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Equivalent Digital Low Pass Filter (I°order)

Introduction.

This worksheet, developed using a common operational amplifier in an inverting configuration, begins with a brief
summary of the main results of the circuit analysis, enriched with graphics and examples. Seven signals, among the
most common, are generated and used as input of the amplifier or, once sampled, as input to the digital filter. The
many algorithms to implement the corresponding digital filter are derived applying the z-transform. Two
approximations are applied to each result to derive the corresponding difference equations. Thus one will see that,
as the analog filter is effective, just is the digital one with the used approximations. After reviewing this worksheet,
the reader just has to choose the algorithm and implement the firmware for the DSP.
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Definitions and a few necessary constants:

Amplifier Gain: Ay =-10,
Cut off frequency: f3 = 15.0-kHz,

1
Cut off period: T3 = e T3 = 66.67-ps
3

Pass Band edge: w3 = 2-m-f3,

1
time constant: T3 = —
w3
Quality factor: Qg = 10.0,
“3 krads
damping factor: =— =471- ,
amping factor: (3 205 (@) o

Defined in "global data.xmed":
Op. Amp. saturation voltage: Vgae = 15-V

Number of samples for the FFT: NOgd =256 ,
Number of elements of a series: Ngd =50
An integer constant: Uy := UT,

k:= ki (defined once for all in "global data")

The Bode diagrams will have an extension defined by a multiple UO =100 ,of o , freely chosen.
s

2Ty
TtCSt = 5
w 2w
test = test ==
S Ty O Tiest
Vi = Vpp

(3.1)
(3.2)

(3.3)
(3.4)
(3.5)

(3.6)

1
(w3 = :3 =2Q3) 3.7

(3.8)
(3.9)

(3.10)
(3.11)
(3.12)

(3.13)

Mrads (.14)

3.1
Analog Low Pass Filter (I°order)

It is the simple and well known analog low pass active filter (active inverting integrator) shown in the picture
below:

Rf
e A A e
C
Il
1
R
b gl
= < 3
Fig.:(3.1.1)
The main results of the analysis are reported hereafter.
3.1.1) Transfer function
Re 1
The transfer function (ideal Op. Amp.) is: Wlp(s) = R m . (3.1.1.1)
Rf
The voltage gain is given by: Az = X so that thet. f. can be written:
A3
W = 3.1.1.2
1p(®) = 77 SR C ( )
A3
collecting R¢-C, results: Wlp(s) = 1 s (3.1.1.3)
Re-Co| 7—— +s
f
{(Rf'c) }
lacing: w ! ! d A3 Ay-w R 1 ! w
acing: = = — ant - . - = - = — N
PRCIIE 93 7 RpCc T g RpC 33T TRRpC RC (3B
1
and calling the angular frequency for which the voltage gain is 0dB: w34g = RC’ (3.1.1.4)
Mrads
results: w3 = 0.09-
sec
hence w3gp = Az w3, (3.1.1.5)
. . Mrads
whose numerical value is: w3qp = 0.94- s
sec
. L 2.7
the corresponding period is. T3gg = —— (3.1.1.6)
w3dB
As-wr"

Finally, after the assumptions made, the transfer function can be written as: Wlp(s) = o (3.1.1.7)
S+W3
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~W3dB W3dB
w = -Ay = 3.1.1.8
or 1p(s) S+ws 3 w3 ( )
From the definition of transfer function, it is derived that:
Vo(s) = Wip(s)-Vi(s), (3.1.2.1)

which, in the time domain, is a convolution product. Laplace antitransforming I have the exact system output,that is:
t

_t 9
T3
Vo(D) = —w3gp-e vi(o)-e " do (3.1.2.2)
0
Output Approximation
A3'UJ
The transfer function Wlp(s) = —— hasapolein s = -w;,
S + w3
A3LU3
collecting s, it can be written as: Wlp(s) = AR
3
s (1 + )
L . . 1
Developing in a Maclaurin series the term ———,
w3
s
w3
with the hypothesis that: [x| =| |—| | < 1 :>‘w3‘ < Is| = [jrw = w, (3.1.2.3)
s
1 1 2-
wy = = <=7 (3.1.2.4)
Rf’C T3 T
or for T < (2'7T'T3), results :
1
(7) (=) ((1 XX —x +x4—x5+...)). (3.1.2.5)
1+x
Hence, for w > w3 and in a first approximation, it can be written:
Az-ws
Wlp(s) ~ [ S J (3.1.2.6)
Vi(s)
and for the system output: Vo(s) = Az-wy- S (3.1.2.7)
anti transforming :
t
1
Vo(t) ~ A3'LO3~JV Vi(O') do | , A3-w3 = —R = -W34B- (3.1.2.8)

0
Ultimately the approximated temporal trend of the output signal is:

3.1.2) Graph of the impulse response

t
v(t) = —w3dB-J vi(o) do (3.1.2.9)
Impulse response: 0
Ay:=A3 s==s a=a w3:=w3
) Az-w ) ~tw;
Dirac pulse response: w(t) := o invlaplace,s,t — A3 ws-e » A3 =-10
§ 3
. . —w3-t krads
The impulse response is: [w(t) = A3-w3-e P (1)), Az-wz =-942.48- (3.1.2.10)
10-1’3
t:=0712,00T3 + —— .. 10T
377137 10000 3
Graph of the impulse response w(t).
94247.8 S
% _188495'6,,,,, ‘ ,,,,,,,,,,,,,,,,,,,,, Azws|
e ~471238.9 } €
H ~753982.2 |
- e e e B ettt TR Ayw}
—1036725.6 Y
0 0.000027 0.000053 0.00008 0.000106

3.1.3) Bode plots

Equation of the oblique asymptote:

Mrads
sec

w3 = 0.09-

multiple of T

Fig.: (3.1.1.1)

AdB(w) = 20~10g( ‘“”3dB‘ ~sec) —20-log(w-sec)

w3

w3gg-Uo— 17~
w3 w3 Up Mrads

sec

- 2 . Up- =0.94-
w UO ’ UO U02 0 w3dB w3dB




20log(|W(jw)))

Magnitude of W(w) Phase of W(w)

30 - ‘ ‘
W3 W3dB S SR — W3 gp. L n Attenuation:
20 |
‘ Asymptote equation: Byp(w) = —20-log( ‘ w3dB‘ ~sec) +20-log(w-sec) + 20410g( ‘A3‘)
10 5 2 ;
= I T
0 F= S S 1 A 1 G R} - — 7 Normalized Attenuation
i 30 1 iy
0 1 : n eyl
! 20 |
20 3 4 5 6 7 0 : 20 log(‘W Gw A ‘) 10
) 100w Ay ]
100 1x10 1x10 1x10 1x10 1x10 100 l><103 1><104 l><105 1><l06 l><107 l><108 —_— P = W
w “ Byp(w) o i o
. - 10
Fig.: (3.1.1.2) Fig.: (3.1.1.3)
-20
100 1x10° 1x10* 1x10° 1x10° 1x10’
w
Fig.: (3.1.1.4)




3.2
ANALOG FILTER OUTPUT ANALYSIS

In this paragraph I shall calculate the filter reponse to various input signals.

Chosen period of the test signal, Ti.q = 13333.33-ns. At the corresponding frequency, the voltage gain of the filter

is 20-log( |Wip(j -wiest)|) = 5.85-dB.

3.2.1) Voltage step response V; = 5-mV

=V

Az = Aj s:=s8 a:=a w3 = Wy \'A i

1
Az w3-Vj

Hence, the step response is: [yq(t) == —A3-Vi~(e

-tw
Time response to the step is: y(t) := invlaplace ,s,t — —A3-Vi~(e 3 1)

“3 1) )

Tangent (drawn a segment only) at the origin:

yas(t) = A3'Vi~UJ3't if 0<t< T3 yas(t) = A3~Vi-w3~t-rect1(t,0,‘r3)

break otherwise

Graph of the step response y(t)

0.005

yr(t) —0.01125

-0.0275

Output amplitude
<
0
w
—
=

0 0.000013  0.000027 0.00004 0.000053
t

time as multiple of T

Fig.: (3.2.1.1)
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Computation of the signal bandwidth as a periodic signal, with period 2T;.

Given the periodic signal:

Ngd
Ysrplt) := i [Vor(t—k-2:T3) [ ®(t-k2T3) - @[t = (k+1)-2T3]]]
k=0

10T,
t:= 0-T2,0Tx + —— . 10-T
i 39137 70000 3

Graph of the step response y(t)
0.005[7 5T
>

Ysrp(D)—0.01125

Output amplitude
<
f)
w
—
=
=

7777777 - 0.0275] "
0 i
****** -0.04375
-0.06 : :
0 0.0000667  0.0001333 0.0002  0.0002667
t
time as multiple of T
Fig.: (3.2.1.1")
Ysip(t)
Dimensionless Output: Vstpr(t) := el

\%
Apply the following program to find among the other the signal bandwidth.

rtfs ;= rtgd Ustpg = BCSA(Vstpr,rtfs,N 0,2-T3)

gd
Function parameters description:

BCSA(Adimensional signal name, relative error, polynomial degree, start time, signal period)
BCSA stands for Bandwidth Calculation and Signal Analysis™

The function returns a matrix made of three columns.
The first column contains:
pos. 0:  relative error,

pos. 1:  bandwidth (dimensionless),

pos. 2:  the nth. harmonic number corresponding to the give relative error,
pos. 3:  temporary variable,

pos. 4: Parseval,

pos. 5:  signal average,

pos. 6:  signal r.m.s..

The second column contains the coefficients a, of the Fourier series,
the third column contains the coefficients b, of the Fourier series.

V3:= |return Ustpg if lsString(Ustpfs)

Ustpgg otherwise
12




0 1 3
0 0.1 -0.09 0 0
1| 360000 0.01 0 0
2 49 0 0 0
3 0 0 0 0
4 0 0 0 0
5 -0.05 0 0 0
6 0.05 0 0 0

Vi=ry 0 0 0 0
8 0 0 0 0
9 0 0 0 0
10 0 0 0 0
11 0 0 0 0
12 0 0 0 0
13 0 0 0 0
14 0 0 0 0
15 0 0 0

— [N
coeffa3 g := Ustpgg

coeffb3 g == Ustpgg

coeffa3f5T=H°‘1‘2‘3‘ 5 [ 6 [ 7 [ 8 |
[o] -0.00] o0.01] o] o] o] o] o] |
T
coeffb3p, = [0[1]2[3fa[s]6[7]s]
5 Lo o[ "ol o[ ol ol of of
[l
Ngg = 50

0.08

coeffal g % coeftb3 g
13 13) 0.04

5 0.06

X3bfs

0.02

3-w3g
Fig.: (3.2.1.2)

Signal Spectrum

0.2 1

X3bg,

3 50151
coeffalg )"+ coeftb3g |
3 13) 01

0.05

Jiiiittt]JiiLLLL\»aﬂ4d4£

S

0 6.25

1875 25 3125 37.5 4375 50
3
13

Fig.: (3.2.1.3)

Signal bandwidth:  Byg = 0.36-MHz

partial spectrum

5.28887x10° :

pOSJ‘b3fS
: S 47166510 i
\/ (coeffa3fs_ ) +(coefﬂa3f5_ ) 3 |
i3 13 4.14443x10~ [
X3bf |

L ® 3.57222x107 3 ||| = T ———————————————————— mx3bp
. 1
3x10
39 415 44 465 49 515 54 56.5 59

i3

Fig.: (3.2.1.4)

sampling frequency: 35 1= 2-B3gg 34 =0-GHz

. . 1
sampling period: T3g:= — T3 = 1388.89-ns
s
k NOgq 1
sampling time step: n3k = —, —— =256
pling P k= g, B, T3,
=[] o [ 1 [ =2 [ 3 | a 5 | .sec
[o] 0] 1.39.106] 2.78.106| 4.7.106| 556.10°| ]
. . . . Ysr(n3k)
Output sampling without considering Op Amp saturation: ysri := ot Nogd =256 n3p55 =354.17-ps
Vo

3¢

fiest = 0.08-MHz -
test

=96

Mrads
sec

wyg = 2.26-

Fourier Transform of the test signal | [Oy := fft(ysr)

Magnitude spectrum

OO T I F-TF f&sﬁ"%ﬂmxwﬁk
0.02 : 3
0%, :‘ :
Y 3 |
0
Ix10° Ix10* 1x10° 1x10°
. BS
13°N0
ed
Fig: (3.2.1.5)
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Phase spectrum

0 1x10° 2x10° 3x10°
BS
i3
Nogd

Fig.: (3.2.1.6)




Sampled Output

0 W 5|u
-0.014
ystk —0.028
L
-0.041
~0.055———— A3 Vpp
0 18.7537.556.25 75 93.75112.5131.25 150168.75187.906.25225243.7262.281.25300
k
Fig.: (3.2.1.7)
Reconstruction of the output signal according to the Shannon sampling theorem
NOgq-1
shstp(t) = z (ysrn-sinc(w3s-t - n-ﬂ))
n=20
Nogd —-1=255
Rebuilt Output Waveform Compared with the Original One
0.02

shstp(t) 1] ”““H H”m i
L

yglt) ~002
=TT —0.04

(=

~0.06
0 11077 2x107° 3x107°

t

Fig.:3.2.1.8
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ANALOG FILTER OUTPUT ANALYSIS

3.2.2) Short Voltage Pulse response

Description of the waveform's parameters:
Definition of the short voltage pulse:

V4(t T3, T

ow Vi )=Vin4rect1(t,'r3,'r ) , Vo= —— (3.2.2.1)

pw
Parameters description:

Va(tzs, Ty V., )=V4(time, Rising Edge , Pulse Width, Dimensionless Amplitude).
Pulse amplitude: Vpp =5mV Pulse width: Tow = T34-20 Tow = 27777.78-ns
Pulse displacement from the origin: £ == 0.8, Tow = pr'(l - gsl) + &1 Tpwr (3.222)
Time delay from the origin: T34, = —pr-(l - gsl) . risingedge = T3¢, width = 7.
Generic pulse definition defined in "Fourier Series.xmcd":
Input signal defined in Test Signal.xmcd** Vw(t) = V4(t »T3svp: Tpw> Vpp) (3.2.2.3)
Consider a Short Voltage Pulse delayed 134, seconds: Tisvp = —5.56-pus
4.7
D—— I =). pw .
=2 Tow> 2 Tpw * 5000 .2 Tow
Input
0.0055 i - _ .
[ T2 - TP"-‘T’?’SVP 777777 V’p’p’ T3SVp =-5.56 s
0.004125 T3, = 1388.89-ns

Vw()  0.00275

0.001375

0 0.00002 0.00004 0.00006
t

Fig.: (3.2.2.1)

Analog filter Input sampling.
Consider now the same signal repeated periodically, with period TVp

( pw * T3svp) in such a way

that it is possible to calculate the bandwidth using the program BCSA defined in "Fourier Analysis.xmcd":

Description of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
BCSA stands for Bandwidth Calculation and Signal Analysis™

16




Sbypo = BCSA[ Vyy.ttgq, Ng 0.0, 2Ty + T3yp) | rtgg =10-% (3.2.2.4)

[*] Bandwidth Calculation

[Signal bandwidth: vaO = O-GHﬂ fiest = 0-GHz
Parsevalvpo = 0\/2 ‘ Averagevp0) = 0V RMSvp0 =0V
. 1
Sampling frequency: fsamp = T 2 2
samp

Chosen sampling frequency (Nyquist rate): fsamp = 2-va0 fsamp = 0-GHz (3.2.2.5)

. . 1

sampling period: Ts3sp = (3.2.2.6)
fsamp
Samples are taken at the instants:ns3Spk = k~TS3Sp +T3svp assuming that it is periodic.
. Nogd 1
Vpp =0.01V Pulse sampling: ud4y := Vw(“s3spk) T 8.89 (3.2.2.7)
samp test

Sampled Input

0.006 T

T3svp T3svp FTpw v
P B

0.004375
V(b
= 0.00275
udag
L

0.001125

—0.0005 e p 5‘ B s

—2.778x10" —6.944x10~ 1.389x10~ 3.472x10" 5.556x10"
t>ns3»spk
Fig.:3.2.2.2

Input signal approximate reconstruction according to the Shannon sampling theorem:

NOgdfl
Wep = 2-7r~BVp0 shpulse(t) := z I:u44n~sinc|:wsp~(t - T3svp) - n~7r:|:|
n=0

NOgq— 1 =255

17

Rebuilt Intput Waveform Compared with the Original One
0.006 T T

L T3gwe Lo T35vp- Vop
0.004
shpulse(t)
0.002
V(D
- 0 I B ‘ o
—-0.002 : :
—-0.0000122 0.0000025 0.0000172 0.0000319 0.0000467
t
Fig.: (3.2.2.3)
Fourier Transform of the output signal:
34 Mrads
Oywnd := fft(ud4) fiost = 0.08-MHz — =96 wgp = 6.79-
frest sec
Magnitude spectrum Phase spectrum
—[maxt@ywnd)f
arg(wand.
J3vp0
) ]
- ity
5 6 liix
0 5x10 1x10 5 6
£ 0 5x10 1x10
. samp
J3Vp0'Wd . fsamp
g 13vpo 7N0gd
Fig.: (3.2.2.4)
Fig.: (3.2.2.5)
Filter's response calculation
Description of the waveform's parameters:
Vv
. - - jY
Definition: V4(t,T3SVp,TpW,Vin) = Vin~rect1(t,‘r3svp,1'pw) . Vip = ~ (3.22.1)
V4(1,734, Ty Vi )=V4(time, Rising Edge , Pulse Width, Dimensionless Amplitude).
Input signal: Vw(t) = Vi~(<I’(t - T3svp) - fIJ(t ~Tow ™ T3svp)) V; =001V

. . Vi - T3svp'S “Tpw'S
Laplace transform of the input signal: VW(S) =—- Poll-e P
s

’T3svp'sl(l e pr's). Az ws

Vi
K (s+ws)

Laplace transform of the output signal: ywndw(s) =

Hence, Laplace anti-transforming I get the time step response :

0= Ayl LT gy o[ T g )

Ywndw

ywndwst(t) = if(7Vsat < ywndw(t) < Vsat’ywndw(t) ’if(ywndw(t) < O'O'VOM’*Vsat’Vsat))

18




Nogd =25 Q3=10 Az =-10 pr+ T3svp = 22.22-ps
Ywndw(Tpw + T3svp) = 005V Ty < (2T T3p)  T3gyp = —5-56°Hs
NOgd =256
Graph of the response
0.02r— ;
T3svp TpwT3svp

g Ywndw(D)  0.00125

? Vw(t) -0.0175

g Ywndwst(?)

———- -0.03625

-0.055
—0.0000111 0.0000067 0.0000244 0.0000422  0.00006
t

time as multiple of T

Fig.: (3.2.2.6)

ywndw(t)

Dimensionless output:ywnd(t) := v

Analog filter Output sampling.
Consider now the same signal repeated periodically, with period Tgy, = 2-(pr + T3svp), in such a way

p
that it is possible to calculate the bandwidth using BCSA:

Description of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
BCSA stands for Bandwidth Calculation and Signal Analysis™

Ngd =50 Ttoq = 10-% Sbvpo = BCSA(ywnd,rtgd,Ngd,0.0-sec ’Tsvp) (3.2.2.24)
[¥]..Bandwidth Calculation
Signal bandwidth: vao = O-GH%i fiest = 0-GHz
Parsevalvpo = OV2 |Averagevp0 =-0.03V | RMSVpo =0.03V
. 1
Sampling frequency: f?’ossp =—2 2~BVpo
Tsamp
Chosen sampling frequency: Bossp = 2-BVpo Bossp = 0-GHz
NO,
ed 1 1 k
-—— = 8.89 T30.cp i= n3o = +T3 (3.2.2.25)
Bogsp Test SP Boggp S5Pk Bogsp VP
Output sampling considering Op Amp saturation:
ywndw(n3°sspk)
Vpk = — (3.2.2.26)

19

Output sampling without considering Op Amp saturation:

ywndw(n3°sspk)
= LA 3.2227
Ywndk ol ( )
Nogd =256 Q3 =10 Ay =-10
Dimensionless output sampling considering Op Amp saturation:
ywndw(n3osspk)

A3~Vpp =-0.05V ywndsy = (3.2.2.28)

volt

Samplied Output Waveform With And Without OPAMP Saturation

0.0055

—-0.010875

—-0.02725

Output amplitude

—-0.043625

-0.06
—0.00001220000490026000099000 1720002#60003L000033.B000467

time as multiple of T

Fig.:3.2.2.
7

Approximate output signal reconstruction according to the Shannon sampling theorem:
NOgg-1
Wspo = 2~7T‘va0 shpo(t) := Z I:ywndn-sinc[wspd(t - T3svp) - n~7'rI|
n=0

NOgg — 1 = 255

Reconstructed Output Waveform Compared with the Original One

0.01
0

shpo(t) —0.01 }

- -0.02 |

y (® |

ZWndwi 003 !

—-0.04

-0.05
—0.000012-0.0000050.000003 0.00001 0.000017 0.000025 0.000032 0.000039 0.000047

t

Fig.: (3.2.2.8)
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Convolution:

The second method to obtain the filter response, is to calculate the time domain convolution product between the
signal and the impulse response.

Vylt)

Dimensionless Input: vp(t) = v

t
. — w3t
Exact output (convolution): v (t) = Ay-ws-e | Vgl e
0
To obtain the output I riplace to Vy,(T), as argument of the integral operator, with its definition, that is:
t

— Wyt
o) = A e 2" (o) (T g
0

dr (3.2.2.29)

w3 T

dr

the integration gives:

] — w3t bWy T3gqp W3 |: tws °"3'(T3svp+pr)
Vowl(t) = Ag-e -_<I>(t—'r3svp)~(e -e )—<I>(t—'rpw—‘r3svp)v e “-—e Vi
. (3.2.2.30)
Approximated output: Van(t) = *WSdB'J vp(O') do Tiegt = 13.33-ps
0
[ ]
Tacn = =5.56-08  ty = Tacyn 22, Taeun 2.2 + 44 (T Tasvp) ~Tiovp 22 44:(Tp + Tasyp)
3svp : w = '3svp'©o 1 3svp 100 - pw " '3svp
Output Voltage
0
~0.01375
Vow(D) i
- -0.0275 |
Ywndw((D) |
-0.04125
—0.000012  0.000004 0.000021 0.000037 0.000053
t
Fig.: (3.2.2.9)
Vow(n3osspk)
vowg = ——————— (3.2.2.31)
volt
vow =[ [ o [ 1 T2 [ T2 T7%s T 6 |
[o] of 0] 0| -0.01 -0.01 -0.01 ]
21

Sampled Output Voltage

‘ 731 I'!i il H‘l | ||||||||| gL
-0.014 |
VOW[ i
. -0.028 |
Vow( w) |
-0.041 i

T e e s s s AV

e 5 6 5 5 5
—1.222x10 ~4.167x10 2.056x10 3.694x10 5.333x10
n3°sspk*tw

Fourier Transform of the test signal

Fig.: (3.2.2.10)

B35
fiest = 0.08-MHz e 9.6
test
Ow := fft(vow)
ow' =[] 0 l 1 2 l 3 l
[o] -0.19] -0.05-0.14i | 0.06-0.06j | ]
Phase spectrum
i

Fig.: (3.2.2.11)

Eﬁl |

T
arg(Owk) } ‘
t -1

\H

_ol
0 2.7x10%.4x103.1x101.08x10°

Bossp
NOgd

Fig.: (3.2.2.12)
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ANALOG FILTER OUTPUT ANALYSIS

3.2.3) Bipolar pulse train response
Calculations.

Ngq = 50

T3=10.61-ps  Tieqr = 1333 ps Tpegp < (2-1r~‘r3)

Vbpt(t) := Vsqw(t’Ttest’Vpp’NOgd) Defined in Signals.xcd

4'Ttest - 0'Ttest

L= 0-Tyogr, 0-Tyegt + 1000 -4 Teogt
_3 Input
6x10 i V.
B 2l o o 'pp
1073
Vbpt(t)
o DU N N N N N N
OVop X
—3x10
_6)(10_3 77777 - _ _ pp
0 1333x107° 2.667x107°  4x107°  5.333x107°
t
Fig.: (3.2.3.1)

Signal Bandwidth calculation using the Fourier series' harmonics. Are excluded all harmonics with amplitude less
than Ttoq = 10-% of the fundamental.

Vsqw(t > Thest Vpp ’Nogd)

Vpp = 5'mV Vsqublt) = ol (323.1)
Tiest = 0s
Signal bandwidth:
Description of the program's parameters:
BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
BCSA stands for Bandwidth Calculation and Signal Analysis™
rtgq = 10-% Sbgqw = BCSA(VgqupTtgg.50.0.0-sec, Tyeg) (3232)
0 1 2 3
0 0.1 0 0 0
1| 3.6-108 0 0.01 0
2 49 0 0 0
3 0 0 0 0
4 0 0 0 0
5 0 0 0 0
6 0.01 0 0 0
Sbsqw =17 0 0 0 0
8 0 0 0 0
9 0 0 0 0
10 0 0 0 0

23

11
12
13
14
15

o|lo|o|o

o|o|o|o|o
o|o|o|o|o
o|o|o|o|o

sqW Sqw
offaSb. L =[ o[t 2 afals]e6]7]8]9]
SO To[ o o o] of o o o o o ]
T
cffbSb =[] o] [ 2 [ s [4]5s e[ 7 [58]s|
S [o] o[ om| o of of of o o o |

[]Bandwidth Calculation

The function returns a three columns matrix.
The first column contains:

pos. 0:  relative error,

pos. 1:  bandwidth (Dimensionless),

pos. 2:  the nth. harmonic number corresponding to the give relative error,
pos. 3:  temporary variable,

pos. 4: Parseval,

pos. 5:  signal average,

pos. 6:  signal rms.

The second column contains the coefficients a; of the Fourier series,
the third column contains the coefficients by of the Fourier series.

[Signal bandwidth: Bsqw = 3.6~MH31

Parsevalyg = 0V |
kampling frequency (Nyquist rate): | fssqw = 2'BSC1]§] fssqw =0.01- Grads (3.23.3)
sec
nSqwk = % Tssqw = @ (3.2.3.4)
sqw = Vsqwb(nsqw ) Ma 1 _ 2.67 (323.5)
k fssqw Ttest

Sampled Input

Vsqw(t sTrest>Vpp ’Nogd)

SqWk
L

0

0 3.333x10°6667x10” 0 1x107° 1.333x 10 667x 107> 2x10” 2 2.333x10 2667x10~

t, nsqwk
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Fig:3.2.3.2

Approximate signal reconstruction according to the Shannon sampling theorem:

NOgg-1
Wgq = 2-1\‘~Bsqw shd(t) := z (sqwn~sinc(ws4~t —1’1'71)) (3.2.3.6)
n=20
im0 Ty, 0T g mtest ™ O Ttest
T test> test 1000 - test ngd =10-%
Rebuilt Waveform Compared to the Original One
-3
L S S "t S —— o v
., " PP
3x10
sha(t)
o-———F——t———F——F —
Vsqw(t >Trests Vpp ’Nogd) N
- ~3x1073
—6x107° u
0 5x107% 1x1077 1.5x107° 2x107° 2.5x107° 3x107 > 3.5x10 > 4x10 °

t
Fig.:3.2.33

Output calculation using the Laplace transform of the input and the filter's transfer function.

[+] Output calculation

o0
input signal: vi(t,TteSt,Vp) = Vpp’ Z ¢(t - k‘Ttest) - 2-<I>|:t - (L;I)Ttest:ﬂ
k=04 tI)[t —(k+ l)-Ttest]

Laplace transform of the output signal:

_A3w3 Y Tiest's
opt = -— -tanh 2

S +-UJ3 S

Laplace transform of the input signal:

\4 T, oo
£(Vi(t’Ttest’Vp)) = sp'tanh(te:tj

—_1(V, Tiace's ) —W
. p test 3dB Mrads
output signal: V, )= —-tanh| ——— |- V.- =0-V-
p g Opt( ) [ S an ( 4 j s+ w3 PP UJ3dB sec
Vp = Vp Tiest = Ttest W3dB = W3dB §:=5
V.-s Tiest's ) —W3dB
Output final value: lim . -tanh( test J 3d -0
s— 0 4 S+ w3
Vp=Vp Trest = Ttest W3dB = W3dB $:=8

25

Vs Tiest'S ) ~W3dB
Output initial value: lim (p-tanh( test J 3d J - -Vyw3qg lim
s p

s> 00 4 s+ ws s oo S+uw3

Output Laplace anti-transform calculation:
Shift theorem  £(f(t-a)) = ¢~ **-F(s)

2-k+1

~kTeges " TtestS o (k+1)~TteSt~s:|

qud
. z Le 2-e

£ S f(t-k-T) = _F6)

1-¢ s

~W3dB
S +-u)3

VO(S) = Vi(s)

2-k+1 T
T ltest’S = (k1) Tyaers
2 e test

N
gd
|:e_ k- Tyeges

k=0

2-e

W3dB = W3dB

3 ( 7t‘w3 )
—W34B | |invlaplace,s  w3gp-\e -1

S+UJ3 S

. . —
simplify , max w3

[#] Output calculation

J PO
test
tanh
an[ 1

)

vo()= £ (“MB,IJ (32.3.7)

s+w3 S

—twy )

w ~(e -1

Define the function: yo(t) := 3dB—-<I>(t)
w3

(32.3.8)

Filter output: Grads 1
w3dp = 0-—

cc test
Ngd =50

N
ad

2:k+1
Vopt(t) = Vpp' Z |:y0(t - k'Ttest) - 2-y0(t -

k=0
T
test
vopt(zJ =-0.02-V

26

~Ttestj e yofi= (k+ 1) Ty

1
N4 = 50 = 942477.8 ~
gd w34B S

(3.2.3.9)




Graph of the bipolar pulse train response considering the Op Amp saturation:
Vobp(t) = if(~Vear £ Vopt(t) < Vg Vopi (1) if(Vope(t) < 0.0-volt, ~Vgay, Viyy)) (3.2.3.10)
Ay =-10  Tyeq = 133333305 Vpp = 001V

Bipolar Square Wave response

Integrator's Transient Output (Calculated)

0.055 T
Tﬁest 1'Irtest
0.0275 E} i
Vobp(t) N i ””” ‘:' N TN SN 0
~0.0275 !
—0.055 : :
0 0.000007 0.000013 0.00002 0.000027 0.000033 0.00004 0.000047 0.000053

t

Fig.: (3.2.3.4)
Convolution
t
. —twy T W3
Exact output (convolution): Vopt(t) = Az-wy-e | Vbpt(T)-e dr
0
t
Approximated output: Vopta(t) = A3-w3-J Vbpt(o) do Tiest = 13.33-ps
0
2-T
test
4= 0-Tiegy, 0-Tyegy + 200 2-Tiegt
Comparison Between the Calculated and the Convolution Output Voltage
0.02 T
T3 Tﬂpst
0.01
Vopt(t) LN 0

Vobp(Y_ 01
Vopta(V_ 0,02

-0.03

!

| |

| |

| |
-

| |

| |

| |

T i

I |

| |

| |

T I

| |

| |

1 |

| |

| |

| |

-0.04 v ’
0 0.00000330.0000067 0.00001 0.00001330.0000167 0.00002 0.00002330.0000267

t
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Fig.: (3.2.3.5)

Approximate reconstruction of the output signal (with Op Amp saturation) according to the Shannon sampling
theorem:

Vobp(nsqwk)
vopti = 7\]0 m
NOgg-1
wg3 = 2'“'Bsqw sh3(t) = Z (voptn~sinc(ws3~t - n-‘rr)) (3.2.4.21)
n=0

Rebuilt Waveform Compared To the Output One

0.02
Tiest
sh3(r) 0.01 !
Vobp(t) U U N -‘: ------------------------------------
0-V 0.01 !
"""" -0.02
-0.03 !
0 0.000004 0.000008 0.000013 0.000017 0.000021 0.000025 0.000029 0.000033
t
Fig.:3.2.3.6
Output Voltage (Sampled)
0.02
0.01
vopty
i 0

Vopt(D—0.01
-0.02

—-0.03
0 0.0000033 0.0000067 0.00001 0.0000133 0.0000167 0.00002 0.0000233 0.0000267
nsqwk ,t
Fig.: (3.2.3.7)
fssqw Mrads

fi ..« = 0.08-MHz =96 wgy =22.62-——
test s3 sec

test

Fourier Transform of the test signal [Opt := fft(vopt)
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Magnitude spectrum

0.08y st [max(Opy|
0.06]] |

|Opti| 0.04
0.02
L

0
0 9x10° 1.8x10° 2.7x10° 3.6x10
fssqw

NOgg

6

Fig.: (3.2.3.8)
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2
arg(Opty) 0
L

_2

-4

Host

Phase spectrum

0 ox10° 1.8x10° 2.7x10% 3.6x10°
fssqw
NOgd
Fig.: (3.23.9)

ANALOG FILTER OUTPUT ANALYSIS

3.2.4) Periodic Triangular Cusp's signal, filter response

Signal amplitude: V..:=45V V p= 4.5V

PP p)
[*] Duty cycle
2 ‘Vsat‘ ‘Vsat‘ ‘Vsat‘ 2 ‘Vsat‘
Dl.lty CyCle: ﬁ > (Scy > v A v A =0.33 v A
pp’[As] pp' A3 pp A3 pp’ A3
Duty cycle chosen: (Scy = 0.4600
21Vl = Vo 0. |A
t
Max pulse and cusp height ratio: a := ‘ - ‘ 5 PP Acy ‘ 3‘ a=045 a< |
Vppdey|A3]
Pulse width: Pwtc = ‘Scy’Ttest
. 1
Period: Tiest = 13-33-ps fost = T Wesp = 2.1 f g
test
As] -V, 8 (a+1)
Output's final value: Vfin = ‘ 3‘ PP 20y
. 2-(1- \Y%
One side Cusp's slope: Ceg = ~u Ces = 0.81-—
L Hs
Mrad
Frequency fiest = 0.08-MHz Wesp = 0.47- racs
sec
Ngd =50
The test signal be the following defined in Signals.xmcd:
2-(1-a) Pw
0(t,pw->a, V) = Vool | 1 +t-—— || D t+ — | - P(t) | ... 324.1
cuspO(t. py .2, Vpp) pp[ - }(( 2 (1) ( )
2-(1- p
+ 1—t~u ~[<I>(t) —tb(t— WD
Pw 2
whose graph is below depicted:
(8'pwtc)

twte = ~4Pwtcs 4 Pwtc + 1000 = "Pwtc

30




One Cusp Pulse

4.95x10°
3.6x10°

cusp0(tyie Pwtc - Vpp)  2.25x10°

900x10>
—450x1073 ‘
~1227x10°°%  —6.13x107¢ 0x10° 6.13x10° % 1227x10°°
twtc
Fig.: (3.2.4.1)

With it I create the following periodic signal defined in Signals.xmecd:

N
.y Pwte 3.2.4
cspOl(t,pwtc,a,TO,Vpp,Ngd) = Z cusp0 t—k-TO—T,pwtc,a,Vpp (3.24.2)

k=0
Pwtc = 60-13-ps
a=045
fx1(t) := esp01(t, Pyyic 2, Test Vpps Ned) (3.2.4.3)
) 30 Tiest
Tiest = 13.33-pis tw = 0 Trest: 0 Trest + o000 Ttest
Input Signal
495
L Lk ()
37asifl
fxl(tw) 2.475
414 4H 110 11 apvhp
1.2375
0
0 0.0000333  0.0000667  0.0001  0.0001333
tW
Fig.: (3.2.4.2)

Analog filter input sampling

. fx1(t
v1ncsp01(t) = 7\]( )

Description of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
BCSA stands for Bandwidth Calculation and Signal Analysis™

rgg = 10-% Sbegp = BCSA(Vinggy01 »Ttgq» 50, 0.0-sec, Tyeg) (3.2.43)

[¥] Bandwidth Calculation

31

Calculation results:

Parsevalcsp = 10.24V2 ‘ |Avcragecsp =15V RMScsp =226V

[nput signal bandwidth;] Besp = 3.6-MH31 (3.2.4.4)

[Chosen sampling frequency: |ﬁncsps = 2Bggy finggps = 7.2-MHz Wegps = T-finggpg
k = ki defined in global data
NO

ed 1 . 1 k
- =2.67 Tin, = n; = (3.2.4.5)
fingsps Ttest 5ps finggps 1nesPye finggps
NOgg =256 Q3 =10 Voltage gain: A3 =-10 ftest = 0-08-MHz (3.2.4.6)

fx1 (nincspk)
Dimensionless input sampling : Vincspk = VoIt (3.24.7

A3-Vpp =45V

Sampling of The Input Waveform

Input amplitude

0 51078 1x107° 1sx1077 2x107° 25x107° 31070 3.5x107°  4x10”
nincspk=tw
Fig.: (3.2.4.2)
fin

csps Mrads

fi .« = 0.08-MHz =96 ) =22.62-——

test

es frost csps sec
Fourier Transform of the output signalVincusp := fft("incsp) (3.24.8)

32
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. Phase spectrum
Magnitude spectrum P

Host
2

arg(Vincuspk) 0
L

-2
b & -4 5 6 6 6
0105 1.8x10° 2.7x10° 3.6x10° 0 9x10” 1.8x10° 2.7x10° 3.6x10
ﬁnCsps ' fincsps
NO,
NOgg ed
Fig.: (3.2.4.2) Fig.: (3.2.4.3)
Input signal rebuilt according to the Shannon sampling theorem:
NOg4-1
shcsp()(t) = Z (Vincspk'smc(wcsps't - k-‘rr)) (3.2.4.9)

k=0

Rebuilt Input Waveform Compared with the Original One

0 5x107% 1x107° 1.5x1077 2x107° 2.5x107° 3x107° 3.5x107° 4x107°
tW
Fig.: (3.2.4.4)
—
max( Vincsp ) = 3841

Laplace transform of the signal (see Laplace Transform.xmcd)

2-Vpp Pwtc
T |fa- - s—1(+1
- ‘S
2_(1 e fest )

Pwt - .
+|:l—a~( V;c~s+l :|-e thcs‘..

Pwtc
2

£(esp01(t. Pyytc > Trests Vp)) = (3.24.10)

Pwtc'S

[ +2(a—1)-e

33

Filter Output calculation

Az-w3
Transfer function: Wy (s) = (3.2.4.11)
P S+ w3
Laplace transform of the filter's output signal:
2:-Vpp Az Wz —1 1 Pwtc
Voesp(t) = — 0. 8 {la 5 s-1)+1 (3.2.4.11)

[
Pwtc 52~(s+w3)-(1 _ test ) |: (
+|1-a

Pwtc —DPwtc'S
—s+1]|-e wee

[ +2(a—1)-e

Pwtc
s
2

The Laplace transform is composed by the sum of three terms The inverse Laplace transform of each term are the
following:

[ Inverse Laplace transform calculations

Define the following functions:

2:w3(1 =) t+]2 —a(pyye w3 + 2)}((“"3 _ 1)

1) Yoo(t) = > -3(t) (3.2.4.12)
2'(.03
a(Pytew3—2)+2 _tw, t{2w3(a-1)] a(pyewz—2)+2
2) Iyo1(t) = %«: 34 [ 5 ]— ( 5 ) -B(t) (3.2.4.13)
2-0.)3 2-(.03 2-&)3
—tw
2-(a—1)-(e 3+t-w3—1)
3) v02(t) = . (1) (3.2.4.14)
w3
The filter response is the following:
2.V Ar-w 100
pp 3°W3 Pwtc
Vocsp(t) = o ) z yOO(t - Ttest'k) + yOl(t ~Pwtc ~ Ttest'k) Yoot Tiest'k
wtc
k=0
The filter response considering the opamp saturation: (3.2.4.15)

Vocuspst(t) = if(~Vsat = Voesp(t) = Vats Vocsp(t) s if( Voesp(t) < 0.0-volt, Ve, Viy)) - (3:24.16)

1
Output max value Vocspmxk = Vocsp|:(k + ) ’Ttest:|
Output min value Ve oonmin 1= min(VOCSme Vocspmin = ~18.98V
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Az =-10 fiest = 75-kHz Viin = 15V krads

= 94.25.
w3 secC

Graph of the Op Amp response considering saturation:
Low Pass Filter Output (Calculated)

RAMENEANAANANANAANANANAT

rerguuuuuuuuvruoouttoooouyuuyg

—1.538
Vocsp(tw)
Bi() 478

Vocuspst(tw) -8.025

Vocspmin —11.269v A—A—A—ﬁ

—14.512

[T ATRITATRITATRTATATRATATAY

- 17.756 ] 1
‘ VYV VYV VYV YN Y YYDV YY Y YY YV YY Y OVY
-21 :
0 0.000042  0.000083 0.000125 0.000167 0.000208 0.00025 0.000292 0.000333
by
Fig.: (3.2.4.7)

Low Pass Filter Output Signal with Op Amp Saturation

495 —y—
wtc TredlP
1.83125 |
~1.2875 1 1
i1 (ty) | |
I —440625[\ !
Vocuspst(tw) ! !
-75250 | | !
Vocspmin ! |
0 ~10.64375) \ |
-13.7625|  \ !
~16.88125)

-20
0 0.000010.000020.000030.000030.000040.000050. 000060 00007

tw

Convolution

—w3 (t-7)
Exact output: Vocusp(t) =Azwy | e -cspOl(T,pwtc,a,Ttest,Vpp,Ngd) dr
0

35

Vi=5mV

t
Approximated output: Vocuspax(t) = _“"3dB'J fx1(o) do Tiegt = 13.33-ps
0

Comparison between the Calculated and the Numerical Output Voltage

pw‘tc thst

-25 : :
0 0.0000133 0.0000267 0.00004 0.0000533 0.0000667 0.00008 0.0000933 0.0001067
tw
Fig.: (3.2.4.8)
. . Vocsp( )
Dimensionless output vocusp(t) = v

Analog filter Output sampling

Description of the program's parameters:
BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)

BCSA stands for Bandwidth Calculation and Signal Analysis™

Ngg =50 rtgq =10-% Sboggp, = BCSA(vocusp. rtgq.Ng . 0.0-sec, Tyeg) (3.2.4.24)
[+] Bandwidth Calculation
[Signal bandwidth: Bocsp = 3.6~MH31 fiest = 75-kHz
2
Parseval g, = 197.73V |AverageOcsp =-924V | |RMSOcsp =995V
Chosen sampling frequency: fOcsp = 2~BoCSp focsp =7.2-MHz Wocsp = 2. focsp
NO
el 1 - - K
F T =2.67 Tocsp =7 “ocspk =7 (3.2.4.25)
ocsp  test ocsp ocsp
Output sampling  |[Vocspy == v (3.2.4.26)

NOgq = 256

ocusp (nocspk).‘

Q3 =10 A3 =-10

Dimensionless output sampling considering Op Amp saturation:

Voesat(t) = if(-Veat < Vocusp(t) < Vsats Vocusp(t) s if (Vocusp(t) < 0:0-volt, Ve, Vip))* - (3.2427)
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v n,
ocusp( ocspk)

A3-Vpp =-45V V2°pocspk = volt (3.2.4.28)
Sampled Output With And Without OPAMP Saturation
6.750000 T,
”\\s tist’v\\ ’,-s\\
V2 L \ '
e ety
=Rt
? Vocsp(nocSPk) - 7.875000 || ||‘ ” H ; | “ |||‘ ”
g fxl (nocspk) i
- - 15.187500
—22.500000 ;
0.000000 0.000008 0.000017 0.000025 0.000033
n,
ocspy

time as multiple of T

Fig.: (3.2.4.9)

f
fiest = 0.08-MHz F
test

ocsp Mrads

96 wcsp = 047?

[Fourier Transform of the output signal] |Vocusp =

Magnitude spectrum

2
st

15

(lVocuspk |) 10
1

5
0 o
0 w10® 0% 3xa0®
‘ foesp
Nogd

Fig.: (3.2.4.10)
Approximate output signal reconstruction accord

NOgg-1

shesp(t) = z (

n=20

wscsp = 2-1'r~B0csp

fft(V20p0CSD)'|imax(‘Vocusp‘) = .‘

Phase spectrum

%ést
3|
L2
a.rg(\f'ocuspkj
1 1
of:
_1t
0 1x10° 2¢10° 3x10°
f
. 0CsP
Nogd

Fig.: (3.2.4.11)

ing to the Shannon sampling theorem:

V2°pocspn' sinc(wscsp~t - n~7'r))

37

Nogd —-1=255
Rebuilt Output Waveform Compared with the Original One

4.95
Shosp(t) ~1.2875 :
Vocsp(nocspk) |
_____ —17.525 !
fx1 (nocspk) |
- —13.7625 |
~20 ) 1

0 0.000003 0.000005 0.000008 0.00001 0.000013 0.000015 0.000018 0.00002
t’nocspk

Fig.: (3.2.4.12)
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ANALOG FILTER OUTPUT ANALYSIS

3.2.5) Sawtooth response

Input signal defined in Test Signal.xmcd*"

Vpp =45V

tsaw = ~Tsawth 0> Tsawth 0+

Vlsw(t +Trest Vpp- Nogd)
volt

Vewl(t) = (3.2.5.1)

5 Tsawth + Tsawth 0
1000 - S'Tsawth_

Bipolar Sawtooth Waveform with positive slope

,,,,,,,,,,,,,,,,,, Vv

1x107° 2x1076

fig.:3.2.5.1

For a correct sampling one must know the signal bandwidth.
Numerical search of the signal bandwidth. All harmonics with amplitude less than rtgd = 10-% of the fundamenta

one, are neglected . To do that it is used the function BCSA(...) defined in "Fourier Series.xmcd".

Description of the program's parameters:
BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)

BCSA stands for Bandwidth Calculation and Signal Analysis"

Ngg = 50 Sbgy, = BCSA(Vgy . tgq.Ngg.0.0-sec, Tye) (3252)
[»] Bandwidth Calculation
[ignal bandwidth: Bow = 3.6~MHj
Parsevalg,, = 13.34 | [Averagel-volt = 0V | [RMS1-volt =2.6V |
Sawtooth Frequency Spectrum
1 —
Wkw ‘ Jsw 'Wsw
0.8 ‘ ;
0.6 | }
0.4 ‘ :
0.2
S R ”””L“J“HUMLJ. L myswe
10000 100000 1000000 10000000 100000000 1000000000
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fig.:3.2.5.2

- - - 1
(Min) sampling frequency (Nyquist rate): |!fSSW = 2~Bs“4 |fssw =0.01 ~GH21 Teow = @
N k
sampling time step: Ngy = = (3.25.3)
ko fgsw
1 NOgq g
rows(nsw) =256 —— = 0.08-MHz &8 2.67
test fosw  Ttest
RMS1 =2.6 Sampled signal: ‘ulOk = Vlsw(nswk,Ttest,Vpp,NOgd)| (3.2.5.4)
Sampling of the Input Waveform
o 0.000003 0.000007 0.00001 0.000013 0.000017 0.00002 0.000023 0.000027
,t
Tswy
fig.:3.2.5.3
Approximate signal reconstruction according to the Shannon sampling theorem:
NOgg-1
wgp = 2 Bgy, sh3(t) := Z (ulOn-sinc(wS2-t - n~1'r)) (3.25.5)
n=0
NOgd -1=255
Reuilt Input Waveform Compared with the Original One
4
0 0.000005 0.00001 0.000015 0.00002 0.000025 0.00003 0.000035 0.00004
tW
fig.:3.2.5.4 rtgd ~10-%

Search of the filter's transient response
Given the signal:
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V
1sw(t Ttest» pp) =20 Z I: t_ k- Ttest) rectl(t — k- Tiegt, 0.0- Ttest’Ttest)] Vop

Ttest
or: (3.2.5.6)
Vop &
st(t Ttests pp) =2 T, .~ Z ( ~k Ttest)'<b(t_k’Ttest) _Vpp
test (=1 (¢ =k Tyest) @[t = Tpest-(k+ 1)]]

RMSI = 2.6 (3.2.5.7)

RMS of the Sawtooth Waveform

5.4

2.7
vl st(tw > Trest ’Vpp)

RMS1

4
0 0.000007  0.000013  0.00002 0.000027 0.000033 0.00004 0.000047 0.000053
ty

fig.:3.2.5.5

[¥]Laplace Transform calculation of the Output Signal .

Hence, the compact laplace transform of the (3.2.5.6) is:

V. e V.
pp 111 1Y) =5 Tiegt ( _Ttest'k's) pp
L(Vigw(t Trests Vpp)) = 27— L —[Ttest+g e > e -
k=0

Ttest s

or
Vv Tiact'S
pp 2 test
L(V1gw(t: Trests Vpp)) = | [Ttest's —coth[ > j (3.25.10)
Search of the corresponding output waveform of the filter.
Azw3
Given the transfer function: (W (s) = (3.2.5.11)
p s+ ws
the Laplace transform of the filter's output is: Vg (s) = Wlp(s) ~£(Vl W(t > Ttests Vpp))
Az-wy V. 2 Tiest's
that is: V. (s) = ———> PP, — coth| —= (3.25.12)
osw s+wy s | Tyegts 2

Now apply the following theorems:

41

lim f(t) lim (s-F(s)) ,
t—>0 s — o0

Final value theorem: Ilim f(t) lim (s-F(s))
t— 00 s—>0

Initial value theorem:

Final value of the output voltage:

Tiest = Teest w3 = Wy Az = A Vpp = Vpp Si=5s

) Agz-wy Vpp 2 Tiest's assume,(Ttest > 0.0)
Vofin:= lim |s- — — coth —0 Vofin
s>0| [ STw3 s ( Tiest's 2 simplify
Initial value of the output voltage:
Tiest = Trest w3 = Wy Ayi= Az Vpp = Vpp si=§
assume, Az = real
Azwy v 2 Tiests -
lim |s- _PP —coth| 2~ assume, Tyo = real |
s — o0 S+tw3y s Ttest‘s 2 _
assume, wsz = real
simplify
Transient response calculation:
As seen, the Laplace transform of the filter output is:
-1 2 Tiests
t) = V- Ay-wy- L = — coth 3.25.14
Vosw(!) pp 13743 S+wy s (Ttest's «© ( 2 ( )

V-rad
us

Vpp-Az-ws = —4.24-

=0V

[¥] Calculations of the Inverse Laplace transform of the Output

The inverse Laplace transform of the output is composed by the two following functions:

—twsy
Given the two functions: glsw(t) == L + AE— B(t)
w3 w32
| —twy
-e
g2sw(t) := 03 ®(t)

The resulting output is:

Ttest glsw(t thest)
K=0 |+ (=1) Tyegrg2sw[ t = (k+ 1) Tiegy] ..
+(-1)- glsw[t—(k+ 1)- Ttest]
+—1-g2sw(t)

VOSW(t) = Vpp~A3~w3
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Vo Asws = 424"
oAy = 4200

For the first 20 terms, gives:
5 20
-Az-wz- T glsw(t -k Tyeg) .
K=0|+ (_1)'Ttest'g2sw[t —(k+ 1)'Ttest:|
+(=1)-glswlt = (k + 1) Tyegy|
+ (~g2sw(1))

Voswc(t) = Vpp

Sawtooth Response Waveform

Voswc(tw)
Vlswo (tw sTest vpp)
—e=e -10

0 0.000008 0.000017 0.000025 0.000033 0.000042 0.00005 0.000058 0.000067
t

w
fig.:3.2.5.7
Convolution
- w3-(t-T)
Exactoutput:  voooo(t) = Az-wz- | e Vlgw(T: Tiest: Vpp» NOgq) d7 Vi =001V
0
Comparison between the Analytical and the Numerical Solutions
20 -
Tt:est I 2']?test I I
Voswcc(tw) 10 0
voswc(twj Y A XL NG N
Vlst(tertest-'Vpp) 1ok N
_20 : I : I I
- _5 _5 5
0 2x107° 4<10°° 610~
t
fig.:3.2.5.8

Approximated output signal reconstruction, according to the Shannon sampling theorem:

43

Voesp, T Voswc(nswk)

NOgg-1
shesp01(t) := Z (Vocspk'smc(wcsps't - k~7'r))
k=0
Nogd —-1=255
Rebuilt Output Waveform Compared with the Calculated One
11.25
5.938
shesp01 (tw)
0.625
Voswc(nswk)
-TT ~4.688
-10 !
0 5x10°% 1x107° 15x107° 2x107° 2.5%107° 3x107° 3.5%107° 4x10”
,n
by sy
Fig.: (3.2.44)
44
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3.2 ANALOG FILTER OUTPUT ANALYSIS
3.2.6 (single tone) AM Signal response

lData
Carrier Amplitude:  Alg) := 10-volt
Modulating signal's amplitude: ~ Bl := 5.5-volt
Wogd 2. Wogd 2.1 Wlmg] wlcg)
g T 2
logpi= —=— Tlogi= —— 1= —— TI =— fl =—— fisg = ——
Wlesl P csl wlgg) Wlmsl 10 msl wlpgl msl 2. 15sl 2.7
Vammaxsl = Alsl + Blgl Vamminst = Algt = Blg] Alg1 = Vammaxsl * Vammins Blsl © Vammaxs! ~ Vamminsl
Vammaxs] = 15-5-volt
Vammaxsl ~ Yamminsl
Vammins] = 4-3-volt my, = m, . = 0.55
Vammaxsl T Vamminsl
[+] Data
Carrier max amplitude: Alg =10V
Modulating single tone max amplitude: Blg = 5.5V
Carrier pulsation: w3; = 1 wiegt
w3,
Carrier frequency: 3. := 3, = 0.08-MHz
2w
. . 1
Carrier period: T3.:= T3, =0s
3¢
L . 1
Modulating single tone pulsation: Wam = 3 ‘w3,
L “mam
Modulating single tone frequency: fnam = R y— finam = 0-02-MHz
-
L . 1
Modulating single tone period: Tham = 77—
fmam
modulation index: m,, = 55-%
Mrads Mrads
=0.09-——— 3. =047
“mam sec @ sec

Modulated signal bandwidth:

Bw3, = 8B+ 2-f0am

45

sampling frequency (Nyquist rate):  fg, = 2-Bw3,,, , fg =021-MHz

sa
. Grads
sampling angular frequency: wg,, = 2-7fgq . Weay = 0- soc
1
sampling period: Tgyp, == —, Tgam = 4.76-ps,
sam
o k
sampling time step: namg == ——,
fsam
T
NOgg " =91.43
Trest
namT:HO‘l‘z‘3‘4‘5‘6‘~ps
0] o] 476 952 1429] 19.05] 2381] ]
Modulated carrier:  V2;(t) := Vzi(tawmam’“ﬁc’Alsl’Blsl) (3.2.5.1)
w3, V2i(namk)
=5 Sampling: ulg=—""— (3.25.2)
Wnam - volt
NOgq 1 20-T3
9143 o= 0-T3,,0-T3 + ——— .. 20-T3,
fsam test 1000
(Single Tone) AM Signal Sampled input Waveform
20 ,[4:30 T T
" 10 A
- 1A A AN AN AN
oa
s VATV VU VY
- -1y
20 1 I I
0 1x10~% 2x10~*
namy,t
Fig.: (3.2.6.1)

Approximate signal reconstruction according to the Shannon sampling theorem:

NOgg-1

z (u77n~sinc(wsh6-t - n~7r))

n=0

Wehe = 2-T-Bw3, sh6(t) = (325.3)
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(single tone) AM Reconstructed Waveform

l‘tgd= 10-%

18.6
s M A A AR AR AA M A A A M
u 7x
o VAV VY
~18.6
0 0.000033 0.000067 0.0001 0.000133 0.000167 0.0002 0.000233 0.000267
t,namy
Fig.: (3.2.6.2)
Spec 7 = fft(u77)
Amplitude Spectrum
60— — T
B¢fmam fjcmﬁ’ﬁtaﬁpe‘:_ﬂ )
45
JSPCC,7k‘ 30 | 1
15
. ‘
42x10*  5775%10°  735x10*  8925x10°  1.05x10°
k~ fsam
NOgg
~ Fig.: (3.2.6.3)
Vpp =45V
t
Exact output: v, (1) = { w(t-0)-v2;(o) do (3.2.5.49)
0
40-T3,
My = 55-% L= 030,03 + — o= . 40-T3, T3, = 13.33-ps

Input Waveform Output Voltage Waveform

20
10
V2i(H o
-10

-20 —40

0 5.333333><1(X7.600107 0.00016 0.000213 0 0.0000530.0001070.00016 0.000213
t t
Fig.: (3.2.6.4) Fig.: (3.2.6.5)
Vamy := voam(namk)
47

Sampled output signal

0 5.333333x10066667x10 1H6x1077'133333x10”

namy,t

Fig.: (3.2.6.6)

Output sampling:

Fourier Transform of the output signal Specyp, = fft(Vam)

f3, = 75-kHz =28

Output Spectrum

4

Phase Spectrum

124.079r 4
93.059

JSPecamk‘ 62.04

2
arg(Specamk) 0

L

c

31.02 -2
0 —4 1
42x108 775%1 0 2.625x1825x10%75x10h5x10°
. fsam K fsam
NOgg Nogg
Fig.: (3.2.6.7) Fig.: (3.2.6.8)
Magnitude of W(jw) in dB
ul 27 Bw3 |
20 i I
77777777777777777777777777 LTSN 20-og([A5])3]
20-log(| Wyp(-w)|) : 1
— 1 | |
Vipp : :
0 ! I
- 0’“““‘"_‘""““““’T“"““"}"
~10 : :
1000 10000 100000 1000000
w
Fig.: (3.2.6.9)
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Phase of W(jw) Nogd ) 1 —64x10" 1
o B fotim Trest
””””””””””””””” 1ttt et ot e Bt e A 14
3 | | T
! ! nfm =[ [0 [t [ 2 [3fa s [6 [7[8[09 | .
! ! [o] o 003] 007] 01| 013] o017] o0.2[ 023 o27] .|
E ‘ !
3 3 Wefm
2 | | w =20 me(t) = mesl(t’fcfm’ffmm’Afm’mfm’Ngd) (3.275)
! w fmm
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, oo T—— T Vi (nfmk)
‘ ‘ 2 Apy =02V U= — V. =45V (3.2.7.6)
3 4 5 6 7 volt pp
1x10 1x10 1x10 1x10 1x10
Fig.: (3.2.6.10) 0.2
0.1
me(tfm)
3.2 ANALOG FILTER OUTPUT ANALYSIS u8y
°
3.2.7 (single tone) Frequency Modulated carrier response -01
-0.2
_7 —6 ~6 -6 -6 —6 —6 ~6
Carrier max amplitude: Afm — 02V 0 8.33x10 " 1.67x10 ~ 2.5x10 3.33x10 7 4.17x10 5x10 5.83x10 ~ 6.67x10
tfm »nfmy
Modulating single tone max amplitude: Bfym =15V
. . Grad: P
Carrier pulsation: Wefim = 0.02. Fig.: 3.2.7.1)
s
Carrier frequency: fofm = 0-GHz Input sSignal's reconstruction according to the Shannon sampling theorem:
Carrier period: Tefm = 333.33'ns
NOg4-1
S . Mrads g _
Modulating single tone pulsation: Wenm = 0.94-T rtgq = 10-%  wgp7 = Wfim sh8(t) := Z (ugn'SIHC(wsh7't _ n.ﬂ)) (3.2.7.7)
=0
Modulating single tone frequency: ffmm = 0-15-MHz !
Modulating single tone period: Tfmm = 6666.67-ns Rebuilt (Single Tone) Frequency Modulated carrier Waveform
0.3
2-Kst-m-B" 1
frequency modulation index: mg, = ZRstmB mg, =8 (3.2.7.1) 015
Wm sh8(tfm) 0
) Grads -0.15
Carson bandwidth: Carsl := Z-wcfm-(mfm + 1) Carsl = 0.34.-——— 3.2.7.2) :
-03
0 0 0 0 0 0 0 0 0
Sampling frequency (Nyquist rate):  fggp, = 10-ff » (3.2.7.3) t
m
fsfm = 0.03-GHz,
I lar f w 21 f g = 0.19. 91245
sampling angular frequency: = 2.7 . =0.19-——, .
pling angu q y sfm sfm sfm sec Fig.: (3.2.7.2)
. . 1
sampling period: Tgg, = ——, Ty = 0.03-ps, \ Exact output
fsfm
L k . 2 2| G50 .
sampling time step: nfmy := E}, (3.2.7.4) fzfm(t,o,w3 ’CS’w3cfm’wmfm’mf) = sm|:(t -0) w3 =5 :|~e ~cos(w3cfm~0‘ +mf~sm(wmfm-c))
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o Cst t '
Vofm(t) = Afm-As-w32_ — J fom(t ,0,W3, C,5 > W3 fim > wmfm,mf) do | if CS # W3 Sampled Output Signal
Jws =G5 Yo
t -3
- (t-0)-w3 _ ) —5%10
(t-o)-e ~cos(w3cfm~cr + mf~sm(wmfm~0')) do  otherwise Ofmy 0.01
N -0.
0
T -0.015
2.7.
( ) —-0.02
. 0 2:%10°%  ax107®  6x107°
Vofm(t) = { w(t—0)-Vgy(o) do (3.2.7.9) nfiny
0
Temm 0 Fig.: (3.2.7.4)
Tinm® Thnm® 2 'fmm™ "1gg
Tiat = 13.33- tay, == , + 2T = 800-%
test Hs fm = o0 100 200 fmm  Mfm ° $00.9. A 75l . Grads fotim 400 Nogd 1 _
m. = . = . z w. =0- — = —_—— = 0.
fm ’ ¢ fmm sec 3¢ fsfm  Trest
3 Output Waveform
2010
10x10~ 3 Fourier Transform of the Test signal] [OSpecfm := fft(Ofm) (3.2.7.11)
Vofm(tfm) ox10”
—10x10~ 3 FM Test Signal spectrum Phase spectrum
v e e e ¢ N fmax(©Spectm)|- ¢
0x10°  1.67x107% 333x10°%  s5x107%  667x107° 0.03 2
tfm ‘OSpecfmk 0.02 arg(OSpecfmk) 0
L
0.01 )
Fig.: (3.2.7.3)
0 ke 4
Vofm(nfmi00) = -0V Output sampling: | [Ofimy := Vo gy (nfimi (3-2.7.10) 0 5x10° 1x107 1510 0 5x10° 1107
fsfm fsfm
NOgg NOgq
Fig.:3.2.7.5 Fig.:3.2.7.6
On the other hand if the_carrier frequency is located in the filter's passing band, its response will change. In the
following I show what heppens.
31 ey, o S 2Ty o I
w =— w3, = =— =
efm = "0 m-= 00 ofm = 3, mT 3
Carson bandwidth Cars3 := 2-w3,_-(mg + 1 Cars3 = 0.17.Mrads (3.2.7.12)
: rs3 = 2- . rs3 = 0.17- 2.7.
m ( fm ) sec
CArrier amplitude Ag, =02V
w3l 1i
Carrier frequency: f31,:= > :Tm, f31, = 750-Hz
sampling frequency (Nyquist rate): 3g,:= 10-f6, ,  Bgpy, = 30-MHz
. Mrads
sampling angular frequency: w3gg, == 2-m- 3¢, W3gp, = 188.5——,
sec
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1
sampling period:  T3gg, = ﬁn > T3gfm = 0.03-ps,
s

sampling time step: n3fimy =

Bsm

Nogd 1
f‘3’51"m T3 efm

=0.64

the filter response is: V1, (t) := mesl(t7w?’lcfm’w?’m’Afm’mfm’Ngd) (3.2.7.13)

Vlfm(n3 fmk)

ugby == ————— (3.2.7.14)
volt

Approximate signal reconstruction according to the Shannon sampling theorem:

NOgg-1
w7 = Wlgpn sh7b(t) := Z (u8bysinc(wgy-t — n-m)) (3.2.7.15)
n=0
rtgd =10-%
Rebuilt Signal Waveform
02
0.1
Sh7b(tfm) o\r——— 0
~0.1
-02
0 2107° 4x107° 6x107°
tfim
Fig.:3.2.7.7
Exact output:
G5t t '
Vofim(t) = Apy-Ag-wy %J £26in(t, 0, w3, (5, W3, Wiy, mp) do if (5 # w3
Jw3 =G Yo
t
J (t-o)e (tia)-w3-cos(w3c-0' + mf-sin(wSm-cr)) do  otherwise
0
(32.7.16)
t
V2oim(t) = J w(t—0)-Vlig, (o) do (3.2.7.17)
0
1
Tyegt = 1333-ps T3l py = 13.33-p1s o = 33.33ms Vpp = 45V
sfm
53

100-Tem = Temm 0
i = im0 » Toinm:0 + 100 Tgy
400
]
Input Voltage Waveform Output Voltage Waveform
Vi (i) V2o (! fm)
T31 e fthfrf fmm
Fig.:3.2.7.8 Fig.:3.2.7.9
k .
n3fmy = Wd'ﬂlcfm Output sampling: ~ Ofimy := v2, g (n3fimy)" (3.2.7.18)
g
Sampled signal

0.02

0.01

Ofmy 0

L
—-0.01
-0.02
0 1.67x107%333x107% 5x107¢ 6.67x107°
n3fmy
Fig.:3.2.7.10
Grads Bsfm
Wenm = 0 f3.=0-GHz =400 mg, =8
mm sec c 3, m
Fourier Transform of the Test signal _]|OSpecfm3 := fft(Ofm)] (3.2.7.19)

FM Test Signal spectrum

Phase spectrum

()'ogf?ﬁ maxﬂ OSpecfm3 {)

47T

OSpecfm3k‘ 0.02)

L h
0.01}! “ M
o Nl ‘
0 1x10®  2x10% 3x10° 0 5x10°  1x107  1.5x107
kBSfm sfm
NOgq NOgq
Fig.:3.2.7.11

Fig.:3.2.7.12
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Wdbwl, = 19.99-dB

20~log(

Wip-w)])

20~10g(

Wip(i-[poleso ))

w3

Up—- ——
(.\)3 w3 w3 0 ZO-UO
W= . + . 10'U0~Ud3
e 20-Ug 20U 2
0 0 U,
Wdbwl,, = 20-log(‘Wlp(j ~w31cfm)‘) (3.2.7.20)
Magnitude of W(w)
3.5

20

,,,,,,,,,,,,,,,,,, T T URMARI
0 \\ \ 2V5£(Wlp(j )

~20
\ 2
T ———
—40 1.5
100 1x10° 1x10* 1x10° 1x10° 1x107
w
Fig.:3.2.7.13

55

3.2 ANALOG FILTER OUTPUT ANALYSIS
3.2.8 (single tone) Phase Modulated carrier response

Carrier max amplitude: Apm =20V

Modulating single tone signal max amplitude:

Grad.
Carrier pulsation: Wepm = 4-Wiagt Wepm = 3.77 racs
sec
. Wepm
Carrier frequency: fcpm = o fcpm = 0.6-GHz
Carrier period: _ 1 _
Tcpm =7 Tcpm =1.67-ns
cpm
Modulating single tone pulsation: Wepm w = 0.09- Grads
Wpmm = 20 pmm — = sec
Wpmm
Modulating single tone frequency: pmm = 5 fpmm = 15-MHz (3.2.7.1)
-
. 1
Modulating single tone period: Tomm= 7 Tomm = 0.07-ps (3.2.7.2)
p finmm p
p
Phase modulation index: Mo = 6
Carson bandwidth: Carsd := 2-Wppm- (M + 1)" (3.2.73)
Sampling frequency (Nyquist rate): fspm:: 2-Cars4" R fspm:: loo'fcpm
fspm = 60-GHz 32.7.4)
. Grads
Sampling angular frequency: Wspm = 2~1T~fspm. Wspm = 376.99- soc
1
Sampling period: Tspm =, Tspm =0-ps,
fspm
k
Sampling time step: npmy = ——, (3.2.7.5)
fspm
NOgq 1
L ) (3.2.7.6)
fspm Tiest
npm' =[ [0 [t 2[5 a5 67 [8]0]
[of of of of of of of of of o
Apm =20V me(t) = V9pm(t’fcpm’fpmm’Apm’mpmAO) (3.2.7.7)
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u9g

L

PM (single tone) Waveform

0 1x10? 21077 3x1077  4x107°
u9 = me(npmk) (3.2.7.8)
Sampled PM Waveform
fg I |
ML LA LA
o [OAFH [
-20
0 100 200
k
Fig.:3.2.7.1
Approximate signal reconstruction according to the Shannon sampling theorem:
NOg -1
Wieg = Wepm sh8(t) = Z (u9n-sinc(wt58-t - n-'rr)) (3.2.7.9)
n=20
40-Tepp
tpm = OTcpm’OTcpm + W . 40Tcpm I'tgd =10-%
Waveform of The Reconstructed Signal
0 1.042x10°° 2.083x10"° 3.125%107° 4.167x107°
thm
Fig.:3.2.7.2
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Vip

X9 := fft(u9)

Output signal spectrum

f] T

Ju—

arg(X‘)k) 0
L

-1

Phase spectrum

C

|

ﬂ

J
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-2
0 1x10'°
" fspm fspm
NOgq NOgq
t
=45V Exact output: Vopm(t) = J w(t-0)-Vyy(0) do (3.2.7.10)
0
Tcpm =0-ps Tpmm =0.07-ps
1
Output Voltage Waveform
Vsaf
Vopm(tpm
T'pm Tcpm
Fig.:3.2.7.3
Vopm(npmk)
Opmyg i= ————— 3.2.7.11
Pk volt ( )
3 Sampled PM signal Waveform
5x10° T
0
Opmy
~5x10F .
-0.01 : : :
0 2x107° 4x107° 6x107°
npmy
Fig.:3.2.7.4




Fourier Transform of the Test signal

f,
fcpm = 0.6-GHz spm _ 100
cpm
Grads
ll’lpm =6 wpmm = 009@

OSpecpm := fft(Opm)

Output signal spectrum

. ‘
0,037~ |OSpecprml }
‘OSpecpmk‘
L 0. s
‘Specpmk‘
- 0.01 :
0 1
0 1x10'°
fspm
NOgg
Fig.:3.2.7.5

Wdbw3 = 20-log(| Wiy (i-w3c)|)

o, is the angular frequency of the carrier

(3.2.7.12)

Phase spectrum

T

pm
arg(OSpecpmk) 2*% )
. ot U
arg(Specpmk) 3
_______ =27 B
_4 ‘ L
0 1x10'°
k-fSpm
Nogd
Fig.:3.2.7.6

Wdbw3,, = 5.85-dB

Magnitude of W(w)
40 W3t 3
W= e 4egH—A ‘—)——}
, ! 3
20-log(|Wip(-w)|) !
—_— oL 1 o A Il
ee | \
-20 !
—40 ‘
100 1x10° x10* 1x10° 1x10° 1x10”
w
Fig.:3.2.7.7
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3.3

Equivalent Digital Low Pass Filter (I°order)

3.3.1) Z-transfer function of the I° Order Low Pass Digital Filter

Chosen sampling period: T3¢ = 1388.89-ns place: Ty := T3

A3'UJ

. . 3 . o
Given the transfer function: Wlp(s) = T o I can find its z-transform in this way:
S UJ3

-1 1 W W —1
with the change of variable: s = ,we canplace: — = —, s = —-(1 -z ),
S S -TC 2.7t
Az = Ay Tg:=Ty w3:=wy si=§ zZ:=12Z
Transfer function z-transform:
-1
bstitute ,s = —z
Aywy | ’ T Ay Towsz
33 s 31s'W3
Hlo(z) = -
S+ W3 | collect,z Z'(Ts""’3 + 1) -1

and after some algebraic manipulation and the definition of the following parameters:

Az-wy- Ty

B0 = (1+wyT) ! Ay =-10

a0 = m

ol = -1.157482795 , B0 = 0.88425172 ,

you get the following result for the t. f. as a function of z:

1
1-p0-z"

H1,(z) = 00 T = 1388.89-ns

1
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3.3 Equivalent Digital Low Pass Filter (1°order)

3.3.2) Difference equations (Low Pass filter(I°order)). Canonical form

Given the z transfer function H1(z) = a0-

1-B0-z

Hl,(z) =

and place: 1)

T I can split it so that:

Y(z) _ Y(z) W_(2)
X(z)  W_(2)

which, inverting the z transform, gives :
x(n) = w_(n)

The corresponding set of difference equations is:

"N (2) = W _(2) - B0z

W _(2)

—B0-w_(n-1)

1) w(n) = x(n) + BO~w(n— 1)

2) y(n) = a0-w(n)

1
a0 := ol B0 := 30 lim o¢0~71 —> ol
z— o0 1-80-z"
Xn-a, W W, W, bﬂ
+ n=a,W,,= W n +
x—i@ A o @y,
+ bt)wn +
Wn
-aWw, Eﬂ b,w,,
w
-3, w n-1w b,
/!\ n-1 n-1 /!\
'a1wn-1 b1"'\'rn-1
Fig.:3.3.2.1
[¥] DELPF1OCF
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3.3 Equivalent Digital Low Pass Filter (I1°order)

For each test signal there would be shown the following results:

1) Sequence of the periodic response,

R) Digital first order low pass filter difference equations,
B) Schematic,

) Graphics,

5) Comparison of the Bode plots of the z and s transfer functig

333) Sequence of the Voltage step response

Digital first order low pass filter difference equations:

. . . . uly
dimensionless input signal: ~ uly = Vstpsl(n3ksvpp) vi1 (k) = Yot
Unit Pulses Sequence.
Vpp =4500my - r ‘
ar :
uly b |
L
o—— B
-10 0 20 30
k
fig.:3.3.3.1)
T3S UJ3
sec
wl = wly1<0> yl = wlyl<1> al = (w1y1<2>)0
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ns

rows(ul) = 256

Bl := (w1y1<3>)0




3.3 Equivalent Digital Low Pass Filter (I°order)
Sequence of the function w Sequence of the response 3.3.4) Sequence of the short Voltage pulse response.
40 O e
30 - 10 Ts= Tg3sp
-20
wlg 20 ylk 4.
’ o ti= -2 2 Tow
10 40 BZ 2 Tpwe T Tpw T 5000 7 TEW
0 -50
0 25 50 75 100 0 25 50 75 100 Sampled Input
0.006 T T
k k T3svp T3svpT Tpw V.
e e e T e 1]
fig.:3.3.3.2 fig.:3.33.3 0.004
V(D
100-75 —
tl = 0T3 ,0'T3 + m . 100‘1’3 uddy 0.002
Graph of the step response y(t)
—2x107° 0 2x107° 4x107°
E t,
£ Ds3sp,
Z fig.:3.3.4.1
3
Digital first order low pass filter difference equations:
dimensionless input signal: ViZ(k) = uddy
tl
time as multiple of T T
fig.:3.33.4 Ww2y2 = DELPFIOCE| vy, Ay, P 10s. > N0
g.:3.3.3. yer 12°03>7 g ¥ 3 g ed
w2 = w2y2<0> y2 = w2y2<l> a2 = (w2y2<2>)0 B2 := (w2y2<3>) 0
Xn=a W, W, w ;ﬂ
+ n=a,Wpq1 = W n +
Xn 4’. - e = = '
+4 bt)wn +
Whn
¥
-a W, 4 Eﬂ b,w,
W
-a, w n_1w b,
. n-1 n-1 /!\
'a1wn-1 l:)1""’n-1
Fig.:3.3.4.2
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Sequence of w

Sequence of the response

0.15r— T O TN
T3svp TpwhT3svp T "llH!l |!!||I!I|| I I!' " "ll'ﬂ!l
0.1 -0.02| |
w2 | y2 |
©o00s) S oodl |
L e — A
0 21070 4x107° 0 2107° 4x107°
Ms3sp, 's3sp,
fig.:3.3.4.3 fig.:3.3.44
4.7
_ =). p— pw .
Li=-2 Tow> 2 Tpw + 5000 .2 Tpw
Graph of the Short Pulse Response
0
3 V; =001V
oo V. =45V
2 pp~
&
—-0.04

time as multiple of T

fig.:3.3.4.5
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3.3 Equivalent Digital Low Pass Filter (I1°order)

3.3.5) Sequence of the Bipolar Pulse train response Ls= Tssqw
1
Tiest = 13-33-ps Ty = 138.89-ns T3 =10.61-ps fy = T wg = 2+
s
i i = . 1
Chosen test signal period, Tioq = 13333.33-ns = — 0.08-MHz
test

. Vi Trests
Laplace transform of the test signal: Vip(s) = —-tanh n
s

ulg = Vsqwb(“sqwk)

Pulse amplitude £V;:

Pulses Sequence.

0 100 200
k

fig.:3.3.5.1
Digital first order low pass filter difference equations:

‘ ‘ ‘ VI

"] ‘ ‘ ‘ ‘
0

3

u3gk )
L

—5x10

dimensionless input signal: Vi3(k) = u3k

T
w3y3 = DELPFlOCF[vB Ay g ,NOgd]

w3 = w3y3<0> y3 = w3y3<1> a3 = (w3y3<2>)0 B3 = (w3y3<3>)0

a3 =-0.12920836 , B3 = 0.987079164 ,

you get the following result for the t. f. as a function of z:

1
Hlg(z) = 03— Tg=13889ns
1-063-z
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NOgq = 256

b
Xn=a,W_. = Wy Wp 0
+ 1 n1 +
o o o
Wn
-aw,, Eﬂ bW, 4
w
-a, w Mw b,
/i\ n-1 n-1 /!\
'a1wn-1 b1WIn-1
Fig.:3.3.5.2
Sequence of w Sequence of the response
0.2 0.02
0.01
0.1
0 \
||| ~0.01
0 v
—-0.02
-0.1 _
0 6375 1275 19125 255 0.03 s s s s
0 1x10 2x10 3x10 4x10
Fig.:3.3.5.3 Fig.:3.3.54
Sampled signal:
Spec2x := FFT(y3)
Amplitude Spectrum Phase spectrum
— i
Tt iﬁa’xﬁ Spéézﬂ’)’ 3 st
2
JSpeCZXk‘ !arg(spechk) 1
0 01 5
SIS
-1
1x10°  2x10°  3x10° -2 . . .
£ 0 1x10° 2x10° 3x10
s
k- f
NOgq K.
Nogd
Fig.:3.3.5.5 Fig.:3.3.5.6
Mrads Mrads
wq = 0.09- w. =0.47-
3 sec test sec
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J*Wiact T,
20~10g(‘H10(eJ test S)

)
)

j-w-T
HdB1(w) = 20~10g(‘H10(eJ S)

j Wiegt'T
HdBc := 20~10g(‘H10(eJ st Ts)

) =5.8-dB

pl(w) = arg(Hlo(ej.w.Ts))

j-w3-T
plc = arg(Hlo(eJ 3 S))

w3
Wiat Uy — =
w3 w3 test -0 UO wg
W= Ui ,Ui + 5 ..Uo'wtest w =96
0 *0 4.U0 test
Magnitude of H(z) Phase of H(z)
; ©1(w) 3
HdB1(w —
—( ) arg(Wlp(jAu)))
« HdBe o === 2
— s
Adp(w) ole
- pie. 1
0
100 1x10*  1x10®  1x10®
w w
w w
Fig.:3.3.5.7 Fig.:3.3.5.8
Normalized Magnitude of H(z) and W(jw)
oF——=
Jrw Ty
Hlg\e
20-log ‘Ag,‘
‘WIP(J w)‘ -20
20-log
|As]
Jrwe T,
‘Hlo(e test s)
20-log
‘A3‘ - 40
100 1x10°  1x10*  1x10°  1x10°  1x107  1x10°
w
Fig.:3.3.5.9
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3.3 Equivalent Digital Low Pass Filter (I1°order)

3.3.6) Sequence of the Cusp test signal response. Definition:
udyg = v

incspy
s = Tocsp Az =-10
8T
test
3= 4 Tegs 4 Tiegt + 000~ 1000 4 Tegt
Test signal Sampled test signal

Pv:vtcTtéest Tt:est
A\ s
o) BT !
2 |

0 | Vi

i J i
0 1.333x10.667x10 3x103.333x10~ 0 1x107° 2x107° 3x107° &10”

5 5
t3 Minesp,
Fig.:3.3.6.1 Fig.3.3.6.2
Cusps sequence of amplitude V;:
Digital first order low pass filter recurrence relations:
dimensionless input signal: vig(k) = udy B_S =96
Tocsp
wdy4 := DELPFIOCF| vig, A3, — ,w E ‘NOgg
w4 = w4y4<0> y4 = w4y4<1> o4 = (w4y4<2>)0 B4 = (w4y4<3>)0
4 =-0.12920836 , B34 = 0.987079164 ,
you get the following result for the t. f. as a function of z:
1
Hle(z) = od- — Ty=138.89ns
1-034-2z
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0
. . Xp=-a 1 w Wp Whn " y
n . - " . 0
+ b()wn
Wn
-a W, , Eﬂ b,w,
.a wn-1
W'n-1 W|n A1
'a1wn-1 l:)1"\'.n-1
Fig.:3.3.6.3
Sequence of the state function w
150
100
50
0
0 1x1072x107 3x10” 4x10”
Fig.:3.3.6.4
Sequence of the periodic response
Y4k -3
L

- 10
Vocsp (nincspk)
---- ~15

-20

0 1x1072x107 23x10™ 24x10~

n:
incspy

Fig.:3.3.6.5




Filter Transient Output

07 I
Voesp() i
IO —10 \
-20 5
-6 —5 —5 —5 —5
1.333x10 1.433x10 2.733x10 4.033x10 5.333x10
t
Fig.:3.3.6.6

Specdx := FFT(y4)

Amplitude Spectrum

Phase spectrum

-20
og| ———
3

x10® 2x10°  3x10°
f,
S
k- £,
NOgd k- S
N0gq
Fig.:3.3.6.7 Fig.:3.3.6.8
o=
test'Ts)
43| - 40
100 1x10°  1x10*  1x10°  1x10®  1x107  1x10%
. w max( | Vocus
Fig.:3.3.6.9 max(|Vocusp|)
max( |Specdx|)
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3.3 Equivalent Digital Low Pass Filter (I°order)

337) Sequence of the Sawtooth response
Sawtooth sequence of amplitude V;:
Digital first order low pass filter recurrence relations:

. . . . ulOk
dimensionless input signal:

Vis(k) =

T

SSW

SSW S

w5 = w5y5<0> yS = w5y5<1>

asd =-0.12920836 ,

B35 = 0.987079164 ,

you get the following result for the t. f. as a function of z:

1

Hlo(2) = o5 - Ts=13889ns
1-0352z
aw \} \ bﬂ
Xn= = n n
+ 1 n1 +
Xn _>. ’!\ b . * Yo
+ oW s
Whn
-aw,, Eﬂ bW, 4
W
-31 n-1 b1
w W
j.\ n-1 n-1 2\
-a1w"_1 b1wn-1
Fig.:3.3.7.1
State function sequence Sequence of the response
100 15 T
5 10
Yok -
L 5 m
Voswc(nswk) 0
""" -5
- 100 -10 :
0 100 200 0 2><1075 4><1075
n,
SWie
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Fig.:3.3.7.2 Fig.:3.3.7.3

Spec5o := FFT(y5)
3.3 Equivalent Digital Low Pass Filter (I°order)

Amplitude Spectrum Phase spectrum

3.38) Sequence of the (single tone) Frequency Modulated carrier response

dimensionless input signal:  v;c(k) := u8 Ts= Tefim

JSpeCSOk‘

Tst
WOY6 = DELPF]OCF(vi6 Ay ey ,NOgdj
S ra

w6 = w6y v6 = woy6 a6 = (w6y6<2>)0 86 = (w6y6<3>)0
a6 = —0.03131754 ,  B6 = 0.996868246 ,

0 1x10® 2x10% 3x10°

‘ 0 1x10°  2x10®  3x10°

s
k- f,
NOgd k- S
Nogq
Digital first order low pass filter difference relations:
Fig.:3.3.7.4 Fig.:3.3.7.5 b
SN = 0
Xp=a,W_ .= Wp Whn
max( | SpeCSO\) + "y ,*\ +
— 5 =1 Ty =0.14-ps Xn —>. > bW .—'Vn
max| |Spec5o| * "ot
Wi
Normalized Magnitude of H(z) and W(jw)
o - a1wn-1 Eﬂ b1wn—1
j-wT
‘Illo(e S)
20-log w
|A3] a "va b,
o Wi o) ~20 BT h Y
* |A3] "4, Wh b,w,
\Hlo(g “’teszS) Fig.:3.3.8.1
20-1 —_—
" |43 -40 . .
you get the following result for the t. f. as a function of z:
. 1 —
100 1x10°  1x10*  1x10°  1x10°  1x107  1x10® Hlo(?) = 06 = T5=3333ms
1-B6-z
w
FM signal FM Spectrum (sinus. test signal)
Fig.:3.3.7.6

L‘AJn(ki ’mfm)‘

Fig.:3.3.8.3
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X8 := fft(u8)

Sampled FM signal

0.2
0.1
8 0‘\\\\‘ \‘ | ‘
L
-0.1
-0.2
0 100 200
k
Fig.:3.3.8.4

Sequence of the function w

0.5 T T

1 ! !
0 100 200

Fig.:3.3.8.6

Spec6 := fft(y6)

FM Signal spectrum

BT T ! ]
0.04 ‘LC {max(SpecG)—L
Spect ‘0.0337 1
ec !
[Ptk 0.02
0.01F
'L 1
0 2x10° 4x10®  ex10°
k_fsfm
NOgq
Fig.:3.3.8.8

FM spectrum

0.4 b
| X8|
* 0.2
0
0 5x10°  1x10”  1.5x107
K fsfm
Nogd
Fig.:3.3.8.5
f.
sfm
—— = 400
f3c
Sequence of the response
0.02 T T
0.01
0
-0.011- b
-0.02 ‘ ‘
0 100 200
Fig.:3.3.8.7
f
f3c = 0.08-MHz s - 96
1(?’C
1
mg, = 8 Winm = 942477.8 g
Phase spectrum
C T T
2
arg(Specék) 0 w‘um
L
-2
4 | |
0 s<10°  1x10"  1.5x10”
K fsfm
Nogd
Fig.:3.3.8.9
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max( |Spec6|) = 0.09

Normalized Magnitude of H(z) and W(jw)

,,,,,, ,,J,,,,J,,,,,,,,,,,,,,,e
IRl N ‘”(é’t‘est ,,,,,,,,,,,, !
= o
> -
~60 L
100 1x10°  1x10®  1x10°  1x10®  1x107  1x10®
w
Fig.:33.8.10
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3.3 Equivalent Digital Low Pass Filter (1°order)

3.3.9) Sequence of the Phase Modulated carrier response.

Mpm = 6
dimensionless input signal:

Vi7(k) = u9g Ts= Tspm

Tspm S

w7 = w7y7<0> y7 = w7y7<1> a7 = (w7y7<2>) B7 = (w7y7<3>)0
a7 =-1.570793859 x 10_5 R B7 = 0.999998429 ,
Xp-2, W, W, W, bﬂ
+ =@, Wy, = Wn n +
Xn —>. /!\ ._' Yo
+ bnwn +
Wi
-aWw, Eﬂ bW,
w
_a1 n-1 b1
/i\ wn 1 wn-1 /!\
'a1wn-1 b1“'\'rn-1

Fig.:3.3.9.1

you get the following result for the t. f. as a function of z:

1

Hlg(2) = 07— T, = 0.02:ns
1-0372z
PM test signal PM Spectrum (sinus. test signal)
20 8
10 6
Vpm(tpm) 0 L g L\A-Jn(ki,mpm)‘ 4
~10 2
0
-20 z 20 -10 0 10 “*20
— 107.499999981999 99529 BTBRINI6x 10 ki
tpm
mpm =6 Fig.:3.3.9.2 Fig.:3.3.9.3

7

Sampled PM signal

PM Signal spectrum

20 T
e
100F ‘max(X‘))
10
X9
1191( 0 J ‘ 50 i
10 ‘
O‘ ‘HHHHH\HHHHHmmm I
-20 10
100 200 0 1x10
k fspm
NOgd
Fig.:3.3.9.4 Fig.:3.3.9.5
fspm
= 800000
c
Sequence of the state function w 3 Sequence of the response
600 T T 5x10™ T T
0
Wk | ¥k
* - - 5><10_3’
- 400 ‘ ‘ -0.01 ‘ ‘
0 100 200 0 100 200
k k
Fig.:3.3.9.6 Fig.:3.3.9.7
f
spm
3, = 0.08-MHz P 800000
c
Mrads
Spec? = FFT(y7) mpm=6  wWppm = 9425 ==
PM Signal spectrum Phase spectrum
T T
1.5x10~ 7
1x10~° . 2
JSpec7k‘ arg(Spec7k)
L] 1
<1074 .
0
0 s<10°  1x10'%  1.5x10"° 0 11010 2x10'%  3x10"°
. fspm . fspm
NOgq NOgq
Fig.:3.3.9.8 Fig.:3.3.9.9
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3.3 Equivalent Digital Low Pass Filter (I°order)

3.3.10) BODE plot (Low Pass Analog v. s. Digital filter(Iorder))

20-log(|a7|) = -96.08
W1dB(w) = 20-log(‘Wlp(j -w)‘)

Ty =0.02-ns

Normalized Magnitude of H(z) and W(jw)

owl(w) = arg(Wlp(j w))

il
jrwTy
Hlgle
20-log
A3
S L
Wip(-w)
so1oq] [V1pG )
|A3]
JrWiagr To
‘Hlo(e test s) _ 40
20-log ‘A3‘
- 60 .
100 1x10° 1x10* 1x10° 1x10° 1x107 1x10% 1x10°
w
fig.:3.3.10.1
The Phase of H(z)and W(jw) Attenuation
w3 W W3Wiegt
3 ) i -
i 30 I
pl(w) NS b
pylw? R ™ g 20
plc 2 Ny
1 | 10 A
A Y Y R S 3
0 ‘ 0 0 ‘ o
100 10t wa0® ixaod 100 10t 1x10®  x10®  1x10'°
w w
fig.:3.3.10.2 fig.:3.3.10.3
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3.4

Transfer Function Sequence Obtained by the Synthetic
Division Algorithm.

For each test signal would be shown the following results:

1) Sequence of the periodic response,

) Digital first order low pass filter difference equations,
B) Schematic,

“) Graphics,

5) Comparison of the Bode plots of the z and s transfer functions

00 and B0 are functions of the sampling period which in turn it depends from the kind of signal used.

Te= T3g
Aq-wr T
3'%3" s -1
0= —— 0=(1+wzT Ay =-10
0% Myuyen) P (1+w3Ty) 3
_ 1
H1,(z) = 00 —
1-00-z
Numerator degree N, := 1 Denominator degree M := 1
N1 := N, +My NOgd =256 hlg:=0
A generic first order transfer function in the z domain takes this form:
-1
bg+by-z
H(Z) - 0 1
ag+aypz !
The coefficients of the numerator and denominator can be defined as the elements of two vectors, namely a and b,
hence:
Numerator coeffs Denominator coeffs
nl = 1..N0gd— 1 by =00 an1 = 0.0
bo = al ag =1
b1 =0 a; = —p30

and divide the two polynomial by means of the following algorithm:

nl

1
hlyy = ;0' bni — Z (hlnl—i'ai)
i=1

bo
Nl=2 hlg= —
ag
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[ ]
v

y8y = Z (if(v =k > 0,hl-ulyx,0))
k=0

[F]IACAN

ul
tfsl = IACAN(V A3, T3¢, ws ,NOgdj

a0:= (i519), g (8519) s1= (181 @), Bt = (s19), b=
a= (tfsl<2>) b= (tfsl<3>)

T. F. Numerator coefficients:

a = 1] -088] 0] 0] 0] 0] 0] 0] -]

T. F. Denominator coefficients:

bT=H0\1\2\3\4\5\6\7\8\

o] -116] o] o] o] o] o] o] of ]

Sequence of the Impulse response:

h1™ =0 "o o[ of of ]
rows(hl)—1
Stability (S1<): Sl = Z hly| S1 =10
k=0
rows(h1)-1
Energy of the sequence h1: Ell = z (\hlk\)z Ell = 6.14
k=0
4 Impulse Response Impulse Response Sequence
9.425x10 0 Huwmmw T
~1.885x10° | |
w(tl) ! _05 i
- Agwy(thwyl) 09 j hily
- ! 1 |
~7.54x10°
! boo--Ag-wg
~1.037x10°— : -1 L
0 51075 1x10~ 0 10 20 30 40 50
il k
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3.4 Transfer Function Sequence obtained by an Algorithm. Convoluting Output.

3.4.1) Sequence of the voltage step response.

Ts= Tg3sp

ul
tfs2 = IACAN(V y A3 N TS3Sp N U.)3 N NOgd)

a8 = (tfs2<0>)0 B8 = (tf52<0>)1 S1:= (tf52<0>)2

a:= (tfsl<2>) b= (tfsl<3>) y8 = (tfsl<4>)

T. F. Numerator coefficients:

al=[ o[ 12 [s a5 e 7 [s]
| 1] -oss] o] o] o] o] o] o] .|

lo
T. F. Denominator coefficients:

bT:}

o [ 1 [ 23 [afs 6 [7 s8]
o]

-1.16] o] o] o] o] o] o] o] .

Sequence of the Impulse response:

hT=[Jof1 2 s alsTe]7[s o]
[o] o] o] of of of of of of o] .]|
Pulses Sequence. Sequence
6 20
4 0 A~ -\
y8k
Flu 2 L 220
0 v —40
-2 0 10 20 30 40 50
0 10 20 K
v
fig.:3.4.1.1 fig.:3.4.1.2
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3.4 Transfer Function Sequence obtained by an Algorithm. Convoluting Output.

3.4.2) Sequence of the Short Voltage Pulse response.

tfs3 == IACAN(u44, A3, T, w3, NOyy)

0= (1139))  po= (113@), 51 (639), = (39), pipes s

9= (63?) o= (839)  yo = (tr39)

T. F. Numerator coefficients:

a0l [ [ o [ 1 2 3 4 5 6 7 8
[o] 1] -019] o] o] o] o] o] o]
T. F. Denominator coefficients:
ol =[ [ o 1 2 3 4 5 6 7 8
[o] -807] o] o] o] o] o] o] o]
Sequence of the Impulse response:
=0 [ 2 E
[o] -8.0728| -1.5558 | -0.2998 |
Sequence of w Sequence of the response
0
-0.02
uddy y9k
L L
-0.04
-3 0 21077 4x107°
n
s3spk
fig.:3.4.2.2
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3.4 Transfer Function Sequence obtained by an Algorithm. Convoluting Output.

3.4.3) Sequence of the Bipolar Pulse train response:

Ts= Tssqw

tfsd == IACAN(u3, A3, Tgqy - w3, NOgg)

Bl = (o640)

a10:= (i5540) B10:= (1754@), st:= (t5s4),

all = (tfs4<2>) bll := (tfs4<3>) yl0 := (tfs4<4>)

b
% . I Xn-a W, 4= Whn Whn /!\0 . I v,
+

n-1
-;\1 wn 1 wn 1 ;\1
* - *
- a‘|‘Nn—1 I:)1 Wi
T. F. Numerator coefficients:

al 1T [ ] o 1 2 3 4 5 6 7 8

[o] 1| -0.99] o] o] o] o] o] o]
T. F. Denominator coefficients:
bl lT _[] o 1 2 3 4 5 6 7 8

[o] -013] o] o] o] o] o] o] o]
Sequence of the Impulse response:
=[]0 [ 1 2 3 Z

[o] -0.1292 | -0.1275 | -0.1259 | -0.1243 | H
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bl = thsdll?




Pulses Sequence. Sequence
0.02
5x10 0.01
0
u3yk y10g
° + -0.01
_ —-0.02
—5x10
-0.03
0 20 40 60 80
k k
fig.:3.4.3.1 fig.:3.4.3.2

3.4 Transfer Function Sequence obtained by an Algorithm. Convoluting Output.

3.4.4) Sequence of the Cusp wave response.

Ls= Tocsp

tfs5 == IACAN(u4, A3, Toeqp . w3 NOgq)
atl = (t659) pr1=(559), s1i= (i6559), Bl = (1655)

a2 = (t55?) b2 (55®) V= (1555

T. F. Numerator coefficients:

a2’ =[ [0 [+ [2 s a5 [ [ 7 [s |
12 [o] 1l -099] o[ o of o] of of ]

T. F. Denominator coefficients:

pif=[ [ o [+ [ 2oTs[ 45 s [7 [s]
[o] -0a3] o] of o] o] of o] of ]

Sequence of the Impulse response:

niet =0 [ 1 T [ e )
[o] -0.1292 -0.1275 | -0.1259 | -0.1243 | ]

85

100

12 = tfssil

udy

Pulses Sequence.

0
150

Sequence

- 10
Vocsp(nincspk>

yllk ‘
h R

- 157

~20
0 1x107° 2x107° 3x107°

Mincsp,

fig.:3.4.4.2
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3.4 Transfer Function Sequence obtained by an Algorithm. Convoluting Output.

3.4.5) Sequence of the Sawtooth response.

Ts.= Tssw

ul0
tfs6 = IACAN(V , A3 s TOCSp , W3, NOgd)

a12:= (i1569) ) p12:= (its6®), st:= (i5s6),

a3 = (t562) 13 = (16) 12 = (t£s6)

T. F. Numerator coefficients:

o B 2

0 1] -099] o] o] o] o] o] of ]

T. F. Denominator coefficients:

b13T=H0\1\2\3\4\5\6\7\8\

o] -0a3 o] o] o] o] o] o] of  ..]

Sequence of the Impulse response:

Bl = (16567),

1V e I R A R I R
[o] -0.1292| -0.1275 | -0.1259 | -0.1243 ]
Pulses Sequence. Sequence
b T T
50 .
y12
: L
ulOg 0 0 Voswc(nswk)
1 ———-
— 5—: -
% \ \ 0 1x107°2x107 2 3x107°
0 100 200 N
SW
k
fig.:3.4.5.1 fig.:3.4.5.2
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hi3 = th6\

3.4 Transfer Function Sequence obtained by an Algorithm. Convoluting Output.

3.4.6) Sequence of the Frequency Modulated carrier response.

L= Tsfm

tfs7 := IACAN(u8 , A3, Ty - w3, NOgq)

a13:= (679),  p13:= (i179), st:= (i6s79), Bl = (579),  ni4m w7

ald = (t67?)  b14a= (7)) y13 = (e87%)

T. F. Numerator coefficients:

a14T:H0\1\2\3\4\5\6\7\8\

0 1| -0.99] o] o] o] 0] o] o]

T. F. Denominator coefficients:

-0.13] o] o] o] o] o] o] of .

b14T:H°\1\2\3\4\5\6\7\8\
0

Sequence of the Impulse response:

nat [0 1 T2 [ e )
[o] -0.1292 | -0.1275 | -0.1259 | -0.1243 | N
Pulses Sequence. Sequence
0.2 T 0.1 T
o ol \\‘\‘\‘ ;
L 1
—0.1F !
_ o ! !
0 50 100
k k
fig.:3.4.6.1 fig.:3.4.6.2
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3.4 Transfer Function Sequence obtained by an Algorithm. Convoluting Output.
3.4.7) Sequence of the Phase Modulated carrier response.

o= Tspm

158 := TACAN(u9, A3, Toggp > w3 N0gq)

ata:= (i89) p14:= (i58@), st1:= (i5s8), Bl = (858©),  nis o s

al4 = (tf58<2>) bl4 = (tfs8<3>) yl4 = (tfs8<4>)

T. F. Numerator coefficients:

a14T:H0\1\2\3\4\5\6\7\8\
0

1] -099] o] o] o] o] o] of .

T. F. Denominator coefficients:

pla" <[ [ o [ v 2[5 a]5s e [7 [5]
[o] -0a13] o] o] o] o] o] o] of .

Sequence of the Impulse response:

nisT=[] o [1 T s e
[o] -0.1292| -0.1275 | -0.1259 | -0.1243 | N
Pulses Sequence. Sequence
20 i 60
40
10
20
Wk 0 0 yl4k O A
1 1 -
| -20
I
-10 i —40
| 60
-20
0 100 200 0 100 200
k k
fig.:3.4.7.1 fig.:3.4.7.2
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3.5
Search of the output discrete time sequence by a
discrete convolution

For each test signal would be shown the following results:

1) Sequence of the periodic response,

R) Digital first order low pass filter difference equations,
B) Schematic,

) Graphics,

5) Comparison of the Bode plots of the z and s transfer functions

The sequence corresponding to the transfer function, can be found using the "invztrans" MATHCAD's operator as
follows:

al = al B30 := B0 k:=k

Transfer function parameters definition:

A3~UJ3-T3S —1l
al = 7(“5“3 " 1) B0 = (1 + w3‘T3S) Ay =-10

ol = -1.157482795 , B30 = 0.88425172 ,

1
hlk = oco-il invztrans ,z,k — a0-30
1-p30-z

The result is the sequence of the impulse response, here depicted:

Sequence of the Impulse Response.

0
-0.5
hly

-1

-1.5

20 40 60 80 100
k
fig.:3.5.1

The Output of the Digital System is given by the discrete convolution between the input signal (the discrete
time sequence) and the discrete impulse response of the System:
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Output amplitude

nl
yl15,1 = Z (if(n1 =k > 0,hlg-ulpi_k,0))
k=0

Sequence of the response.

Step response y(t)

y15k
[ ]

5

5

4x10~
tl k
time as multiple of T

fig.:3.5.2

0 2x10~

fig.:3.5.3

Knowing the sequences of any input, that of the impulse response and the relative Z transforms, the
z-inverse transform of the product of the two z functions can be determined, it corresponds to the
convolution of the two sequences, as follows:

NI-1 NOgg-1
X(z) = Z (uln-z‘ “) H3(z) = Z (h1n~z_ “) Y9(z) := H3(z)-X(2)
n=0 n=0
Vi~Z

input signal: V; ztrans — 1
7 —

System output corresponding to the z-anti transform of the product:

Vi-z |invztrans,z,k Vi~0L0~(BOk+1—1)

simplify 801

¥16k = a0 ——————
1-poz ' z-1

0
]
-0.02

Sequence of the step response.

6k .03
~0.04
—0.05p----1---
0 125 25 375 S50 625 75 87.5 100
K
fig.:3.5.4

Tiest = 13:33-is

Example: sinusoidal input:
91

Signal amplitude: V= Vpp’
Signal frequency:  fio = 0.08-MHz,

arbitrary sampling frequency:  fg:= 10-fi¢ , f5=0.75-MHz (5.8)
Grad:
sampling angular frequency:  wg:= 2-m-fy. wg= O-E,
sec
1
sampling period: T := T Ty = 1333.33ns,
s
L k
sampling time step: ny := e Nogd =256 (5.8)
s
NOgd
Ts~f3 =512 NOgd =256 . (3.8)
L. p. filter Input: x2y := Vm-sin(wtest-nk) (3.8.39)
AT = njg—ng AT = 1.33-ps
M
Z transform of the input signal: W= Wiest w =047 rads AT = 1333.33-ns
sec
AT := AT wi= w V; =001V

Vi~z~sin(w~AT)

ni=n V;=V; Vi-sin(w-nAT) ztrans —>
— 2-cos(w-AT)-z+ 1
Iplace: K2 := sin(AT-w) cos(AT-w) = /1 -K22 J1-K22 = 081

Computing the corresponding sequence the result returned for the symbolic operation is too large
to be displayed, but can be used for other calculations if assigned to a function.

Az3=-10  20-log(|Wip(i- [w3-wg)|) = 2.92
w3
wy w3 wtest'UO_Uio
LTI T U2 - Vo Wrest
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dB

HdB1(w)
W1dB(w)

W1dB( [w3-wy)

QIEB(Z-wteSt) ~20

- 40
100

l><103

BODE Plots of H(z) compared with that of W(jw)
The bilinear transformation
| | 3.6.1) Z-transfer function of the I° Order Low Pass Digital Filter
1 | For each test signal would be shown the following results:
3 3 1) Sequence of the periodic response,
! ! R) Digital first order low pass filter difference equations,
‘ ‘ B) Schematic,
1x10* 1x10° 1x10° 1x10” 1x10° 1) Graphics,
w 5) Comparison of the Bode plots of the z and s transfer functions
: 2 [1-7"
fig.:3.5.5 Basic assumption: Bilinear transformation: s = —- mE
s\l+z
the amplitude response of the analog function is preserved.
2.
Ay = Ag w3i= Wy Wg = Wy ws=l i_ﬁ
Ty T -~
s T
. W [ 1-2" 1
substitute ,s = —- _
Az-wg T \l+z z+1
Hl11 = (7t An-
t(Z) s+ w; collect,z - Z~(ws+‘rr-w3) — Wy + w3 (Tr 3 w3)
collect, Az~ w3
Hence the Transfer function's z-transform is:
'
|:7T'A3~W3~(l +z l):|
Hi11(z) =
wg—Tw3
(ws +7r-w3)- l-7————<2
( wg + ‘n’-w3)
The following new parameters are necessary for the design of the digital filter:
ws—':r-w3 ‘IT-A3~UJ3
60 = ——, X0 = ————,
U.)S+’TF‘U.)3 ws+7'r~w3
krads
w3 = 94.25-T , 50 = 0.881765205 , X0 =—0.5911739744
the new t. f. is:
-1
1
HI1(2) = X0-— = 1
1-60-z
50 := 80 X0 := x0
142!
Z T. Initial value theorem: lim |Xx0-————| > %0 X0 =-0.59
2o 1-80z !
93 94




-1
Z T. Final value theorem: lim )(0-14—7Z - X0 if 80 =0
250 1-802"" 80
undefined otherwise

w0 T
‘Hll(ej v S)

v

Normalized Magnitude of H11(z) and W(jw)

H11dBN(w) := 20.1og[ WIdBN(w) := 20-10g[

d
-20 LT 771
—40
- 60
- 80 |

100 1x10° 1x10% 1x10° 1x10° 1x107 1x10% 1x10°

w

fig.:3.6.1
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[ 3.6 Equivalent Digital Low Pass Filter (I°order) - The bilinear transformation

3.6.2) Difference equations (Low Pass filter(I°order)).
Canonical form

Y0 _ Y W)
B = 30 = Wi X0
) olier)

Y(z) = x0-W(z) +Xx0-2~ 1-W(z)

D y(k) = x0-(wlk) + wlk - 1))

W(z) _ 1
X(2)  (1-50271)

X(z) = (1-80-271)-W(2) = W(2) - 80-2~ - W(2)

2) x(n) = w(n) - 80-w(n—1)

b
- 0
e Xn=A,W = Wy ) .
Xn —b. O ._— Yn
+ bl}wn +
Wn
-a W, , Eﬂ bWy,
W
n-1
-a, b,
w W
/!\ n-1 n-1 /!\
'a1wn-1 I:)1WIn-1
[] DIFFEBILIN
96




[ 3.6 Equivalent Digital Low Pass Filter (I°order) - The bilinear transformation

3.6.3) Sequence of the voltage step response.

[\

X -
S ANRBA® T
S

ul
sqout0 := DIFFEBILIN v A3, T3¢, w3 ’Nogdj

W= (sqout0<o>) y:= (sqout0<1>) 00 = (sqout0<2>)0

The following new parameters are necessary for the design of the digital filter:

krad:
w3z = 94.25- : & s 00 = 0.877141384 , X0 = -0.6142930813

the new t. f. is:
1

X0.:= (sqoutO<2> ) 1

1+z
HILD = X0- 1
1-60-z
Sequence of the state function w Sequence of the step response
40 T T T T T T T T
0
. |
—0.021
_Wk 20
L | -
10 —0.041) Tl
i | i
0 20 40 60 80 100 -0.06
0 10 20 30 40
k
k
fig.:3.6.3.1 fig.:3.6.3.2
10-T3
tl .= 072,001y + —— .. 10-T
A 3 3 1000 3
Graph of the step response y(t)
713{37 T 75:73
5 YD) ;
220020\
E yas(t) ,,,,5,,,,
Fa |
8 0 -0.04 s
Loy —

-0.06

0 1.326x I653x BOIT9x HD305x 10 °

tl

time as multiple of T

fig.:3.6.3.3
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50

3.6 Equivalent Digital Low Pass Filter (I1°order) - The bilinear transformation

3.6.4) Sequence of the Voltage Short Pulse response.

) 2w
Tsi= Ts3sp L= T
$

sqoutl := DIFFEBILIN(u44, A3, T3, w3, N0y q)

wl8 = (sqout1<0>) yl8 := (sqoutl<1>) 8l := (sqoutl<2>)0 x1 = (sqoutl<2>)1

The following new parameters are necessary for the design of the digital filter:

w3 = 9425 ==, 81 = 0957298374 x1 = —0.2135081317
the new t. f. is:
HIL(2) = x1— +2 !
e 1-812 !
Tyest = 13333.33-ns T, = 462.96-ns T3 = 10.61-ps
Chosen test signal period, Tioq = 13333.33-ns ! = 0.08-MHz
test

Short pulse sequence of amplitude V;:

Pulses Sequence.

0.004
Vw(®)

44
2 0,002

—2x107° 0 2x10”

5 5

4x10~

t’ns3spk

fig.:3.6.4.1
Digital first order low pass filter difference equations:

. . . . uddy
dimensionless input signal: Vilg(k) = Yokt
Vo
) wi8(k) = |vjg(k) +80-wi8(k—1) if k>0
0 otherwise
2)  yl18(k) = |x0-(wi8(k) + wig(k—1)) if k>0

0 otherwise
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b
= 0
+ xl"-a1WIn-1 = Wy Whn ’j\ .
xn——-4|'} . "'F—*'yh
* bﬂwn +
Wn
-a1Wnr1 |:ZI| b1Wn 1
W
-31 n-1 b1
w w
/i\ n-1 n-1 /!\

'a1wn-1 l:'1Wn-1
fig.:3.6.4.2
NOgq = 256

Sequence of w Sequence of the response
015 T Or—

T3svp pr‘*‘T3 svp T35 ||||!!!| i '!!"'I'll i I!l |||”||'H!|
0.1 -0.02[ |
w8 | y18k |
) 0.05 i ) —0.04 i

o B R LAY
0 2077 4x107° 0 21077 4x107°
1's3spy 7's3sp,
fig.:3.6.4.2 fig.:3.6.4.3
' 281 Tyeg
12 := 0-Tyegp, 0-Tyegy + T 100 2'51'Ttest
Integrator Output Sampled Input
—-0.02

~0.03
Vow(t2)
~0.04
~0.05
0 Ix107° 2x107°
©
fig.:3.6.4.
4

Specl8x := FFT(yl 8)

0.004
V(0

44
S 0,002

5

5 5

0 2x10° 4x10°

t,n,

—2x10~

s3sp

fig.:3.6.4.5
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Amplitude Spectrum

fiegt
8x107° !
6x10°° :
Specl8xy 5 !
1 4x10” ;
21073 |
0 e
x10°0  1x10®  1x10°
£,
T
Nogq
fig.:3.6.4.6

1x10°

100

Phase spectrum

ft%t
| H
arg(Speclek) 0 ‘ “ \
L il
|
, |
x10°  1x10*  1x10°  1x10°
fS
k-
Nogq
fig.:3.6.4.7




3.6 Equivalent Digital Low Pass Filter (I°order) - The bilinear transformation
3.6.5) Sequence of the Bipolar Pulse train response

. 2w
X5 = Tssqw Bg= Ts

sqout2 := DIFFEBILIN(u3, A3, Tggqy - w3, NOgq)

w19 := (sqout2<0>) y19 := (sqout2<1>) 82 = (sqout2<2>)0 X2 = (sqout2<2>)1

The following new parameters are necessary for the design of the digital filter:

krads
w3 = 94.25- s 82 = 0.986995147 , X2 = —0.0650242641
s
the new t. f. is:
1+ 70 L
HI® = x2———
1-82:27 "
Tiegt = 13333.33:ns Ty = 138.89-ns T3 =10.61-ps

Chosen test signal period, Tyoq = 13333.33-ns = 0.08-MHz

test

. Vi Trest's
Laplace transform of the test signal: WS) = o -tanh n

Square wave sequence of amplitude £V

Pulses Sequence.

0 50 100

fig.:3.6.5.1

Digital first order low pass filter recurrence relations:

dimensionless input signal: Vl9i(k) = udg

101

-0.2

fig.:3.6.5.3

407 0 Tegr, 0 Tyeg +

0.01

-0.01
-0.02

D wi9(k) = | v19;(k) +80-w19(k—1) if k>0
0 otherwise
2) y19(k) = | x0-(w19(k) + wi9(k — 1)) if k>0
0 otherwise
Xnp=a,W W W ;\u
+ n=d,Wpq = Yn n +
Xn —>. & Yn
+4 bDWI'I +
Whn
L
-a,W, 4 Eﬂ byw, 4
W
-4, " b,
. wn-1 wn 1 /!\
-a1wn—1 I:)1“'.n—1
fig.:3.6.5.2
Nogd =256
Sequence of w Sequence of the response
0.02

-0.03
0

2 Ttest

200

102

<" Mest

fig.:3.6.5.4




Integrator Transient Output

103

-1

-2

0.02
0.01
Vopt(t) !
— - 001 ;
~0.02 :
-0.03 ;
0 Ix107° 2x107°
t
fig.:3.6.5.5
Specl9x := FFT(y19)
Amplitude Spectrum
. fiegt3 frest
4x10 H—
Sheelo 31073 -
peclxy i
! 2%10” 3 ; : ftrg(Spec 1 9xk)
1x107° o
0 MU‘ b | .
k100 1x10* 1x10°  1x10°
fS
k-
Nogd
fig.:3.6.5.6

Phase spectrum

3 ‘
fest
: *‘
L
T qmm
x10°  1x10* 1107 1x10°

fy

k-
Nogg

fig.:3.6.5.7

3.6 Equivalent Digital Low Pass Filter (1°order) - The bilinear transformation

3.6.6) Sequence of the Cusp wave response.

w20 = (sqout3<o>)

The following new parameters are necessary for the design of the digital filter:

krad
Wy = 9425~ |
S

the new t. f. is:

L5 = Tocsp

sqout3 := DIFFEBILIN(u4, A3, Tggqy - w3, NOgq)

y20 = (sqout3<l>)

03 = 0.986995147 ,

HIL = X3

8= A4 Tiegts 4 Trest +

Test signal

fx1(13)

2

0 2x10~

4x107°

3

Step sequence of amplitude V;:

T i
AT TS

83 := (sqout3<2> ) 0

X3 = —0.0650242641

142!

1-83.27 1
8‘Ttest

1000

“Htest

X3 = (sqout3<2> ) 1

Sampled test signal

4
udy
L

| ‘
0
0

Digital first order low pass filter recurrence relations:

dimensionless input signal: V20i(k) = udy

1) w20(k) =

2) y20(k) =

0 otherwise

104

1x10~

n:
incspy

v20;(k) + 80-w20(k — 1) if k> 0

x0-(w20(k) + w20(k - 1)) if k>0

0 otherwise

"‘?3 Tt:est

5

!

21073




bl}
@ X ae = W Wo ‘ . ,
n * . . n
+4 hl)wn +
Whn
-a W, 4 Eﬂ bW, 4
w
1
-a, ) b,
‘ wn 1 W'n-1 ‘
'a1wn-1 b1‘Wn-1
fig.:3.6.6.1
Sequence of the state function w Sequence of the response
¥20; -3
L
\%

fig.:3.6.6.2

Sampled signal:  y20y

Amplitude Spectrum

4Spe020xk

fig.:3.6.6.4

(n. )—10
ocsp| Minespy

----- -15
-20
0 21077 4x107°
rlinv::spk
fig.:3.6.6.3
Spec20x := FFT(y20)
Phase spectrum
0
~1 '
arg(SpecZOxk) !
) |
— 2 :
— 3 .
1x10°  1x10*  1x10°  1x10°
fS
k-
NOgq
fig.:3.6.6.5
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3.6 Equivalent Digital Low

Pass Filter (I1°order) - The bilinear transformation

3.6.7) Sequence of the Sawtooth response

T

M SSW AIBA T

w2l = (sqout4(0>)

2.
=T W, ::—ﬂ-
s

ul0
sqout4 = DIFFEBILIN(7 A3, Togw > W3 ,Nogdj

y21 := (sqout4<1>) 04 = (sqout4<2> )0

The following new parameters are necessary for the design of the digital filter:

krad
Wy = 9425~
S

the new t. f. is:

04 = 0.986995147 x4 = —0.0650242641

-1
1
HLLD) = xd——

1-84.2 !

Step sequence of amplitude V;:

Digital first order low pass filter recurrence relations:

X4 = (sqout4<2>) 1

f.
dimensionless input signal: v21i(k) = ulOg B—S =10
C
D w21(k) = |v21;(k) + 80-w21(k—1) if k>0
0 otherwise
2) y21(k) = |x0-(w21(k) + w21(k - 1)) if k>0
0 otherwise
Xn-a, W, ,= W
Xn 4’."- M " Yo
+ 4
k.
- a1Wn_1J |:Z n-1

fig.:3.6.7.1
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State function sequence

Sequence of the response

100 15
10
50
21
0 2
Voswc(nswk) oF
B L R e — _5
-100 - 10
0 21077 4x107°
Ilswk
fig.:3.6.7.2 fig.:3.6.7.3
Spec2lo := FFT(y21)
Amplitude Spectrum Phase spectrum
T 4
fiedt Tt
| 1Ll
1 3 arg(Spec2lok) 0 ‘ ‘ H ‘ “
! L
AL A i

0 ‘ ‘l“‘lm‘

x10® 10t 1x10°  1xa10®

fig.:3.6.7.4
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. |

2
x10°  1x10*  1x10°  1x10®
fS
k-
Nogg
fig.:3.6.7.5

3.6 Equivalent Digital Low Pass Filter (I1°order) - The bilinear transformation

3.6.8) Sequence of the Frequency Modulated carrier response.

— 2.
Ts.= Tsfm W, = —Tﬂ mg =u
s

sqout5 := DIFFEBILIN(uS A3, T > W3 s Nogd)
w22 := (sqout5<0>) y22 = (sqout5<l>) 85 = (sqout5<2>)0 X5 = (sqout5<2>)1

The following new parameters are necessary for the design of the digital filter:

krads
w3 = 94.25- R 85 =0.996863334 , x5 = -0.015683328
S
the new t. f. is:
14z !

HIL® = x5 ———

1-85.7 !

FM signal FM Spectrum (sinus. test signal)

Yin{ ) [l 02

0.1

Sampled FM signal

ERA
7T

20 40 60
k

fig.:3.6.8.3

o ——%
f——e

.l
.

-02
0

f
S _ 400
f3C

Digital first order low pass filter difference relations:
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dimensionless input signal: V22i(k) = u8k

1) if k>0

1) w22(k) = | v22;(k) +80-w22(k -
0 otherwise
2) y22(k) = |x0-(w22(k) + w22(k - 1)) if k>0

0 otherwise

b
- . I Xn-a W, 4= Whn Whn ‘0 . I Y.
+4 bown +
Wp
—aW, g4 Eﬂ bW,
-a, e b,
‘ wn 1 Wrn—1 ‘
-a1wn—1 b1wn—1
fig.:3.6.8.4
Sequence of the state function w Sequence of the periodic response
0.5 0.02

o ! ! i oo U

LR G

o JE

e -0.01
) 100 200 002 100 200
k k
fig.:3.6.8.5 fig.:3.6.8.6
f,
Spec22 := fft(y22) mpp =8  Winym = 0.94-1\/57"1Gls Be=008MHz 55 "=
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FM Signal spectrum

0.04 fsfm
0.03 }
JSpemk‘ 0.02 3
0.01 !
0 T Pee |
x10°  1x10®  ix10”  ix10%
fsfm
Nogd
fig.:3.6.8.7

arg(SpecZZk) 2
°

arg(Xék)
L

Phase spectrum

4
el T
il
o
_2 L‘
-4
x10°  1x10®  ix10”  ix10®
fsfm
.Nogd
fig.:3.6.8.8
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3.6 Equivalent Digital Low Pass Filter (I1°order) - The bilinear transformation
3.6.9) Sequence of the Phase Modulated carrier response.
(sinusoidal test signal)

Xs. = Tsprn We = 2w
Ts

sqout6 := DIFFEBILIN(u9, A3, T, . w3, NOgq)

w23 = (sqout6<0>) y23 = (sqout6<1>) 86 = (sqout6<2>)0 X6 = (sqout6<2>)l

The following new parameters are necessary for the design of the digital filter:

krad! .
Wy = 9425~ | 56 = 0999998429 , X6 = ~7.8539754655 x 10~ ©
S
the new t. f. is:
=1
1
HIL?) = X6 ———
1-86-z
Az3=-10 my, =6 |A3-In(0,myp)| = 1.51
PM test signal PM Spectrum
20 4
10 3
Vom(om) o H-HE P |A3-In(ki,mpp)| 2
- L
-10 1
-20
=10 -5 0 0
tpm ki
fig.:3.6.9.1 fig.:3.6.9.2
Mpm = 6

Sampled PM signal

0 50 100
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dimensionless input signal: v23i(k) = u9y

1 w23(k) = |v23;(k) +80-w23(k—1) if k>0 30 = 0.877141384
0 otherwise
2) y23(k) = |x0-(w23(k) +w23(k-1)) if k>0 X0 = -0.614293
0 otherwise
Sequence of the state function w Sequence of the periodic response
600 20, 7
400
10 A
y23k
w2l 200 ; 0
[] 0 u9
-200 - 101 N
— 400 -20 . ;
0 100 200
k k
fig.:3.6.9.4 fig.:3.6.9.5
Mrads
Spec23 := FFT(y23) Mpm = 6 Wpmm = 94.25-———
PM Signal spectrum Phase spectrum
—3 T 4
1.5x10 f,
st 3 }
J | 1x1073 ! ,arg(Spech) 2 |
Spec23i l 1
_ | arg( X6y
5x10" 4 i . (X6 i
| -1
0 T T : -2
x108 1x10° 1x10'  1x10'! x108 1x10° 1x10'  1x10'!
fspm X fspm
NOgg NOgq
fig.:3.6.9.6 fig.:3.6.9.7

max(|Spec23|) = 0

112




3.7
Synthetic Division algorithm
(considering the bilinear transformation)

[\

=TT
We =

Ts= Tsfim Wo= T

AMAEV*

The following new parameters are necessary for the design of the digital filter:

U.)S —TF'UJ3 ‘JTA3LU3
0= o =
L\)S +'Tr‘(.\)3 UJS +7T‘(JJ3
krad
Wy = 9425~ 50 = 0.996863334 , X0 = 0015683328

S

The sequence corresponding to the following t. f. :

H11(2) = X0 177! 20 = —1 o = B0 P = 0.88
_ =v0— = 0= 0= 0 =0.
Mpm 6 1-802 !
is realized using an method.

Numerator degree  Nuy, := 1 Denominator degree  Md := 1

NLi=Nuy +Mdg ~ NOgq =256  hllk:=0

-1
bg+bi-z
NI =2 Hll(z)=0711
ag+apz

I can define the coefficients of the numerator and denominator as elements of two
vectors, namely a and b:

Numerator coeffs. Denominator coeffs.
bk := 0.0 ak == 0.0
bo = x0 ap=1
by :=x0 a1 == —00

and divide the two polynomial by means of the following algorithm:

k:=nl
Blo= 0 nilce= b . (h11}_i-aj)
bl = a0 bk = a0 k Z k—i'3i

i=1

T. F. Numerator coefficients:
113

T. F. Denominator coefficients:

bT _ 0 1 2 3 4 5 6
0| -0.02| -0.02 0 0 0 0
Sequence Impulse Response:
T
hil” = [ -0.0157] -00313] -0.0312] -0.0311] -0.031 ]
rows(h11)-1
Stability (S1<o0): S2:= Z [h11y| S2 =552
k=0
rows(h11)-1
Energy of the sequence h11: Ell:= Z (\hnk\)z Ell =0.13
k=0
[¥] Iterative algorithm (considering the bilinear transformation
T3 =10.61-ps 100-Tyoq = 1333.33-ps
. Ttest
B= 0-Tiegt» 00 " 1000-Tieg¢ Tiegt = 13333.33'ns
Impulse response. Impulse Response Sequence.
0
—200000
,,,,,,,,,,,,,,,,,,,,,,,,, Azw3]
— 400000 e
w(t3)
= -600000
— 800000
T ) ! Ar-w-
3" W3]
—1000000—
0 0.000033 0.000067 0.0001 0.00013: 0 100 200
3 k
fig.:3.7.0.1 £ fig.:3.7.0.2
S
f3. = 0.08-MH — =10
C z BC
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3.7 algorithm (considering the bilinear transformation)

3.7.1) Sequence of the voltage step response.

Ts= Ts3sp

W =

NAAGAT

2
TS

L. ul
jabill := IABILIN(v A3, Tg3ep5 93 ,NOgd)

st= (iabint’?), B o= (iabint’?),  ar:= (iabitt?) b1 = iabit1 @ h1p = iabin®  y24 = jabint

T. F. Numerator coefficients:

all=[J o[ 1t 2T s [aTs %6 [7 s |
[o] 1] -0.96] o] o] o] o] of ]
T. F. Denominator coefficients:
biT=[ [0 [t [ 28 al5s 67 [s]
[o] -021] -0.21] o] o] o] o] of  .]
Sequence Impulse Response:
pT=[] 0 7 [ s e
[o] -0.2135 -0.4179 | -0.4001 | -0.383 ]
yat [0 1 T2 [s [a [ 6 [ 7 ]
[o] o] 19| -374| 55| -719] 88| -1035] N
V=u
Step response y(t)
3 53
{ |
E o om\ |
£ A\ ! .
2 N\ *—*[’A$ ?\ff(e - :rﬂ ,}/241(
EER |
Lot — : ‘
—-0.06 : :
0 <1070 ix107?

time as multiple of T

fig.:3.7.1.1
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fig.:3.7.1.2

3.7 algorithm (considering the bilinear transformation)
3.7.2) Sequence of the Short Voltage Pulse response.
2.7

Xs= Tsvp We= 7

S

iabil2 := IABILIN(ud4, A3, Tgy ). w3, NOyq)

s2= (b)), E2:= (iabi2®), a2:= (iabi2®)  b2:= iabil2® 2= iabint®  y25 = jabi2®

T. F. Numerator coefficients:

T. F. Denominator coefficients:

b2 =

}0\1\2\3\4\5\6\7\8\

o| -677] -677] o] o] o] o] o] o] ..

Sequence Impulse Response:

=[] o T 1 [ 2 [ 3 [ 4 ]
[o] -0.2135 | -0.4179 | -0.4001 | -0.383 N
yast=[ [ o [ 7w T2 [ & [ &
[o] 0| -0.04 -0.05 | -0.05 | ]
Output Sequence
0.02 T 0
T3svp TpwT3svp
o (t4) i |
5 om 3 0
g Yas(t4) E y25k |
£ £ ~0.02|
go -0.04 5 Ywndw(n3°sspk) ' !
g |
8 — |
-0.04 u |
~0.06 | iy A A3V
—-0.06 ; ;
0 21077 4x107°
time as multiple of T
n3oSspk
fig.:3.7.2.1 fig.:3.7.2.2
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3.7 algorithm (considering the bilinear transformation)
3.7.3) Sequence of the Bipolar Pulse train response:

2.1

X5 = Tssqw W= Ts

iabil3 := IABILIN(u3, A3, Tggqy, . w3, NOgg)

s3:= (iabiiz @) B3 = (iabis @), a3 = (iabi3™) b3 = iabi3® 13 = iabi3®  y26 = iabitz@

T. F. Numerator coefficients:

a3l =[] o 1 2 3 4 5 6 7 8 |
lof af 099 of of of of of o |
T. F. Denominator coefficients:
3= o[t 2 s a[s % [7 [&]
[o] -007] -0.07] o] o] o] o] o] o]
Sequence Impulse Response:
[ o [ ¢+ [ 2 T 3 [ 4 |
[o] -0.065 | -0.1202 | -0.1275 | -0.1259 | o]
Step response y(t) Sequence
% 573 0.02
. | | 0.01
E ~0.02/ ! :
E \ o (-1 o8
: B f*f*f—f[ngfv;(ef:rH y26)
E -0.04| ¢ —o001
L ‘
! ! ~0.02
—0.06— ! S 4
"~ —-0.03
0 5x10 1x10 0 50 100
time as multiple of T k
fig.:3.7.3.1 fig.:3.7.3.2
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3.7 algorithm (considering the bilinear transformation)

3.7.4) Sequence of the Cusp wave response.

) 2w
Xs= Tocsp g = Ts
iabil4 := IABILIN(u4, A3, Ty . w3, NOgq)

st = (iabitl4?) B4 = (iabil4?)| a4 := (iabita?)  ba:=

T. F. Numerator coefficients:

a4T

[ o1 [ 23 [af5s e [7 s
| 1] -099] o]

0

T. F. Denominator coefficients:

NOgq = 256

Sequence

iabil4? b4 = iabila>

y27 = iabil4¥

4T [ o 1 2 [ 3 4 5 6 7 8
[o] -0.07] -0.07] o] o] o] o] o] o] |
Sequence Impulse Response:
[ o [ ¢+ [ 2 [ 3 [ 4 |
[o] -0.065 | -0.1292 | -0.1275 | -0.1259 | |
0
—-0.05
hdy
-0.1
-0.15
0 100 200 300
k
fig.:3.7.4.1
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3.7 algorithm (considering the bilinear transformation)
3.7.5) Sequence of the Sawtooth response.

[\

-t
Fs= Tssw = Ts

0 100 200 300
k

fig.:3.7.5.1

ulo

iabil = IABILIN( v ,A3,Tssw,w3,NOgd) Nogg = 256

s5:= (iabits'?),  Es = (iabits'?), as:= (iabits™?)  bs:= iabils® s = iabits®  y28 = iabils®
T. F. Numerator coefficients:
ast=[ [ o [ 1 [ 2 [ 345 [ 6 7 s |

[o] 1] -099] o] of o of o o ]

T. F. Denominator coefficients:

T [To ]t T2l a5 s [7 5]
05 [o] -007] -007] o of o] of of o] ]

Sequence Impulse Response:

hs'=[ [ o [ v T T8 T 4 7]
[o] -0.065 | -0.1292 | -0.1275 | -0.1259 | |
Step response y(t) Sequence
T 7 15
3 313
. | | 10
E _ | !
2 002\ | y28
é N vl : :
H b ‘3 ine Voswc(“sw ) HHN UHH
S o004 ; k) PR N
L L ‘ -TT
: : -5
—0.06— ! S .
-10
0 5x10 1x10 100 200
time as multiple of T k
fig.:3.7.5.2 fig.:3.7.5.3
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3.7 algorithm (considering the bilinear transformation)

3.7.6) Sequence of the Frequency Modulated carrier
response.

2.1t

Ts.= Tsfm M= "1

S
iabil6 := IABILIN(u8, A3, Tggy, . w3, NOg) Ngg = 256
56:= (iabit6?), 6 := (iabit6?), a6 := (iabite'?) b6 := iabils? h6 = iabil6™  y29 = iabile®

T. F. Numerator coefficients:

a6l =[ [ o 1 2 3 4 5 6 7 8
[o] 1] -0.99] o] o] o] o] o] o] |
bo!=[ [ o [t [2 s[4 5 [6 [7 [s]
[o] -007] -007] o] o] o] o] o] of ]
Impulse Response Sequence:
h6T ] 0 1 2 3 4
[o] -0.065| -0.1292 | -0.1275 | -0.1259 | N
Step response y(t) Sequence
7 0.1
o0, 0.05
E i
5 ¥2% 0
: ~0.04 B—
—-0.05
—0.06
-0.1
0 100 200
time as multiple of T k
fig.:3.7.6.1 fig.:3.7.6.2
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3.7 algorithm (considering the bilinear transformation)
3.7.7) Sequence of the Phase Modulated carrier response.

2.1t

Wo= T

iabil7 := IABILIN(u9, A3, Tggy, . w3, NOgq) Nogq = 256

s7:= (iabi?'?),  E7:= (iabit7'?), a7:= (iabit7?) 7= iabil?® 07 = iabit?™  y30 := iabil7¥

Numerator coefficients of the T. F.:

al=[Jol1]2 5]
[o]

Denominator coefficients of the T. F.:

bT

:}}0\1\2\3\4\5\6\7\8\

o] -0.02] -0.02] o] o] o] o] o] of  ..]

Sequence of the Impulse Response:

[ o [+ [ 2 [ 3 [ 4 |
o] -0.2135| -0.4179 | -0.4001 | -0.383| ]

Step response y(t) Sequence

-0.021)

—0.04|

Output amplitude

-0.06

0 100 200

time as multiple of T k

fig.:3.7.7.1
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3.8
Analytical search of the output sequence by means of the
residues method (considering the bilinear transformation)

B0:=pB0 x0:=x0 &0:= 30

1+27 1 ]
1807 !
30 = 0.996863334

Poles and zeroes of H101(z) := x0-

X0 =-0.015683328

0
v := numer(H101(z)) coeffs,z — —XO

Zeros = J

v.:= denom(H101(z)) coeffs,z — [60

!

50=1, X0 = —0.02

zeros := polyroots(v)

poles := polyroots( ) poles =

The calculation gives: ki=0. Nogd -1

H101(z) = on.(%gol)
P-1
h, = 2.11_(.1. ¢r F(z,n) dz = kZO (Res(F(z,n)))
P-l P-1 -
Z (Res(F(z,n) z |: lim I:(Z*Pk)'(F(Z,l’l)):l
k=0 —oLZ7Pk i
A(2) _ A(2)

If F(z,n) is a rational function F(z,n) =

B(z) (z—zl)-(z—z2)~...~

122

(z-2n)

with all simple poles, then:

(1.2.1.5)




P-1

2

k=0

n=0 X0

n=0 X0-

X0

zZ:=12
lim A(Z)
Z — Pk a—B(z)
lo74

+1)

| g 21
250 2.:z—-80

n
lim 2 (z+1)
250 2z-1980
n
Clim 2 (z+1

z— 80 2:2-80

2" (z+ 1)

F(z,n) = XOT—SO)

9 [2:(2-80)] > 2250
0z

X0~zn-(z + 1) N XO-zn~(z + 1)

lim lim
z—>0 (il:z-(z—SO):l z— 30 67[2.(2_50)]

Z 4

collect,x0

— |x0 if 80 =0

undefined otherwise

+ lim

N simplify

o 2:2—80

(z+1) }

simplify — undefined

) simplify — x0-50"1-(80 + 1)

hie = X0 5(k,0) + 5057 1-(50 + 1)

h101y = X0 5(k,0) + 5057 1-(50 + 1)]

Sequence of the Impulse Response.

Op—
’
101, 0.5
— !
I
My
~15
0 20 40 60 80 100
k
fig.:3.8.0.1
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1.6 iii) By using the "invztrans" operator:

X0 :=x0 50 := 80 k:=k
0l 0 14z} invztrans,z,k_) S0kt _ 5(k,0) + 50K 0 XO'(Z(;' 1)
=XV X —-90
1-50.2~ 1 |collect,x0 30 z
T3
t4 = 0'T3,m..50'T3 h101; = —0.03
Timpulse response w(t). Sequence of the imp. resp.
o——2 X, I
0 G IO
£ s
£ —0.1f 4 .
g .
s j !
z 5107 § h101k—0_2~il .
: 2o 1
E 4
—1x10° 0 4i ]
4 .
e of -05 ; ;
multiple of T 0 100 200
k
fig.:3.8.0.2 fig.:3.8.0.3
rows(h101)-1
Stability (S11<00): S11:= Z |h101j|  SI1 =552
i=0
rows(h101)—1
Energy of the sequence h11: E101 := Z (‘thlj‘)z E101 = 0.13

j=0

The Output of the Digital System is given by the discrete convolution between the input
signal (in this case the sequence of a step function) and the impulse response of the System:

124

invztran

collect,




Output amplitude

Sequence of the imp. resp.

Example 1) Bipolar pulse train:

Input
0.005
Vbpt(t)
;3k ,Sqwk
Vbpt(t) 0 0
—0.005
0 20 40 60 80 100 _5 _5
k 0 1x10 2x10
t
vi=k v v
Yily= 3 (if(v-j = 0,hllju3yj,0) r=k yl0ly:= %" (if(v—j 2 0,h101;-sqwy, 0))
j=0 i=
v
,_ : Integrator Output Sequence of the response.
y32y = Z (if(v =k = 0,h101)-u3y_x,0)) 0.02 3
k=0 Vo
Step response y(t) Sequence obp or
Vbpt(t) = 0.01
_____ —-0.02
t4 _
500 \ 0.3 _5 o5
h 1x10 2x10
Yas(t4) t
0 -004 0 100 200
1%
-0.06 fig.:3.8.0.9 fig.:3.8.0.10
—-0.06
0 100 200
k
time as multiple of T
fig.:3.8.0.6

fig.:3.8.0.5
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