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ABBREVIATIONS AND SYMBOLS

rkfixed(a,ty, ty, N, D)—function in the program Mathcad, which uses
the algorithm of the Runge-Kutta fourth order method

FRAME—animation parameter used to define the variable for the
generation of simulations on a Mathcad worksheet

Symbols
A

Ay

a; ay, a,
b(t)

b

fertilizer granule’s current position; berry surface’s frontal
area

fertilizer granule’s initial position

acceleration; projections of the acceleration

vector module in vector function F(t,y, b,n)

notation of b(t) of the vector b in vector function
F(t,y,b,n)

air resistance constant

notation of the vector D(t, y)

piston diameter

friction force projection on axis ¢ between the spreading
disc and the vane

inertial force projection on axis &

friction force projection on axis &

projection of the Coriolis inertial force

magnitude of the resisting force

friction coefficient

Hamiltonian; follower stroke

moment of inertia; matrix of the shape of a vector in the
vector function F(t,y, b, n)

reduced moment of inertia

value of the reduced moment of inertia at the beginning of
acycle

Lagrangian

width of the conveyor belt; length

magnitude of the resisting torque on link one

pivot’s resisting torque

constant driving torque of the link

mass

number of intervals between £, and
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n

p

Pk

Pe, Po,
Qk

qrk

coefficient of dimensions in vector function F(t,y, b,n)
gas pressure in the engine cylinder

generalized momentum

generalized momentum of the double pendulum
generalized force

generalized coordinates

spreading disc radius

radius of the curvature

cam base circle radius

distance between the centre of the disc and a fertilizer
granule in the current position

distance between the centre of the disc and a fertilizer
granule in the initial position

used to define function rkfixed(a, ty, ty, N, D

axis along the conveyor belt

berry’s acceleration

kinetic energy; denotes the transposed matrix in a vector
function F(t,y, b,n)

first time value

last value, where N marks last value

matrix of origin in vector function F(t,y, b, n)

velocity

projections of the velocity

velocity of the conveyor belt; magnitude of the velocity

pressure angle

angle between force and velocity

centre of the curvature x coordinate
centre of the curvature y coordinate
inclination angle of the conveyor belt
change in linkage kinetic energy
coefficient of speed fluctuation
eccentricity of the follower

inclination angles of the double pendulum
axis between initial 4 ; and current positions A of a ferti-
lizer granule

potential energy

air density

follower rise angle
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follower high dwell angle

follower fall angle

follower low dwell angle

adjusting angle of the vane

angle between the polar radii of a fertilizer granule and the
direction of the vane

matrix of transformation of the rotation in the vector func-
tion F(t,y, b, n)

angular velocity

pivot’s angular velocity

value of w at the beginning of a cycle
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INTRODUCTION

Learning and research are becoming increasingly more computer-
based, which is supported by both the development of computing
technology and better results in studying, teaching and research into
engineering problems. According to Chonacky, 2006, computer
modelling and simulation are some of the best methodologies that
have been applied in science and engineering.

This doctoral thesis develops computer-based learning and research
methods in engineering mechanics, analytical mechanics and ma-
chinery mechanics. The results can be used in both teaching and
practical engineering. In the current doctoral thesis, the objects that
are automatically generated on the computer screen using a mathe-
matical model are called virtual models for short. The process of
creating images that correspond to calculation results (graphs, virtual
models, simulations, etc.) is called visualization. The simulation of
the movement of virtual models gives an idea of the movement of
the object of study and the veracity of the solution calculated on the
basis of the mathematical model. The use of computer-based visual-
ization in teaching is very important. The analysis Hoffler &
Leutner, 2007 showed that the learning outcome improved by 37%
on average when a simulation (animation) was used instead of a stat-
ic picture. The simulations in the current thesis correspond to
Recchi, et al., 2006 definition: an effective computer simulation is
built on a mathematical model, which describes the process that is
being studied. Visualization is interdisciplinary by nature, drawing
on simulations, the psychology of perception, graphic art, computer
graphics, picture editing, data management, etc. (Haber, 1990).

The mechanical problems explored in the current thesis have been
solved with a computer on a PTC Mathcad worksheet. Unlike other
mathematics programs, in which the formulas have to be pro-
grammed as well, the engineering calculations software Mathcad
allows writing formulas the way we are used to seeing them in
books and writing them ourselves. The formulas and variables on a
Mathcad worksheet can be changed on the computer screen and the
changes in results can be directly observed in drawings, virtual mod-
els and motion simulations for the virtual models.
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1. Literature overview

1.1 Visualization

The visualization of the study object’s mathematical model helps a
greater number of scientists, engineers and students to understand
the work processes of physical systems, while taking into account
the special types of people with increased neural activity.

Russian psychologist 1. Pavlov divided people into three categories
according to their neural activity: artistic, thinking and middle types
(Leppik, 2001; Leppik, 2008). The memory of the artistic type is
closely connected to senses, especially sight. In order to understand
problems - this bears great significance in the learning process - it is
important for the artistic type to see a diagram, picture, model,
graph, film, etc. The studies have shown that these people value im-
agery over concreteness. Additionally, it has been found that they
respond to stimuli more directly, they have a closer connection to
real experiences and react to reality more unwillingly than thinkers
(Leppik, 2008). Thinkers are characterised by abstract thinking, log-
ical analysis and good memory. They are good at math. Most think-
ers are introverts: quiet, withdrawn and attentive. Teachers like this
type of students. They are satisfied when the study material is verbal
and abstract, relying on logic and analysis when absorbing infor-
mation. They remember new material mostly semantically (concep-
tually). Generally, they do not need visual explanation and enjoy
abstract analysis and discussion instead (Leppik, 2008). The people
who fall in the middle category extract information from the outside
world using the strategies of both the previously described types. It
has been found that the middle type is successful in both scientific
and creative fields (Leppik, 2008). It is important for the teacher,
lecturer or trainer to be aware of the different learning types. Conse-
quently, they should use teaching methods that are suitable for the
discussed types (Leppik, 2001).

Studies in cognitive psychology have proven that imagery is more

important in teaching than the concrete presentation of information.
The importance of imagery is regarded as twofold:
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1. it helps some of the students to understand new material. The
material that has been understood is stored in long-term
memory;

2. it helps to create associative connections, which means that in-
formation is stored more efficiently and it can later be easily re-
trieved from long-term memory.

Primary schools and kindergartens traditionally engage all senses,
but the teaching in higher grades and institutions of higher education
is often verbal, which means that the teacher actually works with
only some of the students. As a result, the teacher thinks that the
students are not learning and this leads to teacher-student conflicts.
Engaging all senses becomes especially important when presenting
new material in class. Verbal and abstract methods can later be used
when revising, practising and storing information, especially among
older students (Leppik, 2001).

There are plenty of ways to engage different senses that are suitable
for different subjects and ages, for instance:
1. demonstrations, experiments and models;
observation of the objects of study;
pictures, tables, diagrams;
slideshows;
video clips and films;
computer research;
field trips (Leppik, 2001).

Nk wd

Above all, visualization helps the artistic type to understand the pre-
sented material. Mathcad’s interactive worksheets along with motion
simulation offer better visualization compared to printed text.

1.2 On using simulations in teaching

Two groups were compared, one of which received traditional guid-
ance in a classroom, whereas the other used additional computer
simulations. The students’ understanding of kinematics was studied,
whereas the topic was motion in the Earth’s gravitational field. The
students who used computer simulations showed significantly better
results in solving the task given to them. It was concluded that com-
puter simulations are useful tools for understanding velocity and
acceleration (Jimoyiannis & Komis, 2001; Rutten, et al., 2012). In
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another study, two groups of students had to study particle kinetics.
One group only studied in the classroom, whereas the other studied
both in class and using computer simulations. The test results of the
group who used computer simulations were better (Cohen’s d=0.81),
even though the overall results of the test were low (Rutten, et al.,
2012; Stern, et al., 2008). A comparative study of a traditional class
and simulation-supported class was conducted in the field of genet-
ics. The students were assessed in two ways, firstly, using statements
(true/false) and secondly multiple choice questions. The study re-
vealed that the class that used simulations achieved better results.
When answering the question of whether the statement was
true/false d=0.87 and d=0.80 when multiple choice questions were
used (Rutten, et al., 2012; Gelbart, et al., 2009). In the field of for-
estry, students used computer simulation to practise managing a for-
est plot. The study assessed the simulation’s influence on solving the
task and explaining the solution. The study found that in order to
receive better results, it is useful to combine lessons with creating
the opportunity for the students to figure things out themselves and
to use computer simulations for practice (Riess & Mischo, 2010;
Rutten, et al., 2012). Students’ interest in the studied material when
using computer simulations has also been explored. For this, two
simulations were created for the cell’s respiratory chain. The first
simulation included tasks that needed to be solved and the second
had examples which were designed to explain a specific part. The
simulations with fully developed examples had a positive effect on
the students’ interest. However, the students did not show height-
ened interest in the simulations that used tasks. The students who
had little interest in the subject beforehand expanded their factual
knowledge despite the simulation type. The general understanding of
the subject was created via simulations, which visualized the materi-
al (Melek, et al., 2008). A study conducted at a high school physics
course involved a group of students learning physics using special
simulation software. The control group was taught in the traditional
way without using this kind of software. The number of students in
both groups was 15 and their age was in the range of 17 to 19. A test
at the end of the course showed that the group of students who used
simulation software scored 3.07 points more out of the maximum of
20 points on average than the control group (El Hassan, et al., 2014).

The aforementioned studies clearly show that the use of simulations
improves students’ learning performance. The materials prepared in
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relation to the current doctoral thesis have not been used in compara-
tive groups and are based on other studies on the positive influence
of simulations on learning and understanding.

The computer simulations presented in this doctoral thesis corre-
spond to the solution of a specific task. For instance, the website
Mekanizmalar offers numerous computer simulations (flash anima-
tions) for the field of mechanics and technology, which visualize the
work of mechanisms, but these are not based on solutions to specific
tasks (Mekanizmalar). The learning process shows that the students
understand the methodology of creating computer simulations on a
Mathcad worksheet. It is important that each student can create these
in order to visualize and check the solution to a specific task. The
advantages of Mathcad in teaching mechanics have been highlighted
by Novohatska, et al., 2014; Broman & Ostholm, 1997; Soutas-
Little, et al., 2008; Bertjaev, 2005 and Soutas-Little, et al., 2008.

1.3 Overview of the virtual models and their motion simula-
tions in the program Mathcad

In their studies Heinloo & Olt, 2004a; 2004b and 2004c used the
scheme in Figure 1.1a to create a virtual model of the disk-ridging
tool on a Mathcad worksheet (Figure 1.1b) for studying the work
process and simulations. The work process simulation of the virtual
model is presented in the video clip Heinloo, 2015.

Top surfoce
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(m)

|
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_ o )

ridge - X 0 0|
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g e ot X ()

(a) (b)
Figure 1.1. Scheme (a) and virtual model (b) of a disk—ridging tool (Heinloo &
Olt, 2006).

In their studies Heinloo, et al., 2005; Heinloo & Leola, 2006a; 2006b
and 2007 used the scheme in Figure 1.2a to generate a virtual model
of a scraper performing press manure removal (Figure 1.2b). They
used this virtual model to investigate the work process of the scrap-
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er. This virtual model is displayed in action in the video clip
Heinloo, 2011a.

0.1

e R

-0.2

0.1 0 -0l

D
(a) (b)

Figure 1.2. Scheme (a) and virtual model (b) of a device for press manure remov-

al (Heinloo, et al., 2005).

In the study Heinloo, 2007a composed a program on a Mathcad
worksheet for the automatic generation of a four-bar linkage virtual
model (Figure 1.3), which is often used in machine design linkage
structures. If the user of this program defines the lengths of the links
and the four-bar is kinematically possible, the virtual model is dis-
played and the motion simulation can be executed. The four-bar vir-
tual model’s motion simulation is displayed in the video clip
Heinloo, 2011c.

0.6 -t

0.4 7

A Y
A Y
‘ '."'

0 0.2 0.4 0.6 0.8
Figure 1.3. Virtual model of the four-bar with the trajectory of a point of the
connecting-rod (Heinloo, 2007a).
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In the study Heinloo, 2007b a virtual model of a blueberry harvester
picking reel was prepared on a Mathcad worksheet (Figure 1.4) ow-
ing to derived equations. A video clip of the motion simulation of
the picking reel’s virtual model upon simulating the harvesting pro-
cess was prepared (Heinloo, 2014). In the video clip, the four-rake
picking reel’s straight movement along the virtual field and the
reel’s rotating movement with the rakes can be observed.

0.4 -

04 -0z 0 02 04 06 08 1 12
Figure 1.4. Virtual model of a blueberry harvester’s picking reel (Heinloo,
2007b).

In the study Olt & Heinloo, 2011a, the authors composed a virtual
model of a plough stone protector according to derived equations on
a Mathcad worksheet to study the device’s motion over stones. In
this work, the stone protector linkage’s movement over stones was
simulated and the linkage pivots’ velocities are displayed with vec-
tors (Figure 1.5). In the video clip Heinloo, 2009, a stone protector’s
virtual model’s simulated movement over “stone” is presented.

-0.1 T T T T T T T T T T T

—-0.2-

0.3

-0.4-

=0.5

0 L 1 1 1 1 1 1 1 1 L

-1 -09 -08 -07 -06 -05 -04 -03 -02 -0.1 0 01 02 03
Figure 1.5. Positions of the virtual model of a stone protector in passing a ,,stone*
(Olt & Heinloo, 2011a).
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In the study Heinloo, 2010a, the author researched the motion of
virtual fertilizer granules in a virtual fertilizer’s spreading disc. The
fertilizer granules are in complex motion: they rotate with the
spreading disc and move along the disc’s vane. In the video clip
Heinloo, 2010c, the virtual fertilizer granules’ motion in the four-
vane virtual spreading disc is presented. Later on, this work was
developed further with research on the effect of different vane
angles (Olt & Heinloo, 2011a and 2011Db).

Figure 1.6. Virtual model of the spreading disk together with the trajectories of
fertilizer granules and the vectors of their velocities at the contour of the disc
(Heinloo, 2010a).

Zhang, et al., 2010 studied linkage that can be used in a feeding
mechanism in the Mathcad environment. They composed a mathe-
matical model for the mechanism and a respective mathematical
model they used to simulate the movement of the linkage.

Hess, et al., 2014 simulated the movement of a synchronous motor
on a Mathcad worksheet. The simulation depends on different input
values, which are adjustable: measurements, quantity of the magnet-
ic poles and slots per pole, power and torque, simulation duration
and step, etc. Accordingly, input values of the virtual model of the
synchronous motor’s cross-section are displayed. On the cross-
section, a stator corresponding to input measurements, slots, a rotor,
arrows to visualize magnetic field, etc. (Figure 1.7) can be observed.
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Figure 1.7. Virtual model of the cross-section of a synchronous motor (Hess, et
al., 2014).

Different mechanisms have been simulated on a Mathcad worksheet
by the author V. Ochkov. He has studied steam engines (Ochkov,
2011a), car windshield wipers (Ochkov, 2011b), the Chebyshev
mechanism (Ochkov, 2011c), the Theo Jansen walking mechanism
(Ochkov, 2011d), (Ochkov, 2013), etc.
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1.4 The purpose and tasks of the doctoral thesis

Purpose

Developing computer-based learning and research methods in me-
chanics.

In order to fulfil the purpose, tasks were set for each of the three
categories of mechanics: analytical mechanics, engineering mechan-
ics and machinery mechanics.

Tasks for developing learning methods:

1.

Devising an interactive learning method in analytical mechanics.
Demonstrate the compilation and use of interactive study notes
for analytical mechanics. Create a system of Hamilton’s differ-
ential equations, well-known in analytical mechanics, for a phys-
ical double pendulum as a more specific example, along with the
virtual model of the double pendulum and its motion simulation.
In the field of machinery mechanics, the task is to demonstrate
how to make computer-based calculations for the kinematics and
dynamics of the V-engine, along with creating a virtual model
and its motion simulation.

Demonstrate a method for finding an optimal profile for a radial
cam in a cam-follower mechanism. Create a simulation of the
movement of the optimal cam and its follower.

In the field of engineering mechanics, the task is to simulate the
change in a mass point’s velocity and acceleration vectors, the
centre of curvature, circle of trajectory curvature and evolute of
the trajectory upon its movement on given trajectories.
Demonstrate the use of Mathcad’s symbolic calculation function
and the Laplace transform for composing and solving motion
equations for coupled pendulums along with the motion simula-
tion of a virtual model.

Tasks for developing research methods:

I.

Create mathematical and virtual models for single and double
connecting-rod slider-crank mechanisms. Simulate their motion
and perform a comparative analysis of the forces acting on it
during motion. Present the results.
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2. Create mathematical and virtual models for Jansen walking
mechanism. Simulate the motion of the virtual model. Study the
resisting environment’s influence on the fluctuation of the step
and the possibilities of minimising it using a flywheel. Present
the results.

3. Simulate the motion of fertilizer granules on a rotating spreading
disc. Study the dependency of the motion on the adjusting angle
of the vane, initial position of fertilizer granules and friction co-
efficient between a fertilizer granule and the spreading disc. Pre-
sent the results.

4. Simulate the motion of a frozen berry (mass point) on a moving
conveyor belt and in free fall after leaving the belt. Study the de-
pendency of the berry’s motion on the inclination angle of the
belt, velocity of the belt and friction coefficient between the ber-
ry and belt. Present the results.

The presented results and methods can be used in designing the
aforementioned or other similar mechanisms.

The relevance of the doctoral thesis:

1. Using the possibilities of information technology to expand the
teaching methods for mechanics increases the efficiency of
teaching and learning and makes the learning process more mo-
bile and interesting for the students.

2. Increasing the number of computer-based research methods for
problems related to mechanics provides the engineers and scien-
tists with better tools for research and development.

3. The visualization of the objects of study using virtual models
and motion simulation is an easy way to check the accuracy of
the solutions and a better way to understand the object than the
alternative of conducting research and teaching only with the
help of equations and their solutions.

Novelty:

The features of the computer program Mathcad are used in this the-
sis for solution of the problems in analytical mechanics, engineering
mechanics, mechanics of machinery and in agricultural machinery.
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Solved new Mathcad based problems in this thesis:

b S

Numerical analysis of chaotic motion for double pendulum.
E-teaching and e-training methods for analytical mechanics.
Visualization of kinematics of a material point.

Comparative analysis of motions the new double-connecting-rod
and a single-rod linkages.

Optimization method of the profile a cam in a cam-follower
mechanism.

Virtual model for the v-engine, simulation and analysis the mo-
tion of this model.

Virtual model for the Theo Jansen walking mechanism, simula-
tion its motion and optimization the trajectory of a leg endpoint.
Composition and solving the differential equations for spring-
coupled pendulum by using symbolic calculus.

Simulation the motion of a granule on the rotating spreading disc
and the analysis the dependency of this motion from various pa-
rameters.

10. Analysis the motion of a berry in the separator of sea-buckthorn

berries.
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2. Materials and Methods

2.1 Foreword

This chapter explores the mathematical and mechanical equations
and principles used in published papers. Some elementary principles
like Newton laws, kinetic energy formula, etc. have been left out.

2.2 Overview of some mass point equations in kinematics and
dynamics

In studies on material bodies, it is common to leave out minor and
arbitrary influencers and to focus only on properties that are rele-
vant. This way, material bodies can be treated as abstractions - the
material body is represented by a model. For example, when the
dimensions of the body make no difference in view of the motion of
the body or the difference is small, dimensions are not important
then a body can be described as a mass point. In the mechanical
sense, a mass point is one of the most common material body mod-
els. A mass point can be used for different applications: planets, ber-
ries, bombshells, cars, etc. (Butenin, et al., 1983; Kenk & Kirs,
2013; Lepik & Roots, 1971; Ruina & Pratap, 2014).

2.2.1 On the mass point motion of curved planar trajectories

If the curve is represented with the parametric equations x = x(t),

y = y(t) that also refer to the law of motion of a material point,

then according to Piskunov, 1981, the radius of curvature R(t), and

the x — and y — coordinates a(t) and B(t) of the centre of curvature

(centre of the circle of a curvature) at the point (x(t), y(t)) are
v(t)3

R(E) — : :
©) |ay(t)vx(t) — a, (v, (t) | b
~ ~ v(t)?v, (1)

a(t) = x(t) a, (v, () — v, (Day(t)’ (2.2)

B =y + =D

ay (v (t) — vy (D ay(t)
accordingly, where
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dx(t)
dt

d?x(t)
dt2 ’

dy(t)
dt ’

dzy(t)
dt?

v (t) = > vy(t) = a,(t) = ay(t) =

v(t) = \/vx(t)z + v, (t)?%, a(t) = \/ax(t)z + a, (t)2.
Paper VI is based on those equations.
2.2.2 Mass point motion on a rotating disc

On Figure 2.1, the scheme of a disc spreading fertilizer has been
depicted.

Figure 2.1. The scheme of a spreading disk: R - spreading disc radius, 1, - adjust-
ing angle of the vane, Y - angle between the polar radii of a fertilizer granule and
the direction of the vane, r - distance between the centre of the disc and fertilizer
granule in the current position 4, 1y, - distance between the centre of the disc and
fertilizer granule in the initial position A ; (Paper VIII).

Differential equation of the compound motion of a mass point (ferti-
lizer granule) on the spreading disk
d? (2.3)
mW5=F1+F2+F3+F4
was composed in the study Reintam, 1995 The formulas for the de-
termination of these forces have been provided below
F, = —fmg, F, = mw?rcosy, F; = —fmw?rsiny,

E, = —mew%g‘(t).
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Placing forces from equations (2.4) in the equation (2.3) and divid-
ing them by m results in an ordinary differential equation with the
constant coefficients

2
%f(t) + wa%f(t) — w2(rcosy — frsimp) + fg = 0. (2.5)

Paper VIII is based on the solution of the differential equation (2.5).
2.2.3 Mass point motion on a moving inclined plane

The moving inclined plane in Paper XI is a belt conveyor belt’s sur-
face, whereupon a sea buckthorn berry is moving owing to gravity,
and it is modelled as a mass point (Figure 2.2).

B(Xy,Ys) I B S

Vo Ay

Figure 2.2. Computational scheme of a conveyor belt and berry: 1 - berry, 2 -
conveyor belt between points AB, | - width of the belt (distance between points
AB), vy, - velocity of the conveyor belt, s - axis starting at point B along the con-
veyor belt, s' - berry’s velocity, B - inclination angle of the conveyor belt, m -
berry particle mass, g - acceleration of gravity (Paper XI).

In a resisting environment, a mass point’s motion can be described
with a nonlinear differential equation

ms=mgsinf — fmgcosf — —%p (5 — vg)?c4A. (2.6)
The motion of a free falling mass point can be described with a non-

linear differential equation
. 1.
my = —mg + Epyzch, 2.7)
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mi = —=p x%cqA, 2.8)

where X, y, x and y are mass point (berry) accelerations and veloci-
ties during the free fall respectively.

Paper XI is based on the solutions of the differential equations (2.5),
(2.7) and (2.8).

2.3  Overview of the Lagrange and Hamilton’s equations

Hamilton’s canonical equations are (Lepik & Roots, 1971;
Goldstein, et al., 2000; Thornton & Marion, 2007):

. _OH
B = apk’
oH
Pk =—%—) (2.9)
oqy

where k =1; 2; ... ;s.
Hamiltonian is defined as follows in equation (2.9):

k
H=ij'qj—L, (2.10)
=1

where L is Lagrangian, which is equal to the subtraction (L =T —
IT) of a mechanical system’s kinetic and potential energy.

Hamilton’s equations (2.9) were used in Paper 1.

Second type Lagrange equations are (Lepik & Roots, 1971;
Goldstein, et al., 2000; Thornton & Marion, 2007; Butenin, et al.,
1986; Targ, 1968):

d (0T aT

dt (aq,) aq, Cx
Second type Lagrange equations (2.11) were used in Paper VII.

@2.11)

2.4 Overview of the equations in the mechanics of machinery

All limiting conditions that restrict the motion of the mass point sys-
tem are called restrictions in mechanics. Mathematically, restrictions
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are expressed with the equations of restrictions, where the point co-
ordinates that form a system must be satisfied (Lepik & Roots,
1971).

For example, the equations of restrictions (also circle equations)
(Molian, 1982)

(xB - xA((p))z + (yB - yA((p))z = ABZ' (212)
(xg —0C)* + (yp — yc)* = BC?,
prescribe that a four-bar’s (Figure 2.3) links AB and BC have con-
stant lengths during the entire movement.

Figure 2.3. Determination of a four-bar’s equations of restrictions for point B.

The variable pressure angle is important for machinery. If we look at
the linkages, the pressure angle is the angle between the linkage
point’s velocity and applied force vector (Figure 2.4). The lower the
pressure angle, the more work the force is doing and the lower are
the reaction forces and friction losses (Kleis, 1988).
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Figure 2.4. Fourbar: F - force, v - velocity, o - pressure angle.

The pressure angle must be taken into account in the synthesis of the
cam mechanisms. On the cam mechanism, the pressure angle is the
angle between the cam follower’s common normal and the follower
(Figure 2.5). It must be in the range —30° < a < 30° (Norton,
2009).

n

Cam profile Common

normal

Follower

Common
/ tanget

Figure 2.5. The pressure angle a between the cam and follower (Paper IX).

In radial cam mechanisms, it is possible to calculate the pressure
angle with the following equation (Norton, 2009; Kleis, 1988):

a(Ry, &) = arctan <L> (2.13)

S+ R3 — &2
It can be derived from the equations (2.13) that the value of the pres-
sure angle depends on two variables R, and ¢, but their values are
unknown. To find the pressure angle, Norton, 2009 suggests consid-
ering eccentricity € = 0 and calculating the desired pressure angle
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according to the base circle radius, then optimizing the pressure an-
gle value with the value of eccentricity.

The following equation is used in the mechanics of machinery to
reduce the forces acting on the link (Artobolevski, 1961):

M,.w, = Z(Fkvk cosay) + Z(Muwu). (2.14)
k u

The kinematic chain’s reduced moment of inertia on the linkage
input link can be determined with the following equation
(Artobolevski, 1961):

L =my (;)2 +1, (%)2 +m, (;’)—21)2 +1, (Z—j)z +...
+my (Z)_i) +1, (Z—’I) .

A linkage input link’s angular velocity can be determined with the
following equations (Artobolevski, 1961):

(2.15)

Low? 2
00 4 ZAT. (2.16)
I I
The precise calculation of angular velocity w, is impossible, there-
fore, it is recommended to use an approximate formula (Lepikson,

1998)

(1)1:

nwq
(UO = .
n  [1(0) , 4AT; (2.17)
i=0 ITl Irl'wlz

In equation (2.16), the change in the linkage’s kinetic energy is de-
termined with the following equation

AT (@) = My + [ M, (@)do. (2.18)
The coefficient of speed fluctuation is important for machines and
mechanisms, and it can be determined with the following equation
(Shigley, et al., 2004):
max(w) — min(w)

0= 0.5(max(w) + min(w))’ 2.19)

Equations of the mechanics of machinery were used in Papers IV, V,
IX and X.
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2.5 IV order Runge-Kutta algorithm for differential equa-
tions’ numerical solutions.

Mathematical models of mechanical problems must be solved with
numerical algorithms in case we are dealing with nonlinear differen-
tial equations (Tamme, 1973).

Runge-Kutta algorithms are some of the most common numerical
algorithms for solving nonlinear differential equations. Carl Runge
came up with the idea for these algorithms and it was improved by
Wilhelm Kutta (Tamme, 1973).

The IV order Runge-Kutta algorithm is used the most because it is
sufficiently precise (Tamme, 1973; Levin & Ulm, 1966). When peo-
ple talk about the Runge-Kutta algorithm, they mostly mean the
fourth order method without mentioning the number (Tamme,
1973).

When we use Runge-Kutta algorithms to solve differential equa-
tions, the values of function y = f(x) will be calculated from the
argument sequence Xxg < X7 < Xg ..... v; = f(x;) and x; — xy = h.
When it is known in case of the algorithm how to find a starting
point (xg, ¥y) and the next point (x4, y;) on the line, we can find y;
with all the values of i by repeating the algorithm.

IV order Runge-Kutta algorithm is defined with the next equations:
ki = hf (xo,¥0),
ky=h ( - kl)
2 = hf | xo > » Yo 5 )
h k,
k3 = hf (XO + E,yo + ?), (220)
ks = hf(xo + hyo + k3),
1
k = g(kl + Zkz + 2k3 + k4,),

y1=Yo tk
The Runge-Kutta algorithm was used in Papers I and XI.
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3. Using the program Mathcad

3.1 Mathcad worksheet

The computer program Mathcad enables to write equations in the
form we are accustomed to reading from books and writing on pa-
per, differently from other mathematical programs (Matlab, Mapel,
Mathematica), where equations must be programmed. Additionally,
there are built-in algorithms in Mathcad, for example, the IV order
Runge-Kutta algorithm (2.20). Communication with built-in algo-
rithms is achieved with special functions. These functions’ variables
are easily changed and the changed parameters can be immediately
observed from the results and virtual models.

A typical Mathcad worksheet is shown in Figure 3.1. In the top part
of Figure 3.1, we can see the heading, then the angle ¢’s range of
change, sine and cosine functions are defined, and, finally, there is a
graph of the functions. Changing the angle ¢ or functions f; (¢) and
f- (@) will automatically change the graphs on the worksheet.

Tl Mathead - o

bile [t View [et Format Jook  Jymbobcs Window Help - X
.nvam BRY|:LB|vc | (WD =800 0[] P
[romal »Jae o]0 7 g A SIS ||@BAEI=§EDarw

Sine and Cosine functions

Range of variables, from 0 degrees to 360 degrees with step 1
degree:
@ = 0,ldeg.. 360deg

Defined functions
£y (ip) = sin(ip) fy(ip) = cos(ip)

Functions” graphs

o) °3 //—-\\\\ 1
E}_oj AN ] RN
l e L _,_/

1 0
Press F1 (Mth. AUTO HUM P=¢] i

Figure 3.1. Example of a Mathcad worksheet.
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It can be observed from Figure 3.1 that the style of writing equations
on a Mathcad worksheet is the same as in mathematic books. While
using this worksheet for extra learning material, it is possible to
show, or the students can try how the equations “work”, which is
difficult with static books. Based on (Leppik, 2001; Leppik, 2008),
these kinds of interactive worksheets will help artist-type students
(ca 40% humans) understand mathematics, mechanics, physics and
other sciences in a better manner.

All the problems featured in this thesis were solved using Mathcad
worksheets.

3.2 Implementation of the Runge-Kutta method using a
Mathcad worksheet

IV order Runge-Kutta algorithm (2.20) is a built-in function in
Mathcad and it can be used with the function

rkfixed(a,ty, ty, N, D). (3.1)
Differential equation system
y'(t) = D(t,y), (3.2)

where y is a one column matrix (vector) that is composed of the
required functions

y1(t)
y={22® ). (3.3)
Y (£)

In the function (3.1), D(t,y) is a vector that is composed of the
right-side equations in a differential equation system (3.2)

fl(t'y)
D(t,y) = f2(&) (3.4)

fu(ty)

and
y'1(t)
y'(©) = Y20 (3.5)

y'n(t)
is a vector derived from the desired values.
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In the function (3.1), a is a vector which is composed of the right
sides of a given differential equation system’s initial conditions

V'1(to) = Y10, ¥ 2(to) = yzm--}-; Y'n(to) = Yno
10

a=|[72]) (3.6)
Yno
The next members in the function (3.1) are t, and t,, which are ar-
gument t’s first and last values respectively. The member N is a
number of integration interval, between the values t, and ty. D is a
notation of vector D(t,y)

For example, in the case of a double pendulum (Figure 3.2), the first
two elements in the vector a of a Hamilton’s equations’ (2.9) initial
conditions (3.7) are the pendulums’ angles (6,4, 8,0) at the begin-
ning of the oscillation, and two next elements are the pendulums’
initial impulses (pg 1O,pgzo) (Paper I):
610
620
a= Po., | 3.7)
Pe,,

Figure 3.2. A physical double pendulum: m - mass of the pendulum, [ - length of
the pendulum, 6, 6, - inclination angles of the pendulum (Paper I).

In the case of a double pendulum in the function (3.1), the value t,
is the first time value and ty is the last time value. The greater the

ty—t .
N_0 calculation

value of the integration interval N, the smaller the
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step. In the case of a double pendulum’s Hamilton’s equation, vector

Dis
fim,Ly)
WL
pen=| oo G:8)
fam, L, g,y)
where

6 2y,-3y, COS(yo _yl)
Ay)=
film,1,y) ml* 16-9cos(y, -y, )’

6 8y,—3y cos(y —J’)
Ly)= P —
fz(m y) ml? 16—9COS(y0_y1)2

fi(m,l,g,y)= —ﬂ(fl(y) + 3—gsin(yo)j ,

>

E}

2 /
ml g .
film,1,g,y) == A()=Tsin(r) |,
where
A(y) = 3264 [Zyz —3y;cos(yp — 0 )] [8y3 - 3Z2 cos(vo )]sin(yo —y).
ml 16—9cos(yy — ;)

In case of a Hamilton’s equation, the results of the function (3.1) are
in a matrix, which can have the notation Z. In this case, a result can
be calculated like it is shown in Figure 3.3.

0 1.571 0 0 0
0.1 1.567 1.015-10-5 -1.103-103 -4.123-10-3
0.2 1.556 1.624-10-% -2.206-103 -0.131
Z - 0.3 1.538 8.221°104 -3.309°103 -0.998
0.4 1.512 2.599°1073 -4.408°103 -4.204
0.5 1.479 6.351-10°3 -5.501-103 -12.833
0.6 1.438 0.013 -6.582°103 -31.935
0.7 1.39 0.024 -7.641°103

Figure 3.3. Result matrix: first column - time, second to forth columns - desired
variables.

There are time t values with the step % in the first column of the

matrix Z. The first pendulum’s inclination angle values are in the
second column and the second pendulum’s inclination angle values
are in the third column. The first pendulum’s impulse values are in
the fourth column and the second pendulum’s impulse values are in
the fifth column.
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Function (3.1) was used in Papers I and XI.
3.3 Motion simulation on a Mathcad worksheet

To simulate the motion of the virtual models with the computer pro-
gram Mathcad 15°s worksheet, the dialogue window “Record Ani-
mation” (Figure 3.4) must be used. The dialogue window can be
opened from the drop-down menu “Tools” by selecting “Animation”
and “Record”. The animation variable FRAME initial value “From”
and final value “To” must be defined in the “Record Animation”
window. The value Frames/Sec will define the speed with which the
video frames will change. Holding down the left button of the mouse
and moving the mouse arrow over the worksheet, a frame which can
be used to select objects for simulation will appear. After selecting
the object and clicking on the button “Animate”, the variable
FRAME will start to display values. When the starting value is
“From=07, value steps will be 0, 1, 2, 3, etc. until the value of “To”
is reached. When the FRAME value reaches the “To” value, the
simulation ends and a new dialogue window pops up, where we can
see the simulation’s video clip and also save it by clicking on the
button “Save as” and selecting “video file”. To create simulations on
a Mathcad worksheet, one must be find the parameter, the values of
which define the simulated object’s positions, and express this pa-
rameter with the variable FRAME (Heinloo, 2010b).

r N
Record Animation ]
For FRAME
—_— Animate
From: E
At 10 Save As...
Frames/Sec
Options...
FRAME=
Select an area of your worksheet whose contents are based on
the FRAME variable, enter starting and ending FRAME values,
and choose Animate.

Figure 3.4. Dialogue window to start animation on a Mathcad worksheet.
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Examine the mechanism (Figure 3.5) of motion simulation.

Figure 3.5. Kinematic scheme of an ellipse mechanism.

Let us agree that the length of the link OA is | = 0.3 m. It is rotating
around the joint O counter-clockwise and it is connected from the
centre of the link BC to joint A. The length of link BC is d = 21.
Joints B and C (sliders) can move vertically on the y-axis and hori-
zontally on the x-axis (Heinloo, 2010b).

Joint A coordinates are
Xa(@) = lcos(@), ya(p) = lsin(e), (3.9)

slider B coordinates are
xg =0, yp(@) = 2y4(9), (3.10)

slider C coordinates are
xc(@) = 2x4(@), yc = 0. (3.11)

To visualize this mechanism on a Mathcad worksheet figure, let us
define the vectors

04:(9) = (xA(()QD))’ 04y (9) = (YA(()fp))’

8@ = (i) B@ =(2).

(3.12)

The vectors in the Figure 3.6 are a visualized virtual model of the
mechanism, when the angle ¢ = 1rad.
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OA, (), BCx(yp)

Figure 3.6. Virtual model of an ellipse mechanism.

To simulate the motion of the virtual model (Figure 3.6), the value
of angle ¢ must be defined with the variable FRAME. In this case:
¢ = 0.02nFRAME. When the variable FRAME has automatic val-
ues 0,1,2,3,...100, the wvalues of angle ¢ are
0,0.02m, 0.04m, ..., 2w and the motion of the virtual model will be
simulated. This virtual model simulation can be seen in the video
clip Aan, 2014a.

3.4 On the visualization of geometric vectors on a Mathcad
worksheet

In dealing with mechanical problems, it is often necessary to use
vectors to show velocity applied to a point, acceleration or a force’s
direction and value. Vectors in motion can be visualized on a
Mathcad worksheet through a special program, which defines func-
tions (3.13) (Bertjaev, 2005). The arguments of this function are
time t, y for the notation of the direction angle function y(t), b for
the notation of the vector module function b(t) and n - the coeffi-
cient of dimensions, which enables to make the vectors’ measures
suitable for the figures. Before using the function (3.13) the laws
governing the vector’s initial point’s change and the vector’s module
must be defined: x = x(t), y = y(t).
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F(t,y,b,n) =

x « x(t)

y < y(0)
v X x x x X x\I
0‘_(3/ y vy y Y 3’)

[ (0.00 0.85 0.85 1.00 0.85 0.85 )T,
0.00 0.00 0.03 0.00 —0.03 0.00

0 < cos(y(t)) sin(y(t)))
—sin(y(t)) cos(y(t))
Vo + nb(t)IQ
where x = x(t) and y = y(t) are the co-ordinates of origin,
y = y(t) is the direction angle.

(3.13)

The function for the visualization of the vectors was used in Papers
I, V, VI, VIII, X. Vectors which are visualized with the function
F(t,v,b,n) can be seen in Figure 4.5, Figure 4.7 and Figure 4.9.
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4. Overview of the research papers written by the au-
thor of the thesis

4.1 On the creative teaching of engineering mechanics
This subject is featured in the author’s published Papers II and III.

In Paper III the idea of how to teach engineering and machine me-
chanics interactively is explored. It is presented in video clips of the
motion simulations of a four-bar, material point and double pendu-
lum, which can be used to visualize the teaching process.

Paper II discusses the interactive teaching of analytical mechanics,
which the current doctoral thesis defines as a teaching method,
which allows both the teacher and student to be actively involved in
calculations made in the course of the subject that is being taught
and to observe the influence of the changes on the computer screen.
The paper provides an overview of the compiled collection of inter-
active revision notes on analytical mechanics, the different parts of
which are connected to links that allow quick movement between
different parts of the revision notes. The examples include links to
Mathcad worksheets, which can be used interactively for visualizing
and revising the theoretical part of the study notes. Even though the
article concentrates on analytical mechanics, the discussed method-
ology can be also used for teaching other subjects.

An interactive learning and teaching method is an active alternative
for lecture-type learning, in which the students absorb information
passively via one-way communication with a teacher or from a book
(Manapea, et al., 2012; Preszler, et al., 2007).

In an interactive environment, the students are not simply trying to
remember information, but their relationship with the materials is
more cognitive. The more interesting the material, the more the stu-
dent learns. Interactive materials allow the student to use them at
home in order to study in their own way and choose their own pace.
This saves teachers’ time, as school and university teachers are often
overburdened and cannot offer individual guidance (Smith).
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Interactive learning can be divided into three styles which are based
on the way of engaging the student in the learning process. The first
style is based on learner-content interaction, in which the student
works with the material individually. The second style involves
learner-instruction interaction, in which case the student learns with
the help of an instructor. The third style is based on learner-learner
interaction, in which case the course content is studied with a fellow
student. The interactive revision notes discussed in Paper II are de-
signed for the learner-instructor learning style, the theoretical part of
the notes is to be introduced by the teacher and the student will then
acquire extra knowledge by solving interactive examples on a
Mathcad worksheet.

Papers II and III can be used to plan teaching.
4.2 On research regarding linkages
4.2.1 Study of the V-engine
Paper IV is an interactive V-engine (Figure 4.1) research guide on a

Mathcad worksheet for the students of the Tallinn University of
Technology (Lepikson, 1998).

Figure 4.1. Kinematic scheme of a V-engine (Paper IV).
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To study kinematics, the following form of the equations of re-
strictions was used:
(xp —xp)(xc —x8) — (¥p — xp)¥5 = lpclpp cos a,
(xp — x)? + (yp — x3)% = Ipp’,

(4.1)

Yg = Xg tana,
(g —xp)2+ Vg — ¥p)? = Ipg”

and employed to find the displacements of the pistons 3 and 5
(Figure 4.1). To find the velocities and accelerations of the pistons,
equations (4.1) were differentiated in view of time. In the equation
system (4.1), the first equation angle a between links BC and BD
must have a constant value during the entire movement of the V-
engine. In the third equation, the pivot E must move along the line
AE. In the second and fourth equations, the lengths of the links BD
and DE must have constant values during the entire movement of
the V-engine.

In Paper IV, a different method compared to Lepikson, 1998 was
used to find from p — V indicator diagram the burning gas pressure
exerted on the pistons. The a p — V indicator diagram was converted
to a p — S indicator diagram (Figure 4.2). The p — S indicator dia-
gram shows pressure inside the engine cylinder according to the
displacement of the piston in Cartesian coordinates.

4
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Figure 4.2. P-S indicator diagram: p - pressure, S - piston displacement (Paper
V).
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In Figure 4.2, the continuous line indicates gas pressure change in
the cylinder during intake stroke and while the piston is moving
from the top dead centre to the bottom dead centre. The dotted line
indicates gas pressure changes during compression stroke. The dash
line indicates gas pressure changes during power stroke and the dash
dot line during exhaust stroke.

Accordingly, the p — S indicator diagram’s (Figure 4.2) pressure
values of the forces on the pistons were determined

F=p™L 42)

All the reaction forces were found in consideration of the calculated
accelerations, links” mass and forces exerted on the pistons.

In the video clip Heinloo, 2012a, the motion simulation of the V-
engine is displayed. The method demonstrated in Paper IV can be
used in the teaching process and for engineering research.

4.2.2 Study of the double connecting-rod linkage
In Paper V, a double connecting—rod linkage (Evert) and the single

connecting—rod linkage (Figure 4.3) very common in internal com-
bustion engines were compared.
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Figure 4.3. The scheme of a double—connecting—rod linkage: 1 - piston, 2 - swivel
arm, 3 - crankshaft, 4 - two—part connecting rod.

Equations of restrictions were prepared and used to study the linkag-
es’ positions, displacements, velocities and accelerations. The calcu-
lated values were compared in figures. Pressure angle and reaction
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forces between pistons and cylinder walls were compared separately.
It was found that double connecting—rod linkage pressure angles and
reaction forces are lower on average.

The comparison of the linkages’ displacement was visualised in a
video clip Aan & Heinloo, 2012a. In the video clip, one can observe
the comparison of the displacement according to the crank rotation
angle ¢’ and its current value (dots) when the rotation angle is ¢
(upper part on the Figure 4.4). The lower part of the figure features
the simulation of the linkages’ movement.
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Figure 4.4. Frame from video clip (Aan & Heinloo, 2012a).

A video clip Aan & Heinloo, 2012b, where forces applied to the
pistons according to the rotation angle ¢ and and their current value
(dots) when the rotation angle is ¢’ (Figure 4.5) are displayed in the
upper part of the figure. In the lower part of the figure, a simulation
of the linkages’ movement with velocities and accelerations vectors
can be observed.
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Figure 4.5. Frame from the video clip (Aan & Heinloo, 2012b).

The method presented in paper V can be used in the teaching pro-
cess and for engineering.
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4.2.3 Study of the Theo Jansen walking mechanism

In Paper X, a 12-bar walking mechanism (Figure 4.6) that Theo Jan-
sen used to create wind-powered walking machines was studied
(Jansen, 2007).

Figure 4.6. A kinematic scheme of the walking linkage (Paper X).

All the pivot coordinates were determined and pivot F and F' trajec-
tories calculated with the equations of restrictions according to the
input link (link OA) rotation angle ¢. After the differentiation of the
equations of restrictions, the velocities and accelerations were de-
termined. After analysing the pivot F and F's trajectories, the input
link angle range was determined for when the pivot F and F' are
connected to the ground and when are they moving. Resisting forces
were applied on the pivot F and F’ to simulate their movement in a
resisting environment. To reduce the input link’s fluctuation coeffi-
cient, a flywheel was synthesised on the input link OA (equations
(2.14)—(2.19)). A motion simulation of the Jansen mechanism’s vir-
tual model with velocities and accelerations vectors is presented in
the video clip Aan, 2014b. A frame of the video clip is shown in
Figure 4.7.
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Figure 4.7. A frame from the video clip (Aan, 2014b).

The method presented in paper X can be used in the teaching pro-
cess and for designing walking machines.
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4.3 On research on mass point motion
4.3.1 Mass point motion on curved trajectories

In Paper VI the authors studied mass point motion on curved trajec-
tories, which are mathematically based on equations (2.1) and (2.2).
In the video clips Heinloo, 2011b and Heinloo, 2012b, simulations
of the mass point on elliptical and sinusoidal trajectories with the
circle of trajectory curvature, formation of the evolute of the trajec-
tory, velocity and accelerations vectors are displayed. All the men-
tioned trajectories and vectors shown in Figure 4.8 apply in case of a
sinusoid mass point trajectory.

=y

0 = 9

-7 9 10

Figure 4.8. Point motion on sinusoidal trajectory: 1 - point M, 2 - evolute of the
trajectory of the point M, 3 - circle of trajectory curvature at point M, 4 - full ac-
celeration at point M, 5 - tangential acceleration of point M, 6 - normal accelera-
tion at point M, 7 - trajectory of the point, 8 - velocity of point M, 9 - vector con-
necting point M and the centre of curvature, 10 - centre of trajectory curvature at
point M.

A frame from the video clip Heinloo, 2011b is displayed in Figure
4.9.
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Figure 4.9. Frame from the video clip (Heinloo, 2011b).

Methods, results and video clips presented in Paper VI can be used
to teach kinematics. Additionally, users who learn this method can
create mass point motion simulations with different trajectories on a
Mathcad worksheet.

4.3.2 Study of a granule’s motion on a fertilizer spreading disc

In Paper VIII the mass point was modelled as a fertilizer granule on
a spreading disc (Figure 2.1). The differential equation (2.5) was
solved for fertilizer motion modelling.

In Paper VIII, fertilizer granule outlet time and velocity equations
were calculated. The granule trajectories were compared with differ-
ent spreading disc vane angles. Additionally, it was studied how
outlet time and velocity are influenced by the coefficient of friction,
vane angle and the initial position of the granule. Fertilizer granule
motion simulations on a disc with four vanes are displayed in the
video clips Heinloo, 2013a and Heinloo, 2013b. A frame from the
video clip showing the moment in time before the granule leaves the
rotating spreading disc can be observed in Figure 4.10. Fertilizer
granules (dots), granules’ trajectories and their velocities’ vectors
are shown in Figure 4.10.
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Figure 4.10. A frame from the video clip (Heinloo, 2013a).

The results and methods of Paper VIII can be used in teaching the
processes involved in the work and design of a spreading disc.

4.3.3 A sea buckthorn berry’s motion on a conveyor belt

In Paper XI, a sea buckthorn berry serves as a mass point, the
movement of which is studied on a berry separator conveyor belt
(Figure 4.11a) and during free fall after leaving the belt.

Paper XI is based on Patent I that describes the mechanical separa-
tion of frozen sea buckthorn berries from branches, leaves and other
twigs. The separation in performed in two stages, firstly with a sieve
and secondly with a conveyor belt. The separator belt has an inclina-
tion angle to assure that the berries will roll and be guided into a
gathering box. The twigs that the sieve does not separate and that
cannot roll (branches, leaves) will be transported away by the belt
(Figure 4.11b).

(@) (b)
Figure 4.11. A device for the separation of deep-frozen sea buckthorn berries
from twigs (a) and (b) a principal scheme of the sea buckthorn berries’ separator
sieve and conveyor belt, where: 1 - inclined conveyor belt, 2 - sieve, 3 - sea buck-
thorn berries, 4 - leaves and small branches (Paper XI).
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Non-linear differential equations (2.6), (2.7) and (2.8) were solved
on a Mathcad worksheet with the IV order Runge-Kutta algorithm
(sections 2.5 and 3.2). It was studied berry displacement, velocity
and total motion time in view of different belt inclination angles,
velocities and coefficients of friction. The motion of the berry on the
conveyor belt and in the air after leaving the belt was simulated in a

video clip Aan, 2014c. A frame of the video clip is shown in Figure
4.12.
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/
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The scheme of the belt conveyor: 1 — berry particle, 2 — conveyor’s belt
between points AB, | — width of the belt (distance between points AB), v, —

velocity of the conveyor’s belt, s — axis along the conveyor’s belt, s” - berry’s
particle velocity, p — inclination angle of the conveyor’s belt, m - berry’s
particle mass, g - gravitational acceleration

Figure 4.12. A frame from the video clip (Aan, 2014c¢).

The results presented in Paper XI can be used for teaching and in
designing conveyors.

4.4 Synthesis of a cam-follower mechanism

The optimal profile synthesis of a cam-follower mechanism (Figure
4.13) in a radial cam was studied in Paper IX. Restrictions are ap-
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plied on the follower’s maximum displacement and pressure angles
in view of the synthesis.

Cam profile
Base circle

Follower

(T

[}

Figure 4.13. The scheme of a cam mechanism, where ¢, - rise angle, ¢, - high
dwell angle, ¢ - fall angle, ¢; - low dwell angle, & - eccentricity, H - follower
stroke (Paper IX).

It is useful to use a Mathcad worksheet program (4.3) to find dis-
placement, velocity and acceleration values, because the cam profile
is described by a piecewise function. The program (4.3) connects the
cam rotation angle to different follower phases: rise, high dwell, low
dwell and fall, which are determined with the cam curve. Different
cam curves can be found from handbooks (Norton, 2009; Kleis,
1988; Norton, 1992). The following program and cam curve was
used for calculating displacement in Paper IX

si(@if 0< ¢ < ¢,
Sl(d)r) if (;br < @ = ¢r + ¢h (4-3)
52((p)if¢r+¢h<q)s¢r+¢h+¢f

. 0 otherwise . .
where the displacement cam curve function for rise and fall is

suo) =i [as(2) - 04(2) +70(2) - -20(2) ]

s(p) =
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¢
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20 (‘P‘¢r—¢h) l .
¢r

A similar program was used to find follower velocity and accelera-
tion (Paper 1X).

According to Norton, 2009, the cam-follower mechanism’s pressure
angle a must be between -30° <a< 30°. The impact of the pressure
angle value on the cam profile is determined with the function
(2.13). In Paper IX, the following cam profile optimal pressure angle
synthesis task was solved:

Find such values for R, and ¢ that guarantee the satisfaction of the
restriction

a(p,Ry, &) = a, (4.4)

in the rise, and restriction
a(p,Ry, &) = ay, 4.5)

in the fall, when a, = 20°, a,, = —24° (Paper IX).

Figure 4.14 shows pressure angle dependence on cam rotation angle
before optimization and Figure 4.15 after optimization.
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Figure 4.14. Cam mechanism’s pressure angle before optimization.
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Figure 4.15. Cam mechanism’s pressure angle after optimization.

In the video clip Aan, 2013, the motion simulation of the optimal
cam profile and follower is displayed. A frame of the video clip,
where follower displacement, velocity and acceleration values can
be also observed is shown in Figure 4.16.
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Figure 4.16. A frame from the video clip (Aan, 2013).

The Cartesian coordinates of the cam profile were also given, and
these can be used to manufacture the cam with a CNC mill (Paper
IX).

The methods presented in Paper IX can be used for teaching and

designing radial cams.
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4.5 Study on the chaotic motion of a double pendulum

In Paper I, the author studied the physical double pendulum (Figure
3.2), which is composed of two links connected with pivots. It was
assumed that the links are similar and that the only acting force is
gravitation. The centre of masses (x4, y;) and (x5, y,) applied gravi-
tation force mg, where m is mass and g gravitational acceleration
are shown in Figure 3.2. The lengths of the links is [ and the inclina-
tion angles are @) and 6. The double pendulum is discussed in many
mechanics books (Kenk & Kirs, 2013; Lepik & Roots, 1971;
Butenin, et al., 1986).

Nonlinear differential equations in Hamilton form (2.9) and (2.10)
were composed for the double pendulum. The double pendulum
nonlinear differential equations were solved numerically with the IV
order Runge-Kutta algorithm on a Mathcad worksheet (sections 2.5
and 3.2). A video clip Heinloo, 2010d was made, which shows that
large oscillations of the double pendulum are chaotic. A frame from
the video clip Heinloo, 2010d is shown in Figure 4.17.
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Figure 4.17. A frame from the video clip (Heinloo, 2010d).

The methods presented in Paper I can be used for teaching and stud-
ying similar mechanisms with chaotic motion.

4.6 Small oscillations of coupled pendulums

In Paper VII, it was demonstrated on a Mathcad worksheet how to
compile equations on the motion of coupled pendulums (Figure
4.18) with the help of Lagrange’s equation of the second type (2.11).
Additionally, pendulum motion equations were solved with symbol-
ic calculations and the Laplace transform in case of small oscilla-
tions.
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Figure 4.18. Mathematical spring-coupled pendulums: L - length between pendu-
lums’ pivots, ¢;, ¢, - inclination angles of the pendulums (Paper VII).

The coupled pendulum has three types of oscillations: in phase, op-
posite phase and beating phase (Picciarelli & Stella, 2010). With the
obtained results, it is possible to show all three types of oscillations
on a Mathcad worksheet, when the correct initial positons are deter-
mined for the pendulums. A video clip was made on the motion
simulation of coupled pendulums Aan & Heinloo, 2011 to visualise
the results. A frame from the video clip is shown on Figure 4.19.
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Figure 4.19. A frame from the video clip (Aan & Heinloo, 2011).

B

The method presented in Paper VII can be used for teaching and
studying other oscillating mechanisms where symbolic calculations
and the Laplace transform are used.
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SUMMARY AND CONCLUSIONS

This doctoral thesis presents 11 publications and one patent, which
are used to demonstrate how virtual models and their motion simula-
tions can be created for the fields of engineering, analytical and ma-
chinery mechanics, and used in teaching or studying problems. Cre-
ating a virtual model of the object of study using a mathematical
model and simulating its motion allows gaining better understanding
of the problem at hand. This is especially important for people of the
artistic type high neural activity, who need visualizing images of
different objects in order to understand problems (Leppik, 2001;
Leppik, 2008). The problem solutions found in the course of the
work have been visualized as virtual models and motion simulations
of the objects of study.

The following topics were discussed with regard to the development
of learning methods:

1. On the creative teaching of engineering mechanics

The doctoral thesis presents two articles on this topic. Article I11
explains how engineering and machinery mechanics could be
taught creatively. The article gives examples of the solutions to
problems in mechanics, which have been solved on a Mathcad
worksheet and which were then used to produce video clips simu-
lating the objects’ motion. Article II demonstrates how to use in-
teractive examples when composing interactive revision notes for
the subject Analytical Mechanics. The method can also be used
for composing interactive revision notes for engineering mechan-
ics and machinery mechanics.

Paper I explored the large oscillations of a double pendulum on a
Mathcad worksheet as a more specific example of the interactive
revision notes for analytical mechanics. The dependencies of the
values of the angles determining the positions of the double pen-
dulums on time were calculated by solving the Hamilton differen-
tial equations’ system using the IV order Runge-Kutta method. A
video clip was made of the motion simulation of the double pen-
dulum’s virtual model, which demonstrates the pendulum’s cha-
otic movement in detail.
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2. Computer-based study of the V-engine and cam mechanism
Article IV demonstrated how to make computer-based calcula-
tions of the kinematics and dynamics of a V-engine and to create
a virtual model and its motion simulation. The kinematics and
dynamics of the model were discussed, whereas the determina-
tion of the force acting on pistons was based on the indicator dia-
gram of the four-stroke engine. The motion simulation of the en-
gine’s virtual model was shown in a video clip.

Paper IX demonstrated the computer-based synthesis of an opti-
mal radial cam. A program was devised on a Mathcad worksheet,
which combines the equations for the follower’s rise and fall.
Drawings were made to show the dependence of displacement,
velocity, acceleration and pressure angle on the cam’s rotation
angle. Optimal values for the base circle radius and the follower’s
eccentricity were calculated in order to find the optimal profile
for the cam. The paper provided Cartesian coordinates for an op-
timal cam, which can be used for cutting the cam. The cam’s ro-
tation and the motion of the follower’s virtual model were simu-
lated in a respective video clip.

3. Tasks related to mass point motion
This topic is discussed in three articles in the current doctoral the-
sis. Article VI discussed mass point motion on a curved planar
trajectory. The video clip simulated mass point motion on some
curved trajectories, on which the normal acceleration, tangential
acceleration, full acceleration and velocity were marked with ge-
ometric vectors. The video clip shows the mass point’s given tra-
jectory, vector directed from the location of the mass point at the
centre of curvature, the circle of trajectory’s curvature at the point
corresponding to the location of the mass point and evolute,
which is formed by the centre of the circle of trajectory curvature.

4. Study of coupled pendulums using symbolic calculation and
the Laplace transform
Paper VII demonstrated how to derive differential equations for
coupled pendulums in case of small oscillations and solve these
using both the symbolic calculation function in Mathcad as well
as the Laplace transform. The motion simulation of the coupled
pendulum’s virtual model was shown in a video clip.
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The following topics were discussed in relation to the development
of research methods:

1. Study and visualization of the virtual models of some linkage
mechanisms
Article V compared the single connecting-rod slide-crank mecha-
nism common in internal combustion engines and the double
connecting-rod slide-crank mechanism, which has not been put to
wider use. The piston displacements, velocities and accelerations
were found for both mechanisms. The calculated values were
compared in the same drawings. The sliders’ pressure angle and
reaction forces a piston would apply on the cylinder wall were
compared separately. Two comparative motion simulations were
created for the mechanisms. The first simulation compared slider
displacements and the other velocities, accelerations and pressure
angles. The study revealed that both the values of the pressure
angle and the reaction force for double connecting-rod slider-
crank mechanism are smaller on average than those of a single
connection-rod linkage mechanism. Article X discusses a mecha-
nism consisting of 12 links, which moves similarly to a walking
leg. It is presupposed that the motion of the observed mechanism
takes place in a restricting environment. Changing drag force and
inertia cause fluctuations in the speed of the input link. In order to
decrease the fluctuation of this speed, the article shows how to
find a flywheel for this kind of mechanism. A motion simulation
was created for the mechanism.

2. Study of problems related to mass point motion and motion
simulation
In article VIII, a fertilizer granule was modelled as a mass point.
The study explored the trajectories of a fertilizer granule on a
spreading disc, time spent on the disc and the velocity of leaving
the spreader with different values for the angles of the spreading
disk’s vane, friction coefficient and the initial position of the fer-
tilizer granule. The motion simulation of the fertilizer granule
was shown in a video clip. Paper XI studied the motion of a sea
buckthorn berry, modelled as a mass point, during the separation
of berries from twigs on a conveyor belt and after it has left the
belt. A mathematical model was created, which describes the mo-
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tion of the berry on a conveyor belt and in the air after it has left
the belt. The values for the berry’s displacement, velocity and
general time in motion were calculated depending on the velocity
of the conveyor belt, inclination angle and the friction coefficient
between the berry and belt. A virtual model of the conveyor belt
was created, which also depicted the berry. The motion of the
berry on the conveyor belt at different inclination angles and after
it has left the conveyor belt was illustrated in a video clip.

Conclusions

The methods and results presented in this thesis can be implemented
in the teaching process of engineering subjects to visualize the solu-
tions of mechanical problems and simulate the motion of composed
virtual models on the screen of a computer.

The computer program Mathcad can be used as convenient tool for
the composition of interactive lecture materials. It gives the possibil-
ity of experimenting with lecture materials. Composing simulations
by students makes studying engineering subjects interesting and
attractive for them.

The computer program Mathcad can be used as a convenient tool for

engineers for the calculation and simulation of the motion of studied
objects to verify and visualize the obtained solutions.
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KOKKUVOTE

Antud doktorit60s esitletakse 11 publikatsiooni ja iihte patenti,
millede abil niidatakse, kuidas on voimalik virtuaalmudeleid ja
nende litkumise simulatsioone luua inseneri- ja masinamehaanika
ning analiiiitilise mehaanika valdkondadest, mida saab kasutada
Opetamisel ja probleemide uurimisel. Luues uuritavast objektist
matemaatilise mudeli abil virtuaalmudeli ja simuleerides selle
litkumist on vdimalik antud probleemist paremini aru saada. Eriti
puudutab see inimesi, kes on kunstnikutiitipi korgema
ndrvitegevusega ja vajavad arusaamiseks mitmesuguste objektide
visualiseerivaid kujutisi (Leppik, 2001; Leppik, 2008). Antud t66s
leitud probleemide lahendid on visualiseeritud virtuaalmudelitena
kui ka uuritud objektide litkumise simuleerimisega.

Oppemeetodite arendamise valdkonnast kiisitleti jdrgnevaid
teemasid:

1. Mehaanika loov 6petamine

Selle teema kohta on doktoritdds esitletud kahte artiklit. Artiklis
I selgitatakse, kuidas voiks loovalt Opetada inseneri- ja
masinamehaanikat. Selles artiklis on toodud néditeid mehaanika
probleemide lahenditest, mis on leitud Mathcadi todlehel ja
milledele on koostatud objektide litkumist simuleerivad
videoklipid.  Artiklis II on néidatud, kuidas kasutada
interaktiivseid nditeid Oppeainele ,,Analiiiitiline mehaanika“
interaktiivse loengukonspekti koostamisel. Antud meetodit saaks
ka kasutada insenerimehaanik