitude: V., :=1

(1.5.1)

(1.5.2)

(1.5.3)

(1.5.4

(1.5.5)

(1.5.6)

(1.5.7)

(1.5.8

V v
Xl () = _“éf}][ Z [u(n —k-N) —2-u[n—(2‘k2+ L Nﬂ +uln—(k+ 1)-N]} - u(n)} (1.5.9)

k=0

Unit Pulses Sequence.

e

[

IO

100




x1(k) 0
e

fig.(1.5.1)

Unit Pulses Sequence.

1_\ ’ i i

= ! 1 ! I
0 2 4 8 8 10

fig.(:.5.2)
Xp (k) = i Wig™* = 24: e }-..?1_'25.". =e_j.%'k Sm[[:? (1.5.10)
n=0 n=20 Sh) e
= o ]xp(30)| =5 1xp(70)| =5
10 ‘ 100
6F .
ol el ll]_
Zj_T_T.TJ I_T_?.TJ LT.T.TJ I.T.T.TJ I.T.T.T.LI.T.T.TJ LT.T.TJ LT.T.TJ I.T.T.TJ LT.?J.L 0
fig.(:.5.3)
:rg(xp(k))zll‘l l,* ll*l l"T'li‘l'T? i
ok i
. 10 B 50 . _.WBO

fig.(1.5.4)
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N-1

X(z) = Z (xp(n)-z~ “)

n=0

. sin(i-w)
X(w) = g iR A for

=5

Signal Spectrum

Z

(1.68.11)

e

(1.5.12)

T

fig.(1

5.5)

Phase Spectrum

4 .
2
arg(X(w)) Ox
=

0

-4 !

fig.(

FFT application: Frequency response estimation .
The frequency response of a discrete-time system is simply the Fourier transform of its impulse response
Given the two vectors of the coefficients of the numerator (N) and denominator (M) a and b, we create th
FFT of a and b namely A(k) and B(k). The ratio of the two FFTs gives the frequency response.

Example:
k:=0.2-M1
ak:=0 pk:=0
=1 a

1 == -0.7071

1.5.6)

ejwk ):A_(k)_1 k=0ﬂ
B(k) 2
=4
H(z) = z+1 . 1+z 1
=0.7071 4 _o7071.2
a2:=0 bp:=10 pbq:=1
=
bg+b1-z
H(z) :=0_1__:]_
1+aq-z
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(1.5.13)

(1.5.14)

(1.5.15)




a =| 1] -0.707] 0] 0] 0] 0] 0] 0] 0] ]
’
b"=! 4 1| ol o| ol ol ol of of ol ol a| o o

,ﬁ“:: CFFT(a) (1.5.16)
AI,\E,’{\:CFFT(b)
Bk
hg i= —
Ak Ax
T
h = 6.828| 6.772-0.617j| 6.609-1.204j| 6.353-1.737j| 6.026-2.199j| 5.651-2.579j
10 T T T
sl i
|| ‘
4
0.
1 . 1]
0 50 100 150 200
k
fig.(1.5.7)
50 T T T
0
20-In(|hk|)
L — 50 -
~100 L '
0 50 100 150 200
k
fig.(1.5.8)
20
oF 0
20-Iog(|H(ej'“’)|)‘2°‘ T
—40F .
- 60
1 10

w

fig.(1.5.9)
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