4
Equivalent Digital High Pass Filter (I°order)

(All formulas and graphs)

Introduction.

This worksheet, developed using a common operational amplifier in an inverting
configuration, begins with a brief summary of the main results of the circuit
analysis, enriched with graphics and examples. Seven signals from an external file
(Test Signals.xmcd), among the most common, are generated and used as input
of the amplifier or, once sampled, as input to the digital filter. The many algorithms
to implement the corresponding digital filter are derived applying the z-transform.
Two approximations are applied to each result to derive the corresponding
difference equations. Thus one will see that, as the analog filter is effective, justis
the digital one with the used approximations. After reviewing this worksheet, the
reader just has to choose the algorithm and implement the firmwere for the DSP.
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Definitions and necessary constants.

Refer to the file "Test Signals.xmcd"
To test the effectiveness of the filter, several test signals are created and defined in "Test Signals.xmcd"
and are used in the whole worksheet.

Defined in "Test Signals.xmcd" Ty = 5-ps

Defined in "Test Signals.xmed" v = 0.796-ps
Defined in "Test Signals.xmecd” Cutoff frequency of the filtefy = 200-kHz  wq = 1_25?_Mra¢s
sec

B 2] Riferimento:C:\Nuova cartella\Test Signals.xmecd(R)

Chosen test signal period, T i := 2T, ie a multiple of the analog filter time constant defined in

"Test Signals. xmed" (T14ggt= 2-70-7).

Tiest = 40-ps
. 1 Mrads
Then the signal frequency figgi = —— . [fiesi= 25-|-<H4 > wg = 1.257- .. Wiaet = 2:T-fiagt,
Tiast sec
Mrads . =
Wiagt = 0.157- is lesser than the cutoff frequency of the filter , = 8
SEk “test
As a result, the signal at the filter output should be strongly attenuated.
Amplifier Gain:  Ap=-1.5
sampling frequency: mep = 20-fg , fsmp = 4-MHz
sampling period: Tsmp = A 3 Tsmp = 0.25-ps,
fsmp
generic pulse delay time: TQ = 4'T5mp
] Mrads
sampling angular frequency: w =2-mf . W = 28135 :
PiNg:ang q Y- Ysmp smp smp e
—— k
sampling time step: e i :
fsmp

The Boede diagrams will have an extension defined by a multiple U= 1{]0‘ of w , freely chosen.
B
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4.1

Analog HIGH PASS Filter (I° order):

Consider the simple analog high pass active filter (derivator) below depicted:

Hided biasing Rf
p C

Tk | |
)

‘wé

[

Hereafter are reported the main results of the analysis: the transfer function, the graph of the impulse
response, the Bode plots.

The transfer function (ideal Op. Amp.) is: Whp(s} = -ii = —%L‘I
R+ — S+ ——
s-C R-C
Placing:
1 _ 1 R¢
fipm g e eom o] e
JE 0
=
Wy (s) = An-
hol®) = Aorgg
The angular frequency by which the voltage gain is 0dB, is:
e 1 _ w0
'0dB ~ 7 ;
c/RP-R? \/(AU)E— 1
i -
50. u)OdB —
(Ao)* -1
Finally, the transfer function can be written
AH-S
Whp(s) = , Ag=-15
hp(S) S + W 0
PLD-S
or Whp(s) = E >
w2 )
“o
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From the definition of the transfer function we derive that:
UG{E} = Whp{E}‘Vi(SL

To this product corresponds, antitransforming, a convolution product in the time domain. So that the

exact system output is:

t—o {

= t-o
e T Ag T
VG“} = AG ‘u"!'{ﬂ'}- Alt—o) - do= ADUE(‘{)_T‘ UE(U']-E do,
0 " =0
Hence the time domain filter's output is:
t
B P
Vo) = Ag| vith —e T-| vi(er)-elde
0
Example: v;(t) = A(t)
t 1
— o
= iz o
vo(t) = Ag- A -2 —.| A(e)e" do|= Ag-| A - i T.o(t)
T 0 T
Approximation.
Given the transfer function:
’5‘{]‘5
Whp(s) =

“o

|

be developed in a MclLaurin series after having placed x = =, , so that :
'.J}[]_

] < 1, namely for time armonic signals, s = j-w, w < wg, or T > (2-w-7), the fraction can

[ - ! } (=) (T — X+ x2 — xa — xE) and, in first approximation:
+ X

Aps  Ag _ Rf

Wi, (s) = o e Mo A= RiC= -
hp{} L'-}EI LJ.JD RT GT Tf
Ag
Tfl_—w—u

from which the input-output bond is:
Vy(s) = —T1¢s-Vi(s),

where Vj(s) is the L. T. of the input signal.

Antitransforming and considering zero initial conditions, the approximated temporal trend of the output
signal is:

V() = _Tf%tui(ﬂ for w=wgorT> (2.-m7).

4) HIGH PASS (I° order) DIGITAL FILTERS <]

87



Impulse response:
Defined in "Test Signals. xmecd” &; = 0.1-ns

=

L=

t
t: =-10-5,-10-5 +
B &t t™ 300

. 2000-&;

Aﬂ:"‘i-ﬁ' Aﬁ ::A[] S=8 a:=a uJD = l.dﬂ

An-s

—t'LlJ
Dirac pulse response: whp(t} = inviaplace,s.,t — AD-(ﬂ{t} - wye GJ

S+LvJD

=ik
Whp{t} = Aﬂ-(ﬁi(t,et] - wge > )

Graph of the impulse response. (Consider a negative Dirac pulse of area |Ag| at the origin).

Geometric tangent to the curve at the point (0, w(0)):

fa(t) = Ag-wg-(wp-t-1)-(2() - ®(t-7))

; Ag=-15
= ﬂ~T,2ﬂT 2207 0
1000
Finite Pulse Impulse response.
kg
110"k 8 EL— ey T fooe
3 "
Aelts o) 5,409 -
0 1
~1x107 2 0 1x10"° 0 2¢107°8
ts
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Bode plots (HIGH PASS (I° order)):

For time armonic signals the complex variable is purely immaginary : s = j-w

Mrads
sec

(=43

e

wy = 1.257-

Ag-j-w Agl -w
Transfer function: - 0 = | U| .

]-w+wg 'Iw2+wﬂ2
Magnitude in 4B Wi, qp(w) = 20-log(|Ag| -w-sec) - 20-log( [u? + wo?-sec)

Phase; P N
ohp(e) =2 [wﬂj

— 00

)

lim  Wpogg(w) = 20-log( |Ag| -w) —20-log( wg)

w—0
Asymptote: Asyyp(w) = 2@-|Dg{ |Aﬂ| -w~sec) = 2D*fcg(wﬂ~sec)
| “odB
g 000 SUED U 10-Uyg
> U U U2
)
g 25 = s L 08 _ 178.885-kHz
sec sec 2-T
Magnitude of W(w) Phase of W(w)
ﬂ —
“'I’tesl""‘{!* | “test LI'JID I
5 ar n
= 3
= 5
& 201 .
&
1 i
_40 L ' m10*  1x10® 1x108
1x10°  1x10° 1x107  1x10°
wl
V5]
L
wo=1257. 00 EEEEEEEEE 0 _g
sec SEC | Wiggt

4) HIGH PASS (I° order) DIGITAL FILTERS 8



Attenuation:

Atthpdg(w} = —20-log(w-sec) + Zﬂ-lﬂg( f u.:2 + wﬂz-sec)

W — O

w—0

™
‘Patthp('-“’} = 5 - atan[

lim Aﬂhpdafuﬂ =0

e
~0

lim  Attyngg(w) =—2D*iog{w}+2ﬂ-log[wﬂ]

Byg(w) := —20-log(w-sec) + 2D-Ing(mﬂ-sec]

Normalized Attenuation

T T
Yiest <D
30t -

Bap()

- 10|_ il
D_ | L 1 g
1x10°  1x10°  1x10°  1x10°

(7%}
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Attenuation:

Aﬂhpda(ﬁ.ﬂ] e —2G'|DQ(M-SEC} - Eﬂll}g( || L,_12 + LL}GE'S'E.‘C)

‘*Patlhp{“"’} = % + atan[fﬂ]

lim AﬁhpﬁB(w} =0

W —3 00

lim At pqp(w) = ~20-log(w) +20-log(wp)

w =0

Byg(w) = -20-log(w-sec) + Eﬂ-lcg(wﬂ-sec]

Normalized Attenuation Attenuation Phase
40 o —
Yiest w0
301 =]
201 i 5
Bap(w)
[ — -i D - -
) 3
0 C 1 b ] =4
1x10° 110 1x10”  1x10°
L (8]
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4.2

ANALOG FILTER OUTPUT ANALYSIS

Chosen period of the test signal, Ty.gt= 40-ps. At the corresponding frequency, the voltage gain of the
filter is 20-log( |Wp,pj-west)| ) = —14.607-dB.

ANALOG FILTER OUTPUT ANALYSIS

42.1) The ramp response: Ramp slope: V; = 5x 10%.mv

AG-S V[
Ramp response: Vois) = —
S + Wy $2
Aﬂ — Aﬂ,
( —tuwy ]
AD-S Vi' ) An-vi- e -1
ramp response: Y 4(t) == .— invlaplace,s,t —
5 + Wy 52 wp
—tuw
AD-VJ-(e 0_4)
YD) =— : P (1)

IJJD

Vas() == |Ag-Vit if t<n

(break) otherwise

Aﬂﬁﬁ -B
= _5.968x 10" C.volt-sec fom o 2D S
1000
AoV,
b

Impulse response. Ramp Response

=t

AgVi

0 402 %o

0 2,10 °

10
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ANALOG FILTER OUTPUT ANALYSIS

422) Window function response: Vw{t) = Vw(t,Tﬂ ,Tsmp,m]

t el
vzﬂ{t) b= AD‘ Vwit} —-e T-J VW[E~T}~EE dg
]
calculation result:

t
V200(t) = Ag| Vi-(®(t-Tg) — ®(t-581-Tgmp—70)) - "
Approximated output:

V2oapp(t) = ‘Tf‘gt“ifﬂ = —Tf-'*-’;%t('l*(t— 7p) — #(t-81-Tgmp—T0))

V20app (1) = [.ﬁE[t —70— Temp 91 ,at) — &E[t -7 ,at)] TV

3
u_4y = Uw[nk) T§Vj = 5.968 x 107 -volt-ns

Graph of the window response considering the OpAmp saturation:

V20pq (1) = if( ~Vat < V20app (D) < Vsat:Y20app® - if(V2oapp(® < Vsat:~Vsat-Vsat) )

70 +2:(81-Tgmp)

Ag=-15 Tieg=004ms  t3:=0, e - 70 +2:(81-Tgmp)
Input Output (Voltage Spikes)
6 T - I ED T I
a1-T 81-T
T—D 2ea Qﬁo-si,mpwﬁ 0 5 P+T‘@$at
K 10 .
Vi (D4 an i
------- i ’ V20py(t3) 0
L ! o
Ut ot | i .
* . i -10F .
() frama-a- 'tm ~Vsat
1 | —ED 1 |
0 210°%  4:107® 0 210°°  ax107®
t.n t3

k

a1 'Tsmp =25.us  (Always Avoid spikesl) 4.51 'Tsmp = 10-ps
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ANALOG FILTER OUTPUT ANALYSIS
Ty
0 _8
“test
4.23) Triangular wave respons: Tiagt = 40-ps T =0.796-ps

Wiest <= W

Viri(® = Virio(t- Ttest Vi)~ N =50

t e
—— T
Exact output: ""'utrim = AD- Vtri{f} —a J Vtri(E_‘.T}.eE d¢ Vi = 5V
0
_ ) Ao 5
Approximated output:  v4q(t) == —-=Vy;(t)  holds for w < wy or T > (2-7-7)
“n at
_ Ag
Input sampling: u_5k := Vi nk) Al = 1.1-|—V,
wo
5T
-1 test 3
Tiest =25-kHz ti=0-Tiegt 0 Test + -9 Thest fsmp =4x 10" -kHz

Input Output Volta%& |

0.0001 . . 3 —
4 = saof (¥ ] (% fi
Vii(ty  5x10° 7 - i E : i

Votrilt)

U_ﬁk 0 | ol

o ) Votrig() * |

_sx107F W ¥ 0} 0 omee- !

— 5 E : i : 3

-~ 0.0001 1 ] - 510 l—= u u u =~
0 5<10°°  0.0001 7 W
- 0 1=10 2x10
M t

Output sampling: u_50i == Vtrig( k)
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Spec50 := fft(u_50)

Signal spectrum

f |
_gtest e
8<10 " max(lSpec-EDl}l

Specﬁﬂq
410

0 210° 4:10°

4) HIGH PASS (I° order) DIGITAL FILTERS 13
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arg( Specs0 k) ol

=

4

Phase spectrum

test T

87



ANALOG FILTER OUTPUT ANALYSIS

4.24) Sawtooth wave response.

8t == 3-Tyeet Ve (D) = Vg, (t,5t,p) 8t-p-V; = 90.681-volt-us
s
Exact output: Vosw (D) = Ag-| Vg (D) —€ 5. USW{E-T]-GE d¢ V=5V
0
. : Ag 5 Ag
Approximated output:  voguq(t) == —-—vg, (D) TS — Tiest = 0.04-ms
wp ot “o
p = 0.151
% R
test — "test
i TtEStD ,Ttest'ﬂ ok 1000 2 BTt'EEt ot = 12':".].5
) it
ot-p-V; = 90.681-volt-ps Vowm = EJ’ Vg (b dt Vewm = 49.341-volt-ps
0]
Input Signal
ot i 5t-p-V;
_5 [
810
Gx10 "
Ve ()
-4><"rﬂ'_5‘ i
2410
u | | I
0 1x107%  2a07% 31074
t
Output Signal
'1><1D_4 T T T
Ttest ot
Vosw(t)  &<10 T |
Yoswd® 5 19751 h |
B 2‘-('['0'-5 ! ! 1
0 x107t a0t 307t

Output sampling: Oswyg = "“'osw( nk)

4} HIGH PASS (I order} DIGITAL FILTERS
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— D10 Z 1 1 1
0 51070  1x10°%  15x10”
"
Fourier Transform of the test signal
f 2 'smp
test = 5-kHz f— = 160
test

OSpecsw = FFT(Osw)

_
max[DSpecsw) ‘ = 0.977-volt-ps

Test Signal spectrum
8x10" ' .

4) HIGH PASS (I° order) DIGITAL FILTERS 15
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Phase spectrum

0 4x10°  8x10°

fsmp

NO

k
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ANALOG FILTER OUTPUT ANALYSIS

4.25) AM Signal response.

V2;(1) = v2;(t, et W) Mym = 45-%

v2j( N, Wrest W)
volt

u_fx=
Spec 7 = fft(u _7)

Amplitude Spectrum

150
lSPEG_?k|1ﬂU

50

0

Exact output:

Approximated output: v ging(t) == —'rfi"u"zi{t} holds for w <t wg or T = (2-7-7)
ot

i ﬂTtESt’GTtESt +

Input
40 .
Tiast
20 ;
VZ({t) 0
_20
—40 '
0 41075 810~

Output sampling:

4) HIGH PASS (I° order) DIGITAL FILTERS

0t spec.1)

-

2<10°  3x10°  4x10°

110°

fsmp
MNO

k

t —
-— | T
Vasin() = Ag| V2i(t) —e T'J v2i(e-1)-ede| V=5V

0

10-T
test
1000 i 1D'Tt€5t TtESt =40 ps
Output Voltage
o Ttest
40
Vosinll) 20
Vosind{t_5q
- 40
- 60 .
0 410> 8x10™ "

Osink = Voging(nk)

16
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Sampled output signal

L 50 I 1
0 2x1ﬂ_5 4x1D_5
M
Fourier Transform of the test signal
; 25.kH smp
test = 29-kHz :
test

OSpecsin = fft(Osin)

Magnitude Spectrum

Igeodpecsin)|
150 7

5):1[]_5 8x10

= 160

5

Phase Spectrum

4
2

4x10°

lDSpecsind 100 arg[OSpecsink) 0
50 L '
Lo
D lllllll
0 2:10° 4x10° -4 -
f 0 2:10
s f
NO o STP
NO
BODE Plots of H(z) compared with that of W(jw)
T
W Wpesttest
20
Whpdag(w)
p—

20

& W_thB(ﬂJ“"U'““‘smp] I -
Ehp_dB(“-’test) ) ;7‘0;‘_/‘__’_‘—_' __________
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ANALOG FILTER OUTPUT ANALYSIS

426) Frequency Modulated carrier response. Tc — Tzc T = T2,
Defined in "Test Signals.xmed" fc = fzc We = kﬂ-?c Wy = W2
fsfm = fsim Vim(h = vfm(t,mc,mm,ﬂ\ﬁ“ ,mf] Afpy = 20V

t

—= T
Exact output: v e (1) := Ag-| Viy () —€ i J me(E-T}eE‘ de¢ V; =5V
0

Ap A
Approximated output: ve (1) == w_ﬂ %t Vim (D Tiast = 40-ps
0

Output Voltage Output Voltage

3 0 1><‘1{}_3 2)(1[]"3
tm
v nfm)
Output sampling: Ofmy := —Dfm( -
VO

4} HIGH PASS (I° order) DIGITAL FILTERS 18 87



Sampled signal

4,578 |
' |
Dfmh I
[ |
4578
0 ] nfmk B 20-T,
Fourier Transform of the test signal
f
2 sfm
fo=5x10 °"-MH—= = 8
fe
OSpecfm = fft(Ofm)  m¢ = 11 (g = 1574107 3. MEACS
sec
FM Test Signal spectrum Phase spectrum
1.1- |max(OSpecfm)| 3.142
| OSpecfm _ !.
|GSpecfmk arg(OSpecfm, |
|max(0Specfm) 0
0.024 3.06
0 fo = fsim Tc  Tsfm 0 e K fsfm ®  fsfm
MNO 2 NO 2

On the other hand if the carrier frequency is located in the passing band, the filter response is:

2¢m = Mlsfm VA (1) = Vg (£, 100-w0 , 100w, Agy . ) Afy = 20V

w2 = 100-wq

£
- - T
Exact output: v1 gy (1) == Ag:| Vign (D —e T-[ Vigm(€m)-e"de| V; = 5V

“0

_ Ap 2

Approximated output: v1 g o (1) == ——V1g, (1) Tiast = 40-ps
w{} ot
9. |T2mv{} = '}D-T‘Ic]
Tla = —— g, =T2, -0, T2 -0+ . 10-T1 T1. = 50-ns
C Wy O 1000 7 ¢
! = 25-ps
fzsfm
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[/0 Voltage Output Voltage
40 T1 T T
20
""1=:-fm[t1frn] 0
- 20
7 o —40 : :
Qi A0 S0 0 2x107 7 4x10”’
Uim te,
K _ V1 (N 1fmg)
nifmy .= —-T1.-10 Qutput sampling: Ofmy, =
K=o o tp pling k ol
Sampled signal
T
) M sfm
Fourier Transform of the test signal f1, = 0.1-MHz 5 04 me = 11
c
OSpecfm = ft(Ofm) PO O
sec
FM Test Signal spectrum Phase spectrum

300k , mlax{ |0$pecfmi)_

I
1

1DSpecfmk| 200
. |

4 I I

2
arg{DSpecfmh] 0

100 | = L)
ﬂ.M - ] |
0 1x10° 2x10° 3«10° 0 210°  4x10°
_fzsfm fzsfm
NO MNO
“o
tn] = ——
= : =iy 10-U-w
e =L ‘ﬂ

W= 3 + :
20-U 20-U U

4) HIGH PASS (I1° order) DIGITAL FILTERS
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Wdbw1,, = 20-log( [Wp,(j-wig)|)  Wdbwl, = —3.468-dB
Magnitude of W(w)

IR 1 AT I
_ [l . | | | I
1 | | || 1 | |
E N0 A R
5 T
| ! | | 1]

1><'1G? 1><TDB 1:-:159
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ANALOG FILTER QUTPUT ANALYSIS

427) Phase Modulated carrier response.

fsom = Mspm Vpm(t) = Vpm(t:wg-@m A, mp)
t

,J: Vopm(&m)-e" dg V= 5V

T

Exact output: ‘“’opm(t} = Ag- me{t} —e

A
Approximated output: Vopmd(l) = —ﬂfivpmu} Tiagt = 40-ps
w{] ot
7 =0.796-ps
Output Voltage
0.3 T T
0.2¢ =
Yopm('pm)
e . 01 :
Vopmd(tpm)
T e S e W T
—0:1 I
0 1x107> 2x10™ 2
thm
v npmi
Opmy = opmd( )
volt
Sampled PM signal

Fourier Transform of the test signal

f
fo=5x10°MHz —Pl_g
fe
OSpecpm := fit(Opm) mp = 3 W = 1.571x 1{]‘3. Mrads
sec
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Output signal spectrum

Wdbuwg, = 20-log( [Wip(i-we)| )

Phase spectrum

arg(DSpecpm k]
®
arg(Specpmk]

0] 410

Wdbuw, = ~28.522-dB

Magnitude of W(w)
el 11 og L] L LI
E_ G || : -l . !i | |i | |'.:.|?:
3 LI i i | L1
— || | Wdﬁ) |
%ﬂ :‘ ‘| [ HEL | | I |ti.dc
S - ik Rl
| | |
[ |‘ ‘ [ : ||
-0 — | l |
1%10 1%10 1x10° 1x10° 1107 1x10% 1x10°
w
4) HIGH PASS (I° order) DIGITAL FILTERS 23

ar



4.3

Equivalent Digital High Pass Filter (I°order)

4.3.1) Z-transfer function of the I° Order High Pass Digital
Filter.

An-s

. : 0 :
Given the transfer function: Whp(sl & S , the corresponding z-transform can be calculated
+ LUD
f=g !
with the change of variable: s =
smp
Mrads Mrads
w = 25.133- wn = 1.257-
Sing sec 0 sec
Ag=Ag Tsmp=Tsmp Ysmp™=Wsmp
substitute ;s = (‘E = 1)
Ag-s smp >
H1hp(2) = o -Ag
P S+ wp collect,z Z'(Tﬁmp'mﬂ + 1] -1
collect, A
and after some algebraic manipulation and the definition of the following parameters:
=1
z-1 _ (1-27")-a ) Ag ‘ (1-21)
Z‘(Tsrm:n"""’ﬂ == 1) = Tsmp"‘-’ﬂ _z ! (1 = Tsmp"‘*’[}) {1 N 7
(1 s Tsrnp'mﬂ)
s Ag 1
Coefficients: u0 = Vi =
(1 + Tsmp‘mﬂ) (1 - L""'D'Tsmp)

ul = -1.141414165 v0 = 0.760942776

we get the following result for the t. f. as a function of z1:
-1

Hpp(2) = un."_—z1
A= D
Mrads Mrads
= 1.257- = . 157
“o Py “test T

-
:2!::--l:::g('th(eI st smp)D - ~14.629-dB
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HdB1(w) := EG-Iug(|th(E_j'M-Tsmp) ) i) = arg(th(ej‘w'TsmpD

2.
ik J'—'Tsmp]
jrpmat T T
HdBc := 2D-IDg(‘th(e Tt Smp) ) il = arg[th[e e
£ I ¢
W W SMP s agg L
W= 0 % s & 5 > oM "E'wsmp P _ 160
8-u 8uU 4.U 8 “test
Magnitude of H(z) Phase of H(z)
50F  wrest W0 === S .
2_
of -8
E > or
- 50 = LB
B
— 100 | —_ —
1x10% 1x10° 1x10° 110*  1x10°
W w

Normalized Magnitude of H(z) and W(jw)

] T I T
“test

[y

0

20
40
- 860

- 80

—1OG 1 | 1 1
1x10%  1x10°  1x10® 10”7 1x10®  1x10°
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4.3.2) Difference equations (HIGH PASS FILTER (I°order)).

Canonical form.

—f
Given the z transfer function th{z} = uﬂ-q_—i, it can be decomposed so that:

1-z w0

Y(z) _ Y(z) W (2)
X(z) W_(2) X(z)

Hip(2) =
Y@) W@ _ o 1-Z 4
W@ XD 1-7"vo

Y(z) _ 1
W_(2) = UG-(1 —Z )

Y(z) = u0-W _(z) —-ul-z : ‘W _(z)
y(n) = u0-w(n) —u0-w(n-1)

W (2) _ 1
X(2)

—2'1-\;[1

X(z) = ‘_1 s -v{])~W_{Z] =W (z2)-z 1-UU-W_{Z)
x(n) =w(n)—-vo-w(n-1)

Ultimately the corresponding set of difference equations is:
T)w(n) = x(n) + v0-w(n-1)

2)y(n) = ul-(w(n) —w(n-1))

T T ud :=u0 v0 :=v0

-
Z T. Initial value theorem: lim [uﬂ-%—] — u0 u0 = —1.141
Z— o0 1-z -v0
=z g u0 u0
Z T. Final value theorem: lim gh.—— 1 A i gf ) =) = =_15
z—=0 1_2_1.\;{} v0 v

undefined otherwise
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igh Pass Filter (I°order

4321) Sequence of the Voltage ramp response.

x1;(n) = u3n

u3lq
+
0 200 400
k
1) wil(n) = x1i(n) +vO-wi(n—1) if n>0
0 otherwise
2) , -
yli(n) = |uD-(wl{n)—wil{n-1)) If n=20
(0) otherwise
bn
L S S = 2 ‘@
n - ' n
+ bw, .,
Wh
-a,W, 4 1 ybw,
W
_31 n-1 b1
‘ Wi W .‘
- - - e
-a.W, 4 b,w,
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i 0 T I i
SN | i ‘flffmil
107 ] I LWtk sec
d %1072 il
10 * |
;ﬂ{k} i T gﬂk} y
210 _4}(10—5_ 4:" | i
‘l><1[l_4 | i h-Lmumdeﬁwhlm
0 ] ] Gty ' '
20 40 0 20 40
k k
Sampled signal:  v1xy = y1(k)
Specix := FFT(vix)
Amplitude Spectrum Phase spectrum
. | F ca 4 |
£ max| |Spectx|
4x10 “F -1 3L _
Spect, 3x10” 2 . L i
k . 1
l 2410 7 - :rg[sp“ %) L |
%10 °F — ;
‘ 6 l —
0 1x10° 2410 -1 —
; 0 1%10 210
e f
NO . .STP
MO

4) HIGH PASS (I° order) DIGITAL FILTERS
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4.3 Equivalent Digital High Pass Filter {(I°order,

4322) Sequence of the Voltage window response.

Digital first order High pass filter difference
equations:
x2;i(n) == u_4p

T+ 2,(51 T )
t=0,—— S0 70+ 2:(51Temmp)

Input

6
9 51-TsmpLTD

i-q-t-rTglmQﬂ-;
| .

- 'i

0 | | : i
0 22107 %  4x10°®
t.n

k

1) w2(n) := x2;(n) +vO-w2(n—1) if n=>0

0 otherwise

2) ud-(w2(n) —-w2(n—-1)) if n>0

0 otherwise

y2(n) =

4) HIGH PASS (1" order) DIGITAL FILTERS 29
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. 4:, x".a1wn_1 = Wj Wh .50 5 ;
n = - ”
+ bﬂwn +
Whn
-a,W, 44 = $byw,
TW
|
= ' b,
é wn-‘1 1"i""rnd ‘
s} =} S - =
'a1wn~1 b1wn-1
20 T 10 T T
15 il
w2(k) 10 .
5 —
0 . -10 ! !
40 0 10 20
k k
Sampled signal:  v2xy = y2(k)
Spec2x = fit(v2x)
Amplitude Spectrum Phase spectrum
- Y I
max| |Spec2x] |

] 1x1{}5 2x1ﬂ'5

: fsmp
NO

4) HIGH PASS (I° order) DIGITAL FILTERS 30 a7



Frequency Responses

dB

'1><1ﬂ4 1=x10

4) HIGH PASS (I° order) DIGITAL FILTERS
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4.3 Equivalent Digital High Pass Filter (I°order,

4323) Sequence of the Bipolar Triangular wave response:

Digital first order High pass filter difference

eqguations:
x3;(n) = u_5p
Signal
110~ . .
510 >
u_ﬁk 0
*
—5x10° .
~1x10"* ' :
0 100 200
k
1) w3(n) := |[x3j(n) +vO-w3(n-1) if n>0
0 otherwise
2) . -
y3(n) := |ul-(w3(n)—-w3(n-1)) if n=0

0 otherwise

bl.'}
x + xn - a 1 Wn _1 o wl'l wl'l E + y
n 4” - = .9—. n
- bﬂwn -
Wn
- a 1w“_1 f 1 I_‘t i § b.‘ w“-,‘
vW
1
~a, ' h1
; wn 1 1""""'n & | g
<o =i L] : =
-a, W, b 1Wh
4) HIGH PASS (I order) DIGITAL FILTERS 3z 87



200

Sampled signal:  v3xg := y3(k)

Spec3x := FFT(v3x)

Amplitude Spectrum

f
310”8 z ma“(w-l
lSpEESXH 210" 6 =
1x10"° -
0 4x10°  8x10°
. fsmp
NO

4) HIGH PASS (I° order) DIGITAL FILTERS
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1x1{}_5 T |

Phase spectrum

0 1%10° 2:10
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4.3.2.4) Sequence of the Sawtooth wave response:

""1sw("k=Ttest*p]
volt

u Bk =

Digital first order High pass filter difference
equations:
x4i(n) = u_Bp,

1) wé(n) = |x4;(n) +vO-w4(n-1) if n>0

0 otherwise

£ u0-(wa(n) —wa(n—1)) i n>0

0 otherwise

y4(n) =

4) HIGH PASS (1" order) DIGITAL FILTERS 34
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bﬂ
) 4:, Xn-a,W, ;= Wn Wy .& :,_. ,
n o= E n
+ bnwn +
Wh
-a. W, 44 21 $bow,
YW
1
. ' b,
‘ wn-1 wn-*l ‘
= =i . {Be -
-a,W, 4 b,w,,
Input Signal Qutput Signal
15x1074 | | : :
1x10~4
wa (k) 4(k)
- 5x107° 4
0
0 200 400
k k
Sampled signal:  védxy := y4(k)

Specdx = fit(vdx)
Amplitude Spectrum

| —
max[ | Specax| ]

1.5%10 -
lsﬁemxh[ 11 'D_ |||||
510"
0 1x10° 2.10°
fsmp
NO
4} HIGH PASS (I* order) DIGITAL FILTERS 35
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4.3 Equivalent Digital High Pass Filter {I°order,

4325) Sequence of the AM Signal response:

"’Ei(”kﬁ*“testv“’l})
u 7k =
volt
Signal
b ] T I
»
| ! h
" B 0 IIT. . ‘l jh m
— k [ |_i ‘H
* il
- 20 %
I | |
0 20 40 60
k
Digital first order High pass filter difference
equations:
x5i(n) = u_7p
1)  w5(n) := [x5;(n) +v0-wS(n—-1) if n>0

0 otherwise

2) u0-(W5(n) —w5(n—1)) if n>0

0 otherwise

ya(n) =

4) HIGH PASS (1 order) DIGITAL FILTERS 36
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+ x“'a1wn 1 - wl'l wﬂ +
x" 4’? o= - YI'I
+ bﬂwn +
Wn
-aWw, 14 = sb,w_,
;Hflt:k}
k k
Sampled signal:  v5x = y5(k)
Spechx := FFT(v5x)
Amplitude Spectrum Phase spectrum
3 :

o idsrtispecs )

a_. =]

{92
=)
i)
(%]
h
=
ol
b
T
I

4) HIGH PASS (1" order) DIGITAL FILTERS
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igital High Pass Filter (I"order

4326) Sequence of the Frequency Modulated signal response.

Digital first order High pass filter difference

equations:
"'fm[”fmk*wwwm*p‘fm vmf]
u 8=
- volt
u_8k
¢
k
x6;(n) = u_8n
1) wb(n) := | x6;(n) +v0-w6(n-1) if n>0
0 otherwise
2) - ;
y6(n) := |ub-(w6(n) —wB{n-1)) if n>0
0 otherwise
W = 0.031: 2020 oy = ABTIAD A0E a5
sec

sec

4} HIGH PASS (I order) DIGITAL FILTERS
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bu
o Xt B ‘@® -
n e i n
+ b []wn +
Whn
T a1wﬂ—1 T 2-1 ¥ b1wn-1
¥yW
X 31 n-1 b1
$ wn-1 n-1 .‘
=a} =} L [ -
-a1wn-1 b1 wn-’l
Input Signal Output Signal
100 | T

we(K)

Sampled signal: vBxy := y6(k)
Specbx := FFT(v6x)
Amplitude Spectrum

4) HIGH PASS (1" order) DIGITAL FILTERS 39

4

2
!arg{Specﬁxk) 0
-2

4

Phase spectrum

0 410°  8<10

i fspm
NO




4.3 Equivalent Digital Hig

432?) Sequence of the Phase Modulated signal response.

upm(npmk e, Wiy ’Apm ,mp]
volt

U 9=

Digital first order High pass filter difference

equations:
x7i(n) == u_9p
1) w7(n) == |x7;(n) +v0-w7(n-1) if n>0
0 otherwise
2) ) :
y7(n) := |ul-(w7(n)—wi(n-1)) if n=0
0 otherwise
e e =Tty SR g
sec sec
4) HIGH PASS (I° order) DIGITAL FILTERS 40
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§ 4:, xn.a1wn_1 = W, Whn .‘l} % ,
= - . 3
+ hﬂwn +
Whn
- ﬂ1wn_1 T i z-" i h1wn—1
yW
5
~a, ’ b,
1‘; W Waa '4zi
=} -« & - '
'a1wn-1 i:’11""“'n-1

40
20
g?{k} 0
- 20
_4[’ | I 1
0 20 40 60
k k
Sampled signal: v7xg := y7 (k)
Specix = FFT{v7x)
Amplitude Spectrum
arg(Spec?xk]
@

0 4x10° 8x10°

. fspm
MO
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4.4

Transfer Function Sequence obtained by an

Iterative Algorithm. Convolutional Output

wp = W al = ol 30 = 30

-1

Hpp(2) = ui}-1'—21
1—-z -0
Numerator degree N, := 1 Denominator degree My = 1
N1:=N,+My NO = 512 hig:=0
A generic first order transfer function in the z domain takes this form:
=
bg+bq-z
th(z} SRR
ag+a1-z

The coefficients of the numerator and denominator can be defined as the elements of two vectors,
namely a and b, hence:

Numerator coeff. Denominator coeff.
nt:=1.N0-1 bt = 0.0 ant = 0.0
bg := u0 ag := 1
bq :=—u0 aq =—v0

and devide the two polinoms by means of the following algorithm:

b{_] 1 ni
N1=2 hlg==—  hip4 =—-bpq- Z (h1n1-i-a)
ap ap =
o=
T. F. Numerator coefficents:
Sl 0 1 2 3 4 5 6 7
0 1| -0.761 0 0 0 0 0
T. F. Denominator coefficents:
5 0 1 2 3 4 5 6 7
0| -1141] 1141 0 0 0 0 0
Sequence of the Impulse response:
L 0 1 2 3 4
i} -1.1414 0.2729 0.2076 0.158
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rows(h1)—1

Stability (S1<): 81 = Z |h1k| S1=2283
k=1
rows(h1)—1
Energy of the sequence h1:  E1 = Z (|h1i] )2 E1 =148
20 i
t=071, 2 - 20-7
1000
Impulse response. Imp. Resp. Sequence
— lr-Ey 05
1 t T _AO-—LLJU-E . I !
1.5x10° 10
0
1x10°
hTK —05F o
5<10° *
1 =
0 I
0 2¢107°
= 1.5 1 |
0 10 20

4.4 Transfer Function Se

uence obtained by an lterative Algorithm. Convolutional Output.

4.4.1) Sequence of the voltage ramp response.

v

Vo= 8= 3 (if(v—k 2 0.hicudy.0))
—0
Input Sequence. Response's Sequence
D *J | T o THInn
8107 °F s l[1]] l i 11075 T
-5 b I -5 | I
641077t + [ g T
l.-l3k | | | ® k 3 10_5_ |
* 410 b | I H g J
s | I — 4107 %el |11
2¢10” °F | ||| L ‘
? | r 5100 :
0 A ligl 0 10 20
10 0 10 20 .

Sampled signal:
4) HIGH PASS (1° order) DIGITAL FILTERS 43 87



Spec8x = FFT(y8)

Amplitude Spectrum
5‘ max| |Specsx| |
4x10 §
5
3410 7 .
lSpechk| 2410 2 -
110”7k -

4) HIGH PASS (I° order) DIGITAL FILTERS

Phase spectrum
4 1

arg {'Spa:ﬁxk) <

9 11 -
"
= |
0 1x10° 2¢10°
i femp
NO

a7



4.4 Transfer Function Sequence obtained by an Iterative Algorithm. Convolutional Output.

4.4.2) Sequence of the Voltage window response.

15
Y9y, = Z (if(v —k 2 0,h1k-u_4y,,0))
k=0
Input Sequence. Sequence
h T | 1{} I I
5 * -
u 4 ITT'T?
— K y9 Opeee . Soaqy
. o T
5 e 1
= i 1 i = ﬂD V}
e 1 | |
-10 0 10 20 30 s 10 o
. k
Sampled signal:
Spec9x = fft(y9)
Amplitude Spectrum Phase spectrum

g A

:LrlaxHSpech”

0 1x10° 2108 - .
; 0 1x10 210
e f
NO . Smp

NO
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4.4 Transfer Function Seguence obtained by an Iterative Algorithm. Convolutional Output.

4.4.3) Sequence of the Bipolar Triangular wave response:

u
Y10, := % (if(v -k = 0,h1x-u_5,k,0))

k=0
Input Sequence. Sequence
110~ g . . 5x107 > . .
u_s, y10,
@ ®
K k
Sampled signal:
Spec10x = fft(y10)
Amplitude Spectrum Phase spectrum
fiat | maxUSper':me 4 ‘ '

5

Bx10

4Spec1 kal 410" 2

241072

5

0 4x10° 8x10

‘ fsmp
NO
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4.4.4) Sequence of the Sawtooth wave response.
yity =y (if(v —k = 0,h1k-u_6,k,0))
k=0

Input Sequence. Sequence
= =
410 h T T T

k
u_6, .
. 4
= Ex 1 D_ E | |
0 200 400
i} 200 400 K
k
Sampled signal:
Speclix = fit{y11)
Amplitude Spectrum Phase spectrum

T = = X
max(|5pen11x

1.5%10
lﬁp&cﬁx | 1;1{1‘5 i
510 J' 'I.J
W’ h:l

0 5

0 1%10 2:10° =

£ 0 110 2)(1()6

smp

NO k. f$n"|p+
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4.4.5) Sequence of the AM Signal response.

|54

Y12, = Z (if(v -k = 0,h1-u_7,%,0))
k=0

Input Sequence. Qutput Sequence

Sampled signal:

Spec12x = fit{y12)

Amplitude Spectrum Phase spectrum
1
150 0
lﬁpec‘lzxk[ 100 arg[Specﬂxk}_ 1
&
50 -

-2

3
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4.4 Transfer Function Sequence obtained by an Iterative Algorithm. Convolutional Output.

4.4.6) Sequence of the Frequency Modulated carrier

response.

L

13y =% (if(v—k = 0,h1-u_8y ,0))

k=0

Sampled signal: mg = 11
Spec13x = fft(y13)

Amplitude Spectrum

4) HIGH PASS (I® order) DIGITAL FILTERS

"]='15?1x

arg[Spec1 3xk) 0

-3 Mrads

sec

Output Sequence

Phase spectrum

4

2

-2
_4 | |
0 4=10 8:10
f
. Sm
MO
AD =-15 mf =11

87



4.4 Transfer Function Sequence obtained by an Iterative Algorithm. Convolutional Output.

4.4.7) Sequence of the Phase Modulated carrier response.

1

i, iffv—k = 0,h1k-u_9, .0
5" (i )

k=0
Input Sequence. Sequence

b i Bl

20 ~1 ; " F 1}*} ] i
T
ud, o | !-'51 # ||II| Ml | i il ‘E
= AR
||.|‘.||‘|"|
—20F { 2 I| | I

o 50 100

K k

Sampled signal: m

p=8

Specidx = fit(y14)

Amplitude Spectrum Phase spectrum

80
4?pec14xklaﬂr
40
20
0 LEE NS
0 4x10° 8x10° ” 3
i 410 8<10
i f
NO k5P
MO
Mrads —3 Mrads
We = 0.031- = W = 1571 =10 & Aﬂ =-1.5 I'I‘Ipl =8

4} HIGH PASS (I° order} DIGITAL FILTERS



4.5

Search of the output discrete time sequence by

a discrete convolution

The sequence corrisponding to the transfer function, can be found using the "invztrans"” MATHCAD's

operator as follows:

u0 :=u0 v0 = v0 k=k

1-z uo-(vo**! + 5(k 0y - voX)

hlk = u)-———— invztrans .,z .k —

w0

The result is the sequence of the impulse response, here depicted:

Sequence of the Impulse Response.

0.5 T T

h1k —G.5'
®

= : :
0

The Output of the Digital System is given by the discrete convolution between the discrete time
input signal (the discrete time sequence of the triangular wave for this example) and the discrete

impulse response of the System:
n1

Y1501 = Z (if(n1 -k = 0,h1x-u_5n1k,0))

k=0
Input Sequence.
1><‘1ﬁ_4 T T
5510 2
SO
_mAn
_1x10” 4 ' '
100 200
k
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Response Step response.
Bop ! | | 1 T
Ly =S
E > 5x10
E_ — 210 ]
= y15,
2 _4x107° - L]
S —5x10° °
—6){1{) E 1 1 1
-5 -5 -5
0 1x10” “2x10° “3x10 0 100 200

time as multiple of T

Knowing the sequences of any input and of the impulse response and the relative Z transforms,
the z-antitransfom of the product of the two z functions can be determined , it corrisponds to

the convolution of the two sequences, as follows:
M1-1 MO-1

Xnp(2) = Z (u1n-2_n) Hppst2) = Z [mn-z‘“]
n=1a n=40a

Yho(@) = Hhps(2)-Xpp(2)

Vi'z

input signal: Vj:=V; n:=n, V;-nztrans —

(z—1)°

System output corresponding to the z-antitransform of the product:

invztrans ,z .k Vi-uD-(ka— 1]
. . —>
simplify v -1

-z , Vi-z

y16k = u0- -
T2 "D {Z2—1)

2

Sequence of the ramp response.

O BEEE] i TERERET| T ITTTT

UM ‘ !‘ AL

—10}-e| [[1] T

®| || it 1 |

; - TR A

 JE | . L
—Sﬂ | |
0 20 40

sampling frequency: fsmp = 4-MHz
sampling period: Tsmp = 250-ns,
sampling angular frequency: smp = 25:133- Mreds
sec
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, Ttest ok
TtESt = 40- HES b= TtestD "Ttest-ﬂ T 1DTtest Nk =
100 I

Example: Sinusocidal input:

Z transform of the input signal:  w = Wrast w = 0.157- M AT = 39.063-ns
sec
L =&T W= w V=23V
Vi-z-sin(w-AT)
n:=n V;:=V; Vi-sin(w-n-AT) ztrans —

2 2-cos(w-AT)-z+ 1
We place: K2 := sin(AT-w) COS(AT-w) = /1 - K2° J1-K2% =1

K2 = K2

2 :
_ . Vv 1-K2% +K2-i

poles1 :=1-2+/1- K2’z 14777 solve,z —
J1-K2% —K2-i

plo = polesly  plo=1+6.136ix 10>  pl;:=polesly plq=1-6.136ix10 °

V;-z-K2 K2.V;z K2.V;-z

2> _24J1-k2%z+1 (plo- Z)-(sﬂu _p1o) (p1o-pto)(z-p10)

Computing the corresponding sequence the result returned for the symbolic operation is too
large to be displayed, but can be used for other calculations if assigned to a function.

= K2-V;-z invztrans ,z ,using,n = k

simplify -

1-2

y17k == u0- - — ...
vo | (p10-2)-(p10—p10)
-sziz

(:ﬂu = ﬁ]'(z = pT::])

1-2

+

[(pm)k = p1{}-(p1ﬁ)k +v0-vO" - v{}k-‘

(ﬁ—mu)-(vﬂ—mn)

EE )
(vo- ﬁ)(ﬁ = Eﬂa)

y17k == K2-V;-u0-

+(-1)

4) HIGH PASS (I* order) DIGITAL FILTERS 53

a7



Ag=-15  20-log| |Whpll"\/wWo Wsmp)| ) = 9-91

wo
wp wp “smeVTg g

W= —,—+ —-w

TR 42 4

BODE Plots of H(z) compared with that of W(jw)

T
Wiest WO

HdB1 (w) 20F

Whpda(w)

e u

i WhpdE(n,ﬂ' “or ‘-’-’smp)
Whpds(@test) -20
- 40
1x10*  1x10° 0% 1x10”

ld
73]
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Sequence of the sinusoidal response.

| T T
101 -
y17
l { 55' -
{}J‘h“!——'—'—uwfr"'
0 20 40 60
K
K2.V;-u0
{4t — = 13127V
(p10-p1o)-(v0 - pto)
Ag=-15  20-log( [Whp(i-,/wgwsmp)|) = 3.31
ad
0
wp wg “smpV Ty
ST e g smp

HAB1(w) 20

Whpge(w)
m —— n
i

Ehﬂda(y' w0 ¥sm p)

WhpdB(“test) ~ -20

_40
1x10%  1x10°  1x10® 1107 14108 110 k1010
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4.6

The bilinear transformation
4.6.1) Z-transfer function of the I° Order High Pass Digital

Filter.

5 N g
5 = . 1 i
Tosmp L 14+2
the amplitude response of the analog function is preserved.

Ag = Ag Wo =Wy Wemp = Wsmp
2.7

Wsmp =
e Tsmp

2. . Ysmp
iy

Tsmp

B iz .
substitute ,s = smp_[1 = ]

T |4z
H11y(2) =

e
s +wp collect,z

G\G"Eﬂt,ﬁtﬂ-

Wsmp

1—2_1

Wemp + W — z 1'(*""$mp = ﬂ-uﬁ}

1--2“1

'{Aﬂ"‘“’smp] =
=

_ AQ Wsmp
Wsmp ~ ﬂ-an Wemp *+ W

msmp + T
=1

1-2 3 A Wsmp
fe [“smp ¥ ““‘-’D] = (L"smp F ‘““‘-‘D)

b.?smp+ TF-MD

H11(z) =

The following new parameters are necessary for the design of the digital filter:

L, e LT -
50 = 5P ﬂ' s Ao smp ’
Wemp + W (""’smp + ﬂ-wD)
wp = 1.257 x 10°. krzdﬁ , 80 =0.728489504 , X0 = -1.2963671278
the new t. f. is:
-1
HI1@) = X0— =
1-580-2

4} HIGH PASS (I" order) DIGITAL FILTERS 55

ar



Z T. Initial value theorem:

Z T. Final value theorem:

H11NdB(w) := 20-log

60 =80 x0:=x0

=1
lim (xuvij] — %0 x0 = -1.296
1-80-z

i 0
im | x0————| —» | X2 i 8020
1 50

undefined otherwise

[ \H”(ej‘ﬂﬁmp]‘ J WhpNdB (w) = 2ﬂ-iug(wu—'!‘iu]ﬂ]
0

Normalized Magnitude of H11(z) and W(jw)

T I
Utest @0
i -5
— 200 -
_AQ =)
- 80 | 1
1x10* 1x10° 1x10° 1x10"°
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- The bilinear transformation

4.6.2) Difference equations (High Pass filter(I°order)).
Canonical form

1

M) 0 =2 e Y@ . Y W)
1-50.2z"7 XE@ Wz X(z)
Y(z] = : = =1
W@ x0 {1 z )

Y(2) = x0-W(z) —x0-z -W(z)

y(v) = x0-(w(v) -w(v-1))

W@ _ 1
X(2) (1 - 80-z 1)
x(2) = (1-50.2 ") W@) = W(z) - 502 " W(z)

w(n) = x(n) + 60-w(n - 1)

4) HIGH PASS (1” order) DIGITAL FILTERS =T
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4.6 Equivalent Digital High Pass Filter (I°order) - The bilinear transformation

4.6.2.1) Sequence of the voltage ramp response.

Signal
6x10 T T

u3

(5.

0 200 400

The corresponding set of difference equations:

W) u3,
V() 1= ——
i volt
1 _w) = |v(v)+80-_w(v-1) if v>0
0 otherwise
2)  _y(v) = | [x0-(w(v)—_w(wv-1))] if v>0
0 otherwise
bﬂ
+ xn-a1wn_1 = WH w“ +
xn ‘.’ - - YH
+ bﬂwn +
Wh
-a,W, 4 71 $byw,
rWwW
|
~a, i h1
‘ IWrﬂ wnd
- -t Py - >‘ -
'a1wn-1 b‘lwnd
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Sequence of w Sequence of the response

8<10~* pill 0 : AV,
P _ A,
610 | ‘| Tl —1=10 S wp
itk | I
M9 4x10 ” e
2¢10™* _y(K) &
o+ — 310
0
0 20 40 410"
k
~5x10"°
k
t = 07,07+ 1oL 1007
1000
Graph of the step response y(t)
U I 5 I
T T
=
= i
=
g
2 i
S
M
0 2x107% 4107® ex1075¥0

t1

time as multiple of T
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igh Pass Filter (I°order) - The bilinear transformation

4.6.2.2) Sequence of the Voltage window response.

Tiest=4x10%ns  Tgo=250ns T =0.79%ps

Chosen test signal period, Tiggt= 4x 10*.ns 1 - 0.025.MHz

test

Sort pulse sequence of amplitude V;:

Pulses Sequence.

Digital first order High pass filter difference equations:

u 4,
volt

adimensional input signal:vjg(v) =

1) wi8(v) := | vjqg(v) +80-w18(v—-1) if v>0
0 otherwise
2) y18(v) == | x0-(w18B(v) —w18(v-1)) if v>0

0 otherwise
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8 19 SHALT4 WLDIA (2P0 ) SSYd HOIH (¥
(xgLA)y) = xg|oadg
()gLh = xgLa :jeubis pesjdwes
& luz
g_ﬂtxt g_Diﬁ'{Z 0 B_DLX? g_mxz 0
T T 0¢— T T
1es, _ Rt & W E ezt [
& -0l = i ‘. | . 5 o
T | 7] ¥ n
0 (g1)°%ozn | | l ...... -
A | i (@)™
B Jot | b P
1es R ]
T i PR O 8 i L AL R W
mding mnduy
0000¢ !
(s 1g)-g+ 00 ——0 0=
(dws).po)-z+0s
ov 0z
T T bl —
1 1
asuodsar ay) Jo souanbag Mm Jo aouanbag
¢S = ON
Figlg T
o ?-l 4 & - ? -
I.q 3 M 3 M ;
E-
L'l}.‘ i
Fiplq y ot ' im'e-
Um
+ umuq




Amplitude Spectrum

max([Spectax|

1.5
fpem Bxk| 1
05 .
0 1x1 Dﬁ 2x1 l:'lE
k. fsmp
NO

max( | Spec2|) B
max( | Spec18x])

4) HIGH PASS (I° order) DIGITAL FILTERS
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4.6 Eqguivalent Digital High Pass Filter (I"order] - The bilinear transformation

4.6.2.3) Sequence of the Bipolar Triangular wave response:

4
Tiegt =4x 10 -ns Tsmp = 250-ns T =0.796-ps

1

Chosen test signal period, Tigqp=4x 104-ns
Ttest

= 0.025-MHz

Triangular wave sequence:

Pulses Sequence.
-4
110 B T T

Digital first order High pass filter recurrence
relations: f

adimensional input signal:v19;(v) := u_5,

1) wi9(v) := |v19;(v) +80-w19(v—-1) if v>0

0 otherwise

2) y19(v) = | x0-(w19(v) - w19 (v-1)) if v>0
0 otherwise
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o

3 Xp=a W, .= Wp Wi ’ i
Xn ‘., L L le
+ bﬂwn +
Whn
-aWw, 14 7zt 4b,w, ,
YW
-a, : b,
‘ i W i
=} =} & B
-2, Wi, h1wn-1
NO = 512
: Sequence of w Sequence of the response
2x10 T T
13-:13_4
0
- 11-(1'[:!‘4
~2x1074
o 100 200
Transient Output
51 % 1-T.
410 > MNest test =
2:-:1']_5“ ' o
Viri(t) or o
-2x107°F -
—4x107°
0 4107°  8x107°

Sampled signal: v19xy := y19(k)
Spec19x = fft(v19x)

4) HIGH PASS (I” order) DIGITAL FILTERS G4
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610

fpecﬂxk] 4x10”

-2

2x10

-2

Amplitude Spectrum Phase spectrum

®ithest  max| [Speciox)

5
0 A .
0 2:10° 4107 -4 ' : ' 7
f 0 2=10 410
. .Smp :
NO . Smp
NO
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4.6 Eqguivalent Digital High FPass Filter {I"order) - The bilinear transformation

4.6.2.4) Sequence of the Sawtooth wave response.

Test signal Sampled test signal
1x10° 4x10°
o Trest i T Ttest
810 =
-5
6x10 "
Vel T) ub
a0 . i
2107 2 ]
u |
0 2<10™ 4 0 410> 8x107°
t n,
Step sequence of amplitude V;:
Digital first order High pass filter recurrence
relations: £
adimensional input signal:v20;(v) = u_6,, Bl LR,
ftest
1) w20(v) == |v20;(v) +80-w20(v—-1) if v>0
0 otherwise
2) y20(v) = |%0-(w20(v) -w20(v~-1)) if v>0

0 otherwise
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! T Xn=a W , = Whp Wn ’ = ,
n _” - i n
+ bI:l'“‘rl'l +
Wy
¥
=9 o b,
é Wi Wit _‘
=i} =it} .« o =
'a1wn-1 I:'11"\\'n-1
Sequence of w Sequence of the response
1.5x10" % . . 1%107° | .
1x10™* e
JZU{R} ax10
5<10"
0
0 200 400 0 200 400
k
Sampled signal: v20xg := y20(k) Spec20x := fit(v20x)
Amplitude Spectrum Phase spectrum
i r:'aax( | Spec20x )
1.5x10"°

iﬂpec‘?ﬂxq 1%107>

5x10™°[}
ﬂ
0 4x10° 3:-:105

f

M fsmp
NO 5 NO

=it
f‘E‘IEX“lI) =3 max(]SpecE{]xl] = 18.191-us
max( |Spec20x| J
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4.6 Equivalent Digital High Pass Filter (I°order) - The bilinear transformation

4.6.2.5) Sequence of the AM Signal response.

AM Signal sequence of amplitude V;:

Signal

4ﬂk T T T

T i &
TTFV

0] 20 40 60

=
-]
=

=i
-20

- 40

Digital first order High pass filter recurrence relations:

adimensional input signal:v21;(v) :== u_7, 3:1'3 = 800
G
1) w21(v) = v21;(v) +80-w21(v-1) if v>0
0 otherwise
2) y21(v) :== | x0-(w21(v) —w21(v-1)) if v>0
0 otherwise
bi}
. x,.-a1w“_1 = W, Whn
Xn 4*, - 2
Y
Wh
_¥
- a1w“_1 .ﬁ. I_‘I_ f b1 w“_.l
W
% |
=8 ' h1
‘ wn1 IWIHJ ;
=af = . = -
'a1wn-1 l:|‘.11"|"“'n-1
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State function sequence Sequence of the response

-100

Sampled signal: v21xg := y21(k)

Spec21o := FFT(v21x)

Amplitude Spectrum Phase spectrum

] I 4 I T
fofoddtesy fo-Tasdtest
8- axt |Spec21 n|]‘ 3
2 2
o !arg[Speczmk} 1
2 0
0

max[ |Specs| )

= 2741x107°V
max( |Spec210i]
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4.6 Equivalent Digital High Pass Filter (Iorder) - The bilinear transformation

4.6.2.6) Sequence of the Frequency Modulated carrier
response. m= 11

FM signal FM Spectrum (sinus. test signal)
B T T |
6 L 2 & =
he b S
4

P,

T AL

=20 -10 0 10 20
ki
FM Test Signal spectrum

20 °9 3 & |
|
ClINE® SN
g i1
= 1 9 Iy i
_20 Tl 05
0 50 . 100 0 2¢10°4x10° 6x10%8x10°
¢
. Sm
NO
—_— f
max( tSpeca[] = 71.472 ? -8 u8i2 = —5.556
C

Digital first order High pass filter difference
relations:

adimensional input signal:v22;(v) := u_8,,

1) w22(v) := [v22i(v) +80-w22(v-1) if v>0
0 otherwise
2) y22(v) := | x0-(w22(v) —w22(v-1)) if v>0

0 otherwise
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— 0
+ In'31wn_1 = w“ w“ ;
o _’? il -6 Y
* bﬂwn -
Whp
"9 Wnat o ib.w
¥
= .
‘ wﬂ 1 "'41-1 =
- = - . -
"3, Wn1 b,w,_,

f
fe=5x10" > MHz2P - 800
c
U224 = y22(K)
Spec22 = ft(U22) mg =11 wpy = 1.571x 107 %2000
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FM Signal spectrum

S A (s |

b il ) _4 I I I
0 2x10°4x10°6x10°8x10° 0 5x10° 1x10? 1.5¢10%
f f
S . Sfm
NO NO
_— —_—
max[ FSpecBI) =71.472 max( [Specz.'zl] = 102.899

FM Signal spectrum

150

100
lSpeczzk[
S0

-
0 2x10°4x10%6x10°8x10°
fafm
“No
max( |Spec8|) _, ,. max(|Spec22|) = 308.154

Imax(Spec22)|
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igh Pass Filter (I°order) - The bilinear transformation

4.6.2.7) Sequence of the Phase Modulated carrier response.

mp = 8
PM test signal PM Spectrum
| E | ] I
20 Te ApnT P
10F . 6 *
Vom(tem) g fxpm Jn kl m }|4-
=F - all
10 ok
_o0k | "
0 1x107 3 21072 ~20 -10 0
tpm ki
Sampled PM signal PM Signal spectrum
80F ?" Tenax(|speco] |
60 =
lSpechl 40 o -
'| ii !

adimensional input signal:v23;(v) = u_9,

1) w23(v) :=

2) y23(v) =

4) HIGH PASS (I° order) DIGITAL FILTERS

v23;(v) + 80-w23(v - 1) if v >0

0 otherwise

x0-(w23(v) —w23(v-1)) if v>0
0 otherwise

73

40 = 0.728489504

x0 = -1.286367

87



Spec23 := FFT(U23) m, =8 = A5 107 220
sec

PM Signal spectrum

0 2x10%4x10%6x10°8x10° 0 2¢10°4x10° 6x10°8x10°
fspm fspm
k- RS e
NO NO
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PM Signal spectrum

a T T e = e
80 fomax! |Specs
60 L]
[Pt it I
201 | IlT | H'I
a * il 0l
0 2x10°4x10° 6x10°8x10°
sPm
NO
max( |Spec9)| ) ( ? )
= 17.32 max\ |Spec23| ] = 4.481
max( ISpec23|)
4} HIGH PASS (I° order) DIGITAL FILTERS 5
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4.7

Iterative algorithm (considering the bilinear transformation

The sequence corresponding to the following t. f. :

~

1-z
. H11(z) = x0-———— z5 = -1 Pg = 80 pPn = 0.728
=8 T 0 0 0
Mp 1-50.2
is realized using an iterative method.
Numerator degree Nup, := 1 Denominator degree Md = 1

N2 := Nug, + Mdy NO = 512 h11k =0
bu+b1-z_1

N2 = 2 H11(z) =
ag+a4-z

we can define the coefficients of the numerator and denominator as elements of two
vectors, namely a and b:

Numerator coeff. Denominator coeff.
b = 0.0 ax = 0.0
Bo i=%x0 ap =1
by =—x0 aq = -00

and devide the two polinoms by means of the following algorithm:

bg 1 u
h11u:=a_g h11y, = a_(}" %“21 (h11v—i'ai)
I=

T. F. Numerator coefficents:

ghico 0 1 2 3 4 5 6 7
0 1| -0.728 0 0 0 0 0

T. F. Denominator coefficents:
T

b 0 1 2 3 4 5 (7] 7
0 -1.296 1.296 1] 4] g a 0
Sequence Impulse Response:
hi4) = 0 1 2 3 4
0 -1.2964 0.352 0.2564 0.1868
4) HIGH PASS (I° order) DIGITAL FILTERS 76
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rows(h11)-1

Stability (S1<»): S2 = Z |h11g] S2 = 2.593
k=0
rows (h11)-1
Energy of the sequence hi1:  E11:= 5" (|ni1y )2E11 = 1.945
k=0

T
3 test

. Impulse response. Impulse Response.
5x10°r . 0.5 . 1
Ag-w
0 ——% 0 &
2
Whp(t9) - 5x10% 4 h11,.—o05 .
110"} - ~4 7
10§ . -15 : ‘
= 1 .5)(1{} A A ﬂ 10 2D
0 2x10 4x10 K

t4

fsmp

fo = 5x 107 °-MHz = 800

c

4) HIGH PASS (1° order) DIGITAL FILTERS [



4.7 lterative algorithm (considering the bilinear transformation)

4.7.1) Sequence of the voltage ramp response.

20-7
1000

t=0-1,

. 20T

v
Y24y =y (if(v -k = 0,h11-u3y,0))

Ramp Response

— 2107 °

_ax10” !

— B0 ®

k=0
Sequence
0 | ‘ [ ﬁcr 1
4 |
~1x107° 1‘ || [T
i ~2x107 % i
ﬂd’k £ i |
L ~3x10"°F ¢ | T
4 @ |
_ax10% %] i
BT A . |
ek ~5x107° '
“n 0 10 20
k

4.7 Iterative algorithm (considering the bilinear transformation)

4.7.2) Sequence of the Voltage window response.

ﬂEy -
Input
s P
=509 0%
i i
i i =
V@4 1]
o ——— i | | E
| i
ud ot | | .
® ! i
i
[
ﬂ 1 I
0 21078 4x107©
Efnk

4) HIGH PASS (1" order) DIGITAL FILTERS

(if(v—k = 0,h11x-u_4,.,0))

k=0
20
10
yzﬁk
V20p,(13)
-10
-20
78

Sequence
1 T
[ ]
u | i
|
i
i Ag Vi)
i 1
0 %A " g ®
k,t3

a7



4.7 lterative algorithm (considering the bilinear transformation)

4.7.3) Sequence of the triangular wave response:

y26y = % (if(v -k = 0,h11-u_5,,0))
k=0

Sequence Sequence
-4
1x10 T T

4.7 Iterative algorithm (considering the bilinear transformation)

4.7.4) Sequence of the Sawtooth wave response.

LB
Y27, = (if(v -k = 0,h11k-u_6,,0))
k;u

. Sequence . Sequence
4x10 T T 4x10 T T

-5 a

3=10

2410”2k -

y27, :

— 1x10

0

e ks
0 100 200 0 200 400

4) HIGH PASS (1" order) DIGITAL FILTERS 79 87



4.7 Iterative algorithm (considering the bilinear transformation)

4.7.5) Sequence of the AM Signal response.

in
y28,, = Z (if(v —k = 0,h11x-u_7,,0))
k=10

Sequence

4.7 Ilterative algorithm (considering the bilinear transformation)

4.7.6) Sequence of the Frequency Modulated carrier
response.

X}

y29, =} (if(v -k = 0,h11-u_8,«,0))
=0

Sequence Sequence
|
|

AR S i
i

Kl

|| :
D

0

60
4) HIGH PASS (I° order) DIGITAL FILTERS 80 87




4.7 Iterative algorithm (considering the bilinear transformation)

4.7.7) Sequence of the Phase Modulated carrier response.

|
V30, 2= Z (i‘f(u—k = D,h11k'u_9p—k,ﬂ))
k=0

Sequence Sequence

4) HIGH PASS (I° order) DIGITAL FILTERS 81 ar



4.8

Analytical search of the output sequence by means of the
residues method (considering the bilinear transformation

=1
[
Poles and zeroes of H11(z) = x0- £

1—goz !

30 := 80 X0 :=x0
0

2
v := numer(H11(z)) coeffs,z — | A0 Wsmp *+ T™AQ W Wsmp

2
~AQ'Wemp — T Ag Wy Wemp

zeros := polyroots(v) 0
Zeros =
0
2 2 2
v := denom(H11(z)) coeffs,z — Yemp — T YD
2 2 9 2
i '“'wﬂ'wsmp_wsmp
les := polyroots(v) oles = U' J
G PO =1o728
00 = 0.728 x0 = -1.296

The calculation gives:

h11y = a
Seguence of the Impulse Response.
0.5 T T
0
h11 K

T— 0.5 =
- .}L -1 il

-15 ; :

o 20 40

4} HIGH PASS (I° order) DIGITAL FILTERS g2 87



1.6 iii) By using the "invztrans" operator:

x0 == x0 a0 = 80 V=V

Lo 1 v
h101, := XD'L1 invztrans .z, v — xﬂ-(ﬁi} £8,0) 60 )
1-80-27 80
t4 =071, b 50-7
1000
Iimpulse response w(t). Sequence of the imp. resp.

. P T R e 0.5 . 1 :
E
?E\; 1x10°} 2 0 8
o h1ﬂ‘1k
E' . et —_ )5 i
g A wg "
2 ~1x10% e - = 4
=
3 0
- —2)(1{]5— 1 I Agwnl 15 | I 1[:

0 210 %x10” %107 0 20 40 60

k
multiple of T
rows{h101)-1
Stability (S11<=); S11 = Z |h101;] S11 = 1.296
j=0
rows({h101)-1
Energy of the sequence h11: E101 := z (|h101y] )2 E101 = 0.264

j=0

The Output of the Digital System is given by the discrete convolution between the input
signal (in this case the sequence of a step function) and the impulse response of the System:

v
y31, = (if(v—j = 0,h1-u50,_;,0))
JZ=:U
4
y32, = Z (if(v — k = 0,h101-u_5,¢,0))
k=0
4) HIGH PASS (I° order) DIGITAL FILTERS 83



Example 1) Triangular wave

Input Sequence
0.0001 ey . 11074 . :
test
Vi () 5x107°
u_s, 0 y32,
! —_——
& EaY
—0.0001 : :
0 5¢10"°  0.0001
i M k
Example 2) AM Signal input:
Input Signal Input Sequence
40 T 40 T
20 N 20
Vsat
Vi) of g i, o
— e
— 20 = -20
- 40 ! - 40 :
0 15107 ° 21072 0 4x107° 8x107°
t n
i k
y33y = Y (if(v -k = 0,h11¢u_7,,k,0))
k=0
Sequence of the imp. resp. QOutput Sequence.
0.5 ; .
0
hid k =05 l
=4 -
x0 k
1 _5 | |
0 20 40

Knowing the sequences of any input and of the impulse response and the relative Z transforms,
we can determine the inverse of the product of the two Z transformed , cormrisponding to the
convolution of the two sequences, as follows:

4) HIGH PASS (I° order) DIGITAL FILTERS 84
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MN1-1

X4(z) = Z (u1n-z“ “]

N-1

HA(2) == 3 (hM1nz ") Ya(

n=20 n=>0
"u"i-z
Vi =V, V; ztrans — - 60 = 0.728489504
z_
_»~1 V;z |invztrans,z k K
Y34y = x0- : i — V;-x0-50
Sequence of the step response.
0 :P- .
11
| :
4
_EF- -
-8 1 1 ‘qﬂ'vl-
0 20 40
k
n:=n V=258V AT = 39.063-ns
Vi
Example 3) wy = wyegi. System Input: x2y := —“~sin(k~w2~
VO
Vi =V AT = AT  wpi=wy

K3 :=sin(AT-wp) Y1-K3%=1  K3=6.136x10""

V;-z-K3

Xsin(2) =

N1-K3%.z+1

2 .
J1-K3™ +K3.i
poles1 := 22—2-\;' 1 —K32vz+1 solve.,z —

J1-K3%-K3.i

V;-z-K3

m)

K3 = K3

polest = (

22 -24/1- K32-z+ 1

(z - poles1p)-(z - poles14)

r==15 p2q:=polesip pEG =1+6.136ix 1=:'_r3

p2q = polesly  p24=1-6.136ix 107 °

£(15) = r-cos(t5)

B(t5) = r-sin(t5)
C1(t5) = &(tS) + j-(t5)

4) HIGH PASS ({I° order) DIGITAL FILTERS
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) := H4(z)-X4(2)

Mrads
sec

1+6.136ix 10 °

1-6.136ix 10”3

J
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2 T b T 02 b ok

: 0.1f 5
Im{Xein (C1(15)) L
Im(poles1) iﬁ'" } 0
eoe ok G
Im(¢1(t5)) ~0.1F .
_1k ] -0.2 : :
=04 B 01 02
Re()(sm{ﬂ{t&}j]
i 1 2

Re(poles1) . Re({1(t5))

The sequence of the result returned for the symbolic operation is too large to be displayed.
It require some seconds.

L [ K2-V;-z invztrans ,z ,using.n = k
y12k = %x0- & — i -
1-50-z " | (P29 -2)-(P29-P2g) Slapily
. K2-V;-z
+(=1)- S S
(p20-p2o)-(2-p20) |
e e e kel |
K2-V;-x0{ 80-(p2g) - p20*-p2q - p2g-(p2q) +80%p2g +p2¢-30*"" ...
g — k=1 e
+p29 150 -2-80°" - 2.50% —p2g(p2g) - p29*"-p2g -
—\ k+1 e
. +50-(p2g)  +80%".p2g + p2g-50% + p2¢*.50
y12¢ = - == = -
(P29 - 50) (P29 - P2g) (80 - p2g) -volt
Output Sequence. Input Sequence.
]
4
3
x2
MR
1
0
k k
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Bode Diagram of H11(z) compared with that of W(jw)

I"""teat wo
o i
= .
3
_zul— o
=4l ! 1 1 1 ! 5
1x10* w10® x10® a0’ 1x10® 1x10®  1x10"0
w
Sy
20-10g{ 11 = 5m8)|) _ 1460608 20-100( [Wig(i-ctesd)]) = ~14.607-d8

4) HIGH PASS (1" order) DIGITAL FILTERS 87



