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Introduction   
 
   A well known in the technical literature second order low pass active filter is here treated.  
The filter is realized using a common operational amplifier in a negative multiple feedback configuration.
After a brief summary of the main results of the circuit analysis, the outputs to several signals among the 
most common and from an external file (Signal List.xmcd), are produced. The results are compared with 
the one obtained by the many algorithms implemented applying the z-transform to the output function. 
Since MATHCAD student edition is devoid of some functions, the program BCSA (Fourier series and 
signal bandwidth) was written to fill this gap.  Four other programs (CANONIC2LP, SYNDIVC, 
BILINEAR, SYNDIVBL) corresponding to four different algorithms to calculate the filter sequential 
response, were realized and written in a new worksheet with the purpose to reuse them elsewhere and, last 
but not the least, to save worksheet's space as well.Thus one will see that, as the analog filter is effective, 
just is the digital one. The step to the practical application, using a DSP, should be very simple. 

When saving or printing, disable Automatic Calculation (Mathcad 14 s. e.)

The subscript "gd" is the acronym of "Global Data.xmcd"
The subscript "fs" is the acronym of "Fourier  series.xmcd"
The subscript "sl" is the acronym of "Signal List.xmcd"
The subscript "dp" is the acronym of "Dirac Pulse - formulae.xmcd"
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  Definitions and  necessary constants

Scroll the slider, to change the   filter's voltage gain  

kvg5 

A5 kvg5 1    Voltage gain:     A5 20

Scroll the slider, to change the  filter's pole Q factor  

kqf5 

Q5 kqf5 0.1 Pole Q factor:  Q5 9.2  ,

For Q5>1 the frequency response of the active filter presents a resonance peak or an overshoot, while for Q5≤1 it is a flat

one. 

Scroll the slider, to change the filter's  bandwidth 

kcf5 

Bw5 kcf5 0.10 MHz Bandwidth:    Bw5 47.1 MHz  ,

Calculation of f5

5

(5.1.8.7) f5

Bw5
2

4 Q5
2 2 Q5

2 1



 1 2 Q5

2 1





Q5 2
 (1)

Calculation of f5

                           Step amplitude:                  Vpp 5 10
3 V

                            Pole frequency:                  f5 30.377 MHz

                           Period:                                 T5
1

f5
  , T5 32.92 ns

                            Pole Angular frequency:   ω5 2 π f5 ,      ω5 0.191
Grads

sec
  ,

                            Filter's bandwidth:              Bw5 47.1 MHz

                           time constant:                     τ
1

ω5
  ,  τ 5.239 ns

                          damping factor:                   ζ5

ω5

2 Q5
  ,     ζ5 0.01

Grads

sec
 ,        ω5 2 ζ5 Q5= ,

                                                                         If Q5 0.5=    ⇒   ζ5 ω5= ,                         

                          Defined in "global data.xmcd":  dB3gd 20 log 2 = ; angular frequency units.               

  Chosen test signal period, to verify the filtering action of the system, it has been selected a test signal frequency  outside
the passband. 

                                       Ttest
1

2
T5 , i.e. a sub multiple of the 0 dB Voltage gain period.

                                                                            Ttest 16.46 ns    

 Then the signal frequency ftest
1

Ttest
  ,      ftest 60.754 MHz ,  : Bw5 47.1 MHz .  .   ωtest 2 π ftest  , 

ωtest 0.382
Grads

sec
   is higher than the cutoff angular  frequency of the filter , 

ωtest

ω5
2   , 

As a result, the waveform at the filter output should be strongly attenuated. 

                                       Amplifier Gain: A5 20 ,   A5dB 20 log A5      
A5dB 26.021 dB

U† is an integer constant defined in "global datax.mcd" U U‡ U 100

6



                                                    5.1
                       II° Order Analog LOW PASS Digital Filter 
                                                    The analog active filter chosen is the following (the power supply circuit isn't visible): 

fig.:5.1.1

The assumptions made for such filter using an  ideal Op. Amp. operating in its linear region, are: 
                                  open loop voltage gain: Aol ∞=  ,

                           differential input resistance: Rid ∞ Ω= ,

                                            output resistance: Ro 0 Ω=  .

Effects of the negative feedback:  V+=V-=0Volt, I+=I-=0.0A.

no    represents the node's number

b           "                 branch's number,

Aim    "             i ncidence  m atrix (no xb)          

Rim    "            R educed  i ncidence  m atrix [(no -1)xb]          

 For the filter in question consider a parallel RC load and the resistor Rp:

fig.:5.1.2
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the directed circuit graph or digraph is: 

two terminal elements: 9
four terminal elements: 1
Total number of branches: 9+(4-1)=12

fig.:5.1.3

the incidence matrix is:

                             Aim

1

0

0

0

0

1

1

1

0

0

0

0

0

1

1

0

0

0

0

0

1

1

0

0

0

1

0

1

0

0

0

0

0

1

0

1

0

0

0

0

1

1

0

0

0

0

1

1

0

0

1

0

0

1

0

1

0

0

0

1

0

0

0

1

0

1

0

0

0

1

0

1























 number of nodes:  rows Aim





6 , number of branches:  cols Aim





12

while the reduced incidence matrix is:
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                                Rim

1

0

0

0

0

1

1

0

0

0

0

1

1

0

0

0

0

1

1

0

0

1

0

1

0

0

0

0

1

0

0

0

0

0

1

0

0

0

0

1

0

0

1

0

0

0

1

0

0

0

0

0

0

1

0

0

0

0

1

0

















                

rows Rim





5 ,   cols Rim





12

        
The following symbols will be used later:

E    represents the node to datum voltage phasor,

I           "                  equivalent current source phasor,
Yb       "                  branch admittance matrix (bxb),

Rim    "            R educed  i ncidence  m atrix [(no -1)xb] ,

M          "                 Transposed R educed  i ncidence  m atrix M Rim
T

=

Y         "                  node admittance matrix [ (n
o
 -1)x (n

o
 -1)] , Y Rim Yb Rim

T
= ,

V          "                 branch voltage phasor   V Rim
T

E= M E=

M Rim
T



Symbolic Initialization

M

1

1

0

0

0

0

0

0

0

0

0

0

0

1

1

0

1

0

0

0

0

1

0

0

0

0

1

1

0

0

0

0

1

0

0

0

0

0

0

1

1

1

0

0

0

0

1

1

0

0

0

0

0

0

1

1

0

0

0

0





































 Branch current phasor I

Ii

I2

I3

I4

I5

I6

I7

I9

I10

I11

I12

I13












































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Node to datum voltage phasor E

vi

e2

e3

e4

0



















 E

vi

e2

e3

e4

0





















Branch matrix:

Yb s( )

1

Rs

0

0

0

0

0

0

0

0

0

0

0

0

1

R1

0

0

0

0

0

0

0

0

0

0

0

0

1

R2

0

0

0

0

0

0

0

0

0

0

0

0

s C2

0

0

0

0

0

0

0

0

0

0

0

0

1

R3

0

0

0

0

0

0

0

0

0

0

0

0

1

RL

0

0

0

0

0

0

0

0

0

0

0

0

s CL

0

0

0

0

0

0

0

0

0

0

0

0

1

Rp

0

0

0

0

0

0

0

0

0

0

0

0

1

Rniv

0

0

0

0

0( )

0

0

0

0

0

0

0

s C1

0

0

0

0

0

0

0

0

0

0

0

0

1

Riv

0

0

0

0

0

0

0

0

0

0

0

0

1

Ro



































































Branch voltage phasor V M E

V
T

vi vi e2 e2 e3 e3 e4 e2 e4 e4 0 0 e3 e2 e4 e4 

Branch current phasor I Yb s( ) V

I
T vi

Rs


e2 vi

R1


e2 e3

R2
C2 s e3 e4 

e2 e4

R3

e4

RL
0 0

e3

Rniv
C1 e2 s

e4

Riv

2.0 e4

Ω











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node admittance matrix definition:

Y s( ) Rim Yb s( ) Rim
T



rows Rim





5 rows Rim





5 rows Y s( )  5 cols Y s( )  5

Node admittance matrix (despite that the system reports an error, anyway the calculation is performed):

Y s( )

1

R1

1

Rs


1

R1


0

0

0

1

R1


1

R1

1

R2


1

R3
 C1 s

1

R2


1

R3


0

0

1

R2


1

R2

1

Rniv
 C2 s

C2 s

0

0

1

R3


C2 s

1

R3

1

RL


1

Riv


2.0

Ω
 C2 s

0

0

0

0

0

1

Rp
CL s

































 If R niv =R inv =R p =R L =∞ and R o =R s =0, C L =0,  ⇒ Yb

1

R1

0

0

0

0

0

0

1

R2

0

0

0

0

0

0

s C2

0

0

0

0

0

0

1

R3

0

0

0

0

0

0

0

s C1





























Network Analysis:

If  Rniv=Rinv=Rp=RL= ∞ and Ro=Rs=0Ω,  CL=0F, the  node admittance matrix is:

Y

1

R1

1

R1


0

0

1

R1


1

R1

1

R2


1

R3
 C1 s

1

R2


1

R3


0

1

R2


1

R2
C2 s

C2 s

0

1

R3


C2 s

1

R3
C2 s

























= (5.1.1)

L. T. I. System Analysis.

Time Domain Analysis.
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Zero initial condition. Without the load ZL=RL//(1/sCL) =∞Ω and Rp=∞Ω , applying the KCL to the node 2, results: 

i1 t( ) i2 t( ) i3 t( ) i4 t( )=

furthermore, from the Ohm's low:

i1 t( )
vi t( ) v2 t( )

R1
=

hence:
vi t( ) v2 t( )

R1
C1

t
v2 t( )






v2 t( )

R2


v2 t( ) vo t( )

R3
=

i5 t( ) C2
t
vo t( )




=

v2 t( )

R2
=

from which results the following system of differential equations

(5.1.2)C1
t
v2 t( )






vi t( ) v2 t( )

R1

v2 t( )

R2


v2 t( ) vo t( )

R3
=

C2
t
vo t( )






v2 t( )

R2
=

For a systematic representation define the new variables :
                                                x1 t( ) v2 t( )=           and     x2 t( ) vo t( )=

u1 t( )
1

R1 C1
vi t( )= u2 t( ) 0=

the state vector x
x1 t( )

x2 t( )







= and the input vector u
vi t( )

u2 t( )







=

After a substitution in (2), the equations assume the form: 

C1
t
x1 t( )






vi t( ) x1 t( )

R1

x1 t( )

R2


x1 t( ) x2 t( )

R3
=

1

R1

1

R2


1

R3






 x1 t( )
vi t( )

R1


x2 t( )

R3
=

t
x1 t( )





1

R1

1

R2


1

R3







x1 t( )

C1


vi t( )

R1 C1


x2 t( )

R3 C1
=

t
x2 t( )





x1 t( )

R2 C2
= (5.1.3)

or, written in matrix form

t
x



1

C1


1

R1

1

R2


1

R3








1

R3 C2


1

R2 C1

0











x1 t( )

x2 t( )









1

τ1
vi t( )

u2 t( )













= (5.1.3')

moreover, placing: τ1 R1 C1=

τ2 R2 C1=
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τ3 R3 C2=

1

C1

1

R1

1

R2


1

R3






 2 ζ5=

and substituting them in the following matrixes 

A

1

C1


1

R1

1

R2


1

R3








1

R3 C2


1

R2 C1

0











= B
1

τ1

0

0

1









=

results: A

2 ζ5

1

τ3


1

τ2

0















= B u V=

u1 t( )

τ1

u2 t( )













=

hence, the system can be written in a more concise form:

t
x


A x B u= (5.1.4)

Operating on (4) a Laplace transformation: ℒ
t
x











A ℒ x  B ℒ u =

one obtains the matrix equation: s X A X B U= (5.1.5)

where: X
X1 s( )

X2 s( )







= U
U1 s( )

U2 s( )







=

collecting in (5) the vector X, results: s identity 2( ) A  X B U= (5.1.6)

The term in (6) s identity 2( ) A  is the solving matrix

The poles of the t. f. are given by: λA eigenvals A =

By a matrix  inversion one gets  the vector solution (forced transition): 

X s identity 2( ) A  1
B U= B U V=

X s identity 2( ) A  1
V=

s τ2 τ3

τ2

τ3

τ2 τ3 s 2 ζ5 







τ2 τ3 s
2 2 ζ5 τ2 τ3 s 1





V=

while by a Laplace inversion 
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ℒ
1

s identity 2( ) A  1



 e

A t
= e

2 ζ5

1

τ3


1

τ2

0















t

=
∞t

e
A t

lim


0=

v t( ) B U=
v1 t( )

v2 t( )







=

1

τ1

0

0

1









u1 t( )

u2 t( )







=

x t( )
0

t

τe
A τ v t τ( )





d=
0

t

τe
A t τ( ) v τ( )





d= e
A t

0

t

τe
A τ v τ( )





d=

The exponential is simplified as follows:

e
A t

e

2 ζ5

1

τ3


1

τ2

0















t

=
f1 t( ) D1 ζ5 τ2 τ3 

τ2 f2 t( )

τ3 f2 t( )

f1 t( ) ζ5 τ2 τ3 f2 t( )







e
ζ5 t

2 D1
=

where: D1 ζ5
2

τ2
2 τ3

2 τ2 τ3=

f1 t( ) 2 cosh
t D1

τ2 τ3








= and f2 t( ) 2 sinh
t D1

τ2 τ3








= τ23 τ2 τ3=

resulting:

x1 t( )

x2 t( )







f1 t( ) D1 ζ5 τ2 τ3 

τ2 f2 t( )

τ3 f2 t( )

f1 t( ) ζ5 τ2 τ3 f2 t( )







e
ζ5 t

2 D1


0

t

τe
A τ v τ( )





d=

0

t

τe
A τ v τ( )





d
1

2 D1
0

t

τ

f1 τ( ) D1 ζ5 τ2 τ3 

τ2 f2 τ( )

τ3 f2 τ( )

f1 τ( ) ζ5 τ2 τ3 f2 τ( )







e
ζ5 τ

 v τ( )







d=
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f1 τ( ) D1 ζ5 τ2 τ3 

τ2 f2 τ( )

τ3 f2 τ( )

f1 τ( ) ζ5 τ2 τ3 f2 τ( )







v τ( )

f1 τ( ) D1 ζ5 τ2 τ3 
u1 τ( )

τ1


τ3 f2 τ( ) u2 τ( )



τ2 f2 τ( )
u1 τ( )

τ1


f1 τ( ) ζ5 τ2 τ3 f2 τ( )  u2 τ( )























=

0

t

τe
A τ v τ( )





d
0

t

τf1 τ( ) D1 ζ5 τ2 τ3 
u1 τ( )

τ1
 τ3 f2 τ( ) u2 τ( )









e
ζ5 τ






d

0

t

ττ2 f2 τ( )
u1 τ( )

τ1
 f1 τ( ) ζ5 τ2 τ3 f2 τ( )  u2 τ( )









e
ζ5 τ






d























=

U1 t( )

0

t

τf1 τ( ) D1 ζ5 τ2 τ3 
u1 τ( )

τ1
 τ3 f2 τ( ) u2 τ( )









e
ζ5 τ






d=

U2 t( )

0

t

ττ2 f2 τ( )
u1 τ( )

τ1
 f1 τ( ) ζ5 τ2 τ3 f2 τ( )  u2 τ( )









e
ζ5 τ






d=

x1 t( )

x2 t( )







f1 t( ) D1 ζ5 τ2 τ3 

τ2 f2 t( )

τ3 f2 t( )

f1 t( ) ζ5 τ2 τ3 f2 t( )







e
ζ5 t

2 D1


U1 t( )

U2 t( )









=

x1 t( )

x2 t( )







e
ζ5 t

2 D1

f1 t( ) D1 ζ5 τ2 τ3  U1 t( )

τ3 f2 t( ) U2 t( )



τ2 f2 t( ) U1 t( )

f1 t( ) ζ5 τ2 τ3 f2 t( )  U2 t( )

















=

L. T. I. System Analysis.
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Network analysis by inspection

Complex Frequency Domain (s, ( 1j=1i= 1  =s=σ+1jω)) Network Analysis
The topology of this network is that of a  negative multiple feedback active  filter like the one more general here below
depicted (without load): 

fig.:5.1.4

(the admittances Yk and the node voltages Vk, are functions of the complex variable s):

node 2 inspection, the KCL gives:         I2 I3 I4 I1= ,                                                          (5.1.7)
Ohm's low:                                                 I1 Vi v2  Y1= ,

        "                                                          I2 Y2 v2= ,

        "                                                          I3 v2 Y3= ,

        "                                                          I4 v2 Vo  Y4= ,

        "                                                          I5 Y5 Vo= I3= v2 Y3=

                                                                                        
v2

I3
Y3

=
Y5

Y3
Vo=

                                            Y2 v2 v2 Y3 v2 Vo  Y4 Vi v2  Y1=

  Results a non homogeneous system of two linear equations in two unknowns with constant coefficients:
                                             Y1 Y2 Y3 Y4( ) v2 Vi Y1 Vo Y4 0=  ,

                                                                    Y3 v2 Y5 Vo 0=  .

 Calling   X1 s( ) v2 s( )=   and X2 s( ) Vo s( )= , the former system can be written im matrix form as follows:

                                          
Y1 Y2 Y3 Y4

Y3

Y4

Y5









X1

X2








Y1 Vi

0









= ,                         (5.1.8)

  The admittance matrix is:
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                                                         Y
Y1 Y2 Y3 Y4

Y3

Y4

Y5









= ,

  while for the given filter, after the substitution: Y1
1

R1
= Y2 s C1= Y3

1

R2
= Y4

1

R3
= , Y5 s C2= ,

 s s  ,  R1 R1 ,  R2 R2 ,  R3 R3 ,  C1 C1 ,  C2 C2

     
Y1 Y2 Y3 Y4

Y3

Y4

Y5









substitute Y1
1

R1
= Y2 s C1= Y3

1

R2
= Y4

1

R3
=

substitute Y5 s C2=

collect s R2

 ,

the admittance matrix is:

                                       Y

R2 R1 R3 C1 R1 R3 s( ) R1 R3
R1 R2 R3



1

R2

1

R3

C2 s











= .                   (5.1.9)

The system is:

                                             
Y1 Y2 Y3 Y4

Y3

Y4

Y5









X1

X2








Y1 Vi

0









=

whose solution is:

                                           
X1

X2







Y1 Y2 Y3 Y4

Y3

Y4

Y5









1 Y1 Vi

0









= ,

namely:

                                        
X1

X2







Y1 Y5 Vi

Y1 Y5 Y2 Y5 Y3 Y4 Y3 Y5 Y4 Y5

Y1 Y3 Vi

Y1 Y5 Y2 Y5 Y3 Y4 Y3 Y5 Y4 Y5
















= ,

particularly, the Laplace transform of the output is

                               X2 Vo=
Y1 Y3 Vi

Y1 Y5 Y2 Y5 Y3 Y4 Y3 Y5 Y4 Y5
= ,

which gives the transfer function :

                                              W
Vo

Vi
=

Y1 Y3
Y5 Y1 Y2 Y3 Y4( ) Y3 Y4

= .                       (5.1.10)

One can reach the same result considering the former equation:
                                    Y1 Y2 Y3 Y4( ) v2 Vi Y1 Vo Y4 0=                                                                

                                   and substituting: v2
I3

Y3
=

Y5
Y3

Vo= ,

                      obtaining: Vi Y1 Vo Y4
Y5

Y3
Vo Y1 Y2 Y3 Y4( ) 0=  ,

                 then, collecting Vo :  Vi Y1 Vo Y4
Y5

Y3
Y1 Y2 Y3 Y4( )





 0= , one gets:
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               W
Vo

Vi
=

Y1

Y4
Y5

Y3
Y1 Y2 Y3 Y4( )





=
Y1 Y3

Y5 Y1 Y2 Y3 Y4( ) Y3 Y4
= .

Network analysis by inspection

The general filter's transfer function is expressed by the formula:

                                 W s( )
Y1 s( ) Y3 s( )

Y5 s( ) Y1 s( ) Y2 s( ) Y3 s( ) Y4 s( )( ) Y3 s( ) Y4 s( )
=                 (5.1.11)

Filter's oOpen loop voltage gain calculation.
The filter is composed by an ideal op amp in inverting configuration and a further feedback network as here below depicted:

fig. 5.1.5

I shall analyse this active network in terms of a feedback system, below depicted:

NEGATIVE FEEDBACK  SYSTEM

fig. 5.1.5'

   Observing fig. 5.1.5,  a new function could be defined for the direct branch of a feedback system having the same 
   transfer function:  
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                                                                              G s( )
Y1 s( )

Y4 s( )
= ,

  where Y1 and Y4 are two admittances present in the given network of fig.5.1.5.

   For the feedback branch in fig.5.1.5' :H s( )
Y5 s( )

Y3 s( )


Y1 s( ) Y2 s( ) Y3 s( ) Y4 s( )
Y1 s( )







= , where Y1  Y2  Y3,   

   and Y4 are two admittances present in the given network of fig.5.1.5:

  so that:                                                         Wlp s( )
G s( )

1 G s( ) H s( )
= ,

  The corresponding open loop gain is:GH s( )
Y5 s( ) Y1 s( ) Y2 s( ) Y3 s( ) Y4 s( )( )

Y3 s( ) Y4 s( )
=

  Other similar couple of functions, but describing a new system, can be found, i.e. : 

                                            G s( )
Y1 s( ) Y3 s( )

Y5 s( ) Y1 s( ) Y2 s( ) Y3 s( ) Y4 s( )( )
=

  and:                                                                  H s( )
Y4 s( )

Y1 s( )
= ,

                                                  GH s( )
Y3 s( ) Y4 s( )

Y5 s( ) Y1 s( ) Y2 s( ) Y3 s( ) Y4 s( )( )
=        

   In fact, substituting the two last relations in the generic transfer function of a feedback system, I get:

          
G s( )

1 G s( ) H s( )
Y1 s( ) Y3 s( )

Y5 s( ) Y1 s( ) Y2 s( ) Y3 s( ) Y4 s( )( ) 1 GH s( )( )
= , and simplifying results:     

               Wlp s( )
G s( )

1 G s( ) H s( )
=

Y3 s( ) Y1 s( )
Y2 s( ) Y3 s( ) Y4 s( ) Y1 s( )( ) Y5 s( ) Y3 s( ) Y4 s( )

= ,

   that is the already known transfer function derived earlier.
   But now determine the open loop gain of the given filter. Start from its circuit:

fig.:5.1.5''

The  feedback network can be redrawn as follows:
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fig.:5.1.6

Let shift the bridged T along the loop, the network assumes the following form, although the topology of the network is
unchanged: 

fig.:5.1.7

   Now apply the known procedure to determine the open loop gain, namely: remove the effect of the input generator  
   (Vi=0= input shorted), choose a cut on the loop and apply an independent voltage test source VT at the right side of  
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   the cut. I have chosen the one shown in fig.5.1.8:

fig.:5.1.8

  The voltage generator VT has been placed at the input of the op amp, here represented (fig.5.1.9) with its equivalent 

  circuit for incremental signals:
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fig.:5.1.9

To simplify the circuit analysis, I have placed: Rid=∞ Ω, ro=0 Ω. The equivalent circuit now is:

fig.:5.1.10

Computation of V2 by inspection

The open loop gain results to be:

vr

VT

Y1 Y2 Y3 Y4( ) Y5 Y3 Y4[ ] Aol

Y1 Y2 Y3 Y4( ) Y5 Y3 Y1 Y2 Y4( )
= (5.1.12)

 Explicit calculation of the open loop voltage gain of the filter. The admittances are:         

                                                                      Y1 s( )
1

R1
=  , 

                                                                      Y2 s( ) s C1= ,
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                                                                      Y3 s( )
1

R2
= ,

                                                                      Y4 s( )
1

R3
= ,

                                                                      Y5 s( ) s C2= .
 Substituting into the general form (5.1.12), I get:

Y1 Y2 Y3 Y4( ) Y5 Y3 Y4[ ] Aol

Y1 Y2 Y3 Y4( ) Y5 Y3 Y1 Y2 Y4( )


substitute Y1
1

R1
= Y2 s C1= Y3

1

R2
=

substitute Y4
1

R3
= Y5 s C2=

collect s Aol



open loop voltage gain:

GH5 s( )
C1 C2 R1 R2 R3 s

2 C2 R1 R2 C2 R1 R3 C2 R2 R3( ) s R1

C1 C2 R1 R2 R3 s
2 C1 R1 R3 C2 R1 R2 C2 R1 R3 C2 R2 R3( ) s R1 R3

Aol






=

GH5 s( )

s
2 R1 R2 R3( ) R2 R3[ ]

C1 R1 R2 R3
s

1

C1 C2 R2 R3( )


s
2 C2 R1 R2 R1 R3 R2 R3( ) C1 R1 R3[ ]

C1 C2 R1 R2 R3( )
s

R1 R3
C1 C2 R1 R2 R3


Aol













= (5.1.13)

Calculation of the Input and output resistances

Filter's Transfer Function Calculation

For the proposed filter, here reported in fig.:5.1.18

fig.:5.1.18

 the admittances are:         

                                                                      Y1 s( )
1

R1
=  , 

                                                                      Y2 s( ) s C1= ,
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                                                                      Y3 s( )
1

R2
= ,

                                                                      Y4 s( )
1

R3
= ,

                                                                      Y5 s( ) s C2= .
 Substituting into the general form (5.1.11), gets:

Wlp s( )
Y1 Y3

Y5 Y1 Y2 Y3 Y4( ) Y3 Y4

substitute Y1
1

R1
= Y2 s C1= Y3

1

R2
= Y4

1

R3
=

substitute Y5 s C2=

collect s



The resulting transfer function, then, is:

Wlp s( )
R3

C1 C2 R1 R2 R3 s
2 C2 R1 R2 C2 R1 R3 C2 R2 R3( ) s R1

=

Collecting the term: C1 C2 R1 R2 R3  , the t. f. becomes:

Wlp s( )

1

R1 R2 C1 C2


s
2

s
1

C1


1

R1

1

R2


1

R3







1

R2 R3 C1 C2


= (5.1.14)

  In order for this transfer function takes the form of  the standard low-pass active filter, below rewritten:

Wlp s( )
A5 ω5

2

s
2

2 ζ5 s ω5
2

= (5.1.15)

I must substitute into (5.1.15): 

a) A5 ω5
2

1
R1 R2 C1 C2

=

b) ω5
2 1

R2 R3 C1 C2
= ω5

1

R2 R3 C1 C2
=

c) 2 ζ5
ω5

Q5
=

1

C1

1

R1

1

R2


1

R3






=

Calculations A5 and Q5

From a) and b): A5 ω5
2 A5

1

R2 R3 C1 C2
=

1
R1 R2 C1 C2

=

that is: A5
R2 R3 C1 C2
R1 R2 C1 C2

=
R3

R1
=

A5
R3

R1
=
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From b) and c):
1

Q5

2 ζ5

ω5
=

1

C1

1

R1

1

R2


1

R3








1

R2 R3 C1 C2

=
1

C1

1

R1

1

R2


1

R3






 R2 R3 C1 C2=

namely:

1

C1

1

R1

1

R2


1

R3






 R2 R3 C1 C2
C1 C2
C1

R2 R3
R1

R2 R3
R2


R2 R3
R3










=

C1 C2
C1

R2 R3
R1

R2 R3
R2


R2 R3
R3











C2

C1

R2 R3
R1

R3

R2


R2

R3










=

1

Q5

2 ζ5

ω5
=

C2

C1

R2 R3
R1

R3

R2


R2

R3










=

Hence, Pole Q factor:  Q5 9.2  , is given by:

Q5
1

C2

C1

R2 R3
R1

R3

R2


R2

R3












=

Calculations A5 and Q5

                        In summary, I can write:   d)     ω5
1

R2 R3 C1 C2
=  ,                                                (5.1.16)

                                                               e)     A5
R3

R1
=  ,

                                                               f)       Q5
1

C2

C1

R2 R3
R1

R3

R2


R2

R3












= ,

                                                              g)        ζ5
1

2

1

C1

1

R1

1

R2


1

R3












=

  A further condition is obtained by observing that the relationships  R1
R3

A5
=  and   R2

1

ω5
2

R3 C1 C2
=  can be 

  replaced in the expression c) 
ω5

Q5

1

C1

1

R1

1

R2


1

R3






= , namely:

                                            
ω5

Q5

1

C1

1
R3

A5

1
1

ω5
2

R3 C1 C2


1

R3











= ,

   which yields: 

                                                         
ω5

Q5
C2 R3 ω5

2
A5 1

C1 R3
 0= ,

   it is a quadratic equation in the unknown R3:

                                                       R3
2

A5 1

C1 C2 ω5
2


R3

C2 Q5 ω5
 0= ,
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  whose roots are:
Symbolic reset of  constants and variables

R3
2

A5 1

C1 C2 ω5
2


R3

C2 Q5 ω5


solve R3

simplify max

4 C2 Q5
2 C1 4 C2 Q5

2 A5

C1
 1

2 C2 Q5 ω5

4 C2 Q5
2 C1 4 C2 Q5

2 A5

C1
 1

2 C2 Q5 ω5


























hence:

R3
1

2 C2 Q5 ω5

1 1
4 C2 Q5

2 A5 1 

C1


1 1
4 C2 Q5

2 A5 1 

C1


















= (5.1.17)

it gives a further condition in order that R3 takes real values, namely:

1
4 C2 Q5

2 A5 1 

C1
 0

C2

C1

1

4 Q5
2 A5 1 

 C1

C2
4 Q5

2 A5 1 

4 Q5
2 A5 1  7.11 10

3

4 Q5
2 A5 1  C2 61.734 μF

C2 8.683 nF results: C1 4 Q5
2 A5 1  C2 (5.1.18)

Q5 9.2 A5 20
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  Poles of the transfer function ( j 1= ):

WDen denom Wlp s( )  coeffs s 1 2 ζ5 0.021
Grads

sec


Search of the poles of Wlp(s): poles polyroots WDen( )  , WDen 

Symbolic reset of  constants and variables

denominator polynomial: p s( ) s
2

2 ζ5 s ω5
2

ω5 0.191
Grads

sec
 poles p s( )

solve s

simplify

ζ5
2

ω5
2 ζ5

ζ5 ζ5
2

ω5
2











 (5.1.19)

ζ5 0.01
Grads

sec
 poles

0.01 0.191j

0.01 0.191j









Grads

sec


The pulsation ω5 is the geometrical mean of the magnitude of the poles: 

ω5 poles0 poles1=

ω5 0.191
Grads

sec
 poles0 poles1 0.191

Grads

sec


For ω=ω5 results:

ω5ω

20 log W j ω( ) ( )lim


20 log
A5 ω5

2 ζ5









= 20 log A5 Q5 =

20 log
A5 ω5

2 ζ5









 45.296 20 log A5 Q5  45.296

Hence for ω=ω5 results: A5 Q5 1= 20 log A5  20 log Q5 =
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   About Sensitivity

Sensitivity definition given the performance P  and the parameter xi:

Sx.i

xi

P xi
P


=

lnxi
ln P 


=

5.1.1) Calculation of the circuit performance A5

The filter project could be developed even considering the desired sensitivity of the various parameters. 

In this particular case, the performance is the voltage gain: P A5=
R3

R1
=

Sensitivity Calculation

ΔA5

A5
SR1

ΔR1

R1
 SR3

ΔR3

R3
=

ΔR1

R1

ΔR3

R3
=

SA5

ΔA5

A5
=

ΔR1

R1

ΔR3

R3
= (5.1.1.1)
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5.1.2) Calculation of the sensitivity of the circuit performance ω5 

Sx.i

xi

P xi
P


=

lnxi
ln P 


=

P ω5=
1

R2 R3 C1 C2
=

Sensitivity Calculation

R2 R2 R3 R3 C1 C1 C2 C2

SC1ω.5
C1
1

R2 R3 C1 C2
C1

1

R2 R3 C1 C2




 simplify

1

2


SC2ω.5
C2
1

R2 R3 C1 C2
C2

1

R2 R3 C1 C2




 simplify

1

2


SR2ω.5
R2
1

R2 R3 C1 C2
R2

1

R2 R3 C1 C2




 simplify

1

2


SR3ω.5
R3
1

R2 R3 C1 C2
R3

1

R2 R3 C1 C2




 simplify

1

2


Sω.o

Δωo

ωo
= SC1ω.5

ΔC1

C1
 SC2ω.5

ΔC2

C2
 SR1ω.5

ΔR1

R1
 SR2ω.5

ΔR2

R2
=

Sensitivity Calculation

Sω5
1

2

ΔC1

C1

ΔC2

C2


ΔR1

R1


ΔR2

R2






= (5.1.2.1)

ΔC1

C1

ΔC2

C2
 2 Sω5

ΔR1

R1

ΔR2

R2






=
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 5.1.3) Calculation of the sensitivity of the circuit performance Q 

Sx.i

xi

P xi
P


=

lnxi
ln P 


=

Q5
1

C2

C1

R2 R3
R1

R3

R2


R2

R3












=

Sensitivity Calculation

SQ.5
1

2

ΔC1

C1

ΔC2

C2







1

1 R1
1

R3

1

R2








ΔR1

R1


1

2

R1 R2 R3( ) R2 R3
R1 R2 R3( ) R2 R3


ΔR2

R2


1

R3
1

R1

1

R2






 1

1

2


ΔR3

R3


=

(5.1.3.1)

if:  
ΔC1

C1

ΔC2

C2
=

ΔR1

R1
=

ΔR2

R2
=

ΔR3

R3
= rtol=  

SQ.5
1

R3
1

R1

1

R2






 1

1

2


1

R1
1

R2

1

R3






 1


R2
1

R1

1

R3






 1

2 R2
1

R1

1

R3






 1
 1













rtol=

Summary

SA.5

ΔA5

A5
=

ΔR1

R1

ΔR3

R3
= 2 rtol= (5.1.3.2)

Sω.5
1

2

ΔC1

C1

ΔC2

C2


ΔR1

R1


ΔR2

R2






= 2 rtol= (5.1.3.3)

SQ.5
1

R3
1

R1

1

R2






 1

1

2


1

R1
1

R2

1

R3






 1


R2
1

R1

1

R3






 1

2 R2
1

R1

1

R3






 1
 1













rtol= (5.1.3.4)
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Example (5.1.3.1-1)

are given:  rtol 5.0%  ,
                   R1 0.047 kΩ  ,  or R1 120 Ω
                    C1 1.70 nF  ,
 from the definition of A5 is: R3 A5 R1  ,    

    from the definition of damping factor, is derived:R2
1

2 C1 ζ5
1

R1

1

R3







 ,

 therefore, in order that R2>0, must  be: C1
1

2 ζ5
1

R1

1

R3






  ,         
1

2 ζ5
1

R1

1

R3






 0.422 nF

namely:  R2 37.71 Ω  .
                                                                         

From the definition of ω5 , is derived: C2
1

C1 R2 R3 ω5
2

  ,

                                                                      C2 0.178 pF  ,            

ω5

2 ζ5
9.2

ω5

2 Q5
10.373

Mrads

sec


R1 0.12 kΩ 4 Q5
2 A5 1  C2 1.269 nF

R2 37.71 Ω C1 1.7 nF

R3 2.4 kΩ

Voltage gain:
R3

R1
 20

Pole Q factor:
1

C2

C1

R2 R3
R1

R3

R2


R2

R3












9.2

Geometric mean of the poles and the resulting frequency: 

1

R2 R3 C1 C2
0.191

Grads

sec
 ω5 0.191

Grads

sec


The previous findings (R1, R2, R3), after a slight modification of one or more of them, may be used as a guess for a
new  solution (not always found, also after many attempts ) of the system, as follows:  

Given (5.1.3.5)

ω5
1

R2 R3 C1 C2
=

A5
R3

R1
=
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Q5
1

C2

C1

R2 R3
R1

R3

R2


R2

R3












=

ζ5
1

2

1

C1

1

R1

1

R2


1

R3












=

R1 0.0 Ω
R2 0.0 Ω

R3 0.0 Ω

Rx Find R1 R2 R3( )

Rx

120

37.71

2.4 10
3













Ω C1 1.7 nF

C2 0.178 pF

A5 20

ω5 0.191
Grads

sec


2 ζ5 0.021
Grads

sec


fig.:5.1.19

   Sensitivity for the previous example

SA.5

ΔA5

A5
= SA.5 rtol rtol( ) rtol 5 % (5.1.3.6)

Sω.5

Δω5

ω5
= Sω.5

1

2
rtol rtol rtol rtol( ) (5.1.3.7)

SQ.5
1

R3
1

R1

1

R2






 1

1

2


1

R1
1

R2

1

R3






 1


R2
1

R1

1

R3






 1

2 R2
1

R1

1

R3






 1
 1













rtol

results: SA.5 10 % Sω.5 10 % SQ.5 9.882 % (5.1.3.8)
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   5.1.4  NYQUIST DIAGRAM

Op Amp open loop voltage gain: Aol 10
5

   After the following substitution:
                

GH5 s( )
Y1 Y2 Y3 Y4( ) Y5 Y3 Y4[ ] Aol

Y1 Y2 Y3 Y4( ) Y5 Y3 Y1 Y2 Y4( )


substitute Y1
1

R1
= Y2 s C1= Y3

1

R2
=

substitute Y4
1

R3
= Y5 s C2=



   results the already found relation (5.1.13), here rewritten:   
                                                                                                              

           GH5 s( )

s
2 R1 R2 R3( ) R2 R3[ ]

C1 R1 R2 R3
s

1

C1 C2 R2 R3( )


s
2 C2 R1 R2 R3( ) R2 R3[ ] C1 R1 R3[ ]

C1 C2 R1 R2 R3( )
s

R1 R3
C1 C2 R1 R2 R3


 Aol    (5.1.13')

Place:

ω5
1

R2 R3 C1 C2
= ω1

R1 R2 R3( ) R2 R3[ ]

C1 R1 R2 R3


ω2
R1 R2 R3( ) R2 R3

C1 R1 R2 R3
1

C2 R2
= ω1

1

R2 C2
=

ω2 ω1
1

R2 C2


ω3
R1 R3

R1
ω5

2

ω5 0.191
Grads

sec
 ω1 0.021

Grads

sec


ω2 148.649
Grads

sec
 ω3 0.875

Grads

sec
 ω3

2
0.765

Grads

sec






2


s s

so that I can write: GH5 s( )
s
2

ω1 s ω5
2

s
2

ω2 s ω3
2

 Aol (5.1.4.2)

ω
ω1

10
2

ω1

10
2

2 10
2 ω2

ω1

10
2








4 10
5

 2 10
2 ω2

ω1

10
1

2.075 10
3

Grads

sec

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1 10
7 1 10

8 1 10
9 1 10

10 1 10
11 1 10

12 1 10
13 1 10

14
20

40

60

80

100

Magnitude of the Open Loop Gain GH5 

20 log GH5 j ω( ) 

ω2ω1

ω

fig.:5.1.4.1

1 10
7 1 10

8 1 10
9 1 10

10 1 10
11 1 10

12 1 10
13 1 10

14
4

2

0

2

Phase of the Open Loop Gain GH5 

π

2

π

2


arg
GH5 j ω( )

Aol









ω2

ω

fig.:5.1.4.2

ω 2 10
2 ω2 2 10

2 ω2
2 10

2 ω2 2 10
2 ω2

10
5

 2 10
2 ω2

To let see the inner loop of the Nyquist diagram it has been defined the following new interval:

ωx 4 10
4 ω2 4 10

4 ω2
4 10

4 ω2 4 10
4 ω2

10
5

 4 10
4 ω2

The Nyquist diagram of the normalized open loop gain is composed by two circles, both tangent to the Origin:
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1.4 1.05 0.7 0.35 0
0.6

0.3

0

0.3

0.6
Nyquist Diagram

0.5

0.5

Im
GH5 j ω( )

Aol









1 0

Re
GH5 j ω( )

Aol









0.1 0.05 0 0.05
0.1

0.05

0

0.05

0.1
Nyquist Diagram

0.046

0.046

Im
GH5 j ωx 

Aol









0.092 0

Re
GH5 j ωx 

Aol









fig.:5.1.4.3

Desensitization
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  5.1.5  Nichols chart

From the analysis of a generic Linear Time Invariant  system with negative feedback, can be drawn some conclusion
summarized here below:

NEGATIVE FEEDBACK  SYSTEM

fig.:5.1.5.1

System transfer function with negative feedback: 

Gf s( )
G s( )

1 G s( ) H s( )
= 5.1.5.1

System's parameters variation: desensitization. 
Ratio of the relative gain variations with and without feedback:  

ΔGf s( )

Gf s( )

ΔG s( )

G s( )

1

D s( )
= 5.1.5.2

Low frequency voltage gain in dB: Wlpp 20 log A5  Wlpp 26.021

Open loop gain(GH5 s( ) G s( ) H s( )= ), namely:

                                                           GH5 s( )
s
2

ω1 s ω5
2

s
2

ω2 s ω3
2

 Aol                                    5.1.5.3

  The following Nichols chart, shows the magnitude in dB of the open loop gain (in purple red). The red scarlet line   

  refers to the Magnitude in dB of the  open loop gain = 0dB. The yellow arc is related to ϕ=±
π

2
.

ϕ ω( ) arg G j ω( ) H j ω( )( )= αnch5 ω( ) arg G j ω( ) H j ω( )( )= 5.1.5.4

Scroll The Slider to Zoom In or Out The Nichols Chart

mnpnch 
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Nichol's chart lower left corner: mnch5 2.0

Nichol's chart lower right corner: nnch 0.0

Nichol's chart upper left corner: pnch mnch5 10 pnch 20

αnch5 π mnch5 1.1 π mnch5 1.1
2 π mnch5

10
4

 mnch5 π

The values of the gain margin and the phase margin  can be deduced  observing the graph. Therefore I have a measure
of the degree of stability of the system with feedback.

ω_x 4 10
0 ω2 GHinit 20 log GH5 j ω_x( )[ ]  GHend 20 log GH5 j ω_x( )[ ] 

ω1 0.021
Grads

sec
 ω ω_x ω_x

ω_x ω_x

10
5

2
 ω_x

ωtest 0.382
Grads

sec
 ω2 148.649

Grads

sec
 Q5 9.2

6.28 5.5 4.71 3.93 3.14 2.36 1.57 0.79 0
50

38.75

27.5

16.25

5

6.25

17.5

28.75

40
Nichols Chart

arg(GH(jω)) in radians

|G
H

(j
ω

)|d
B

arg GH5 j ω_x( ) 

fig.:5.1.5.2

The gain margin is defined as gmg
1

GH5 j ωx =  and is calculated at the frequency ωx where 

arg GH j ωx   π=  or π. (For amplifiers it should be gmg 4 )

The phase margin, on the other hand, is defined asphmg π arg GH5 j ωy  =  calculated at the frequency ωy

where GH j ωy  1= . (For amplifiers it should be phmg
π

3
 )
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  5.1.6  Four particular cases of the transfer function  

1a)  R1 R2= R3= R=  , and C1 C2= C= , 

2a) R2 R3= R=  , and C1 C2= C= , 

3a) R1 R2= R=  , and C1 C2= C= ,

4a) R1 R2= R3= R=  ,

1a)  R1=R2=R3=R, and C1=C2=C 

Substituting in  the transfer function, Wlp s( )

1

R1 R2 C1 C2


s
2

s
1

C1


1

R1

1

R2


1

R3







1

R2 R3 C1 C2


=  ,

                                   it  becomes:  Wlp s( )

1

R
2

C
2



s
2

s
3

C R


1

R
2

C
2


=                                                     (5.1.6.1)

A5 ω5
2

1

R
2

C
2

= R3 R=
1

2 C Q5 ω5

1 1 4 Q5
2 A5 1 

1 1 4 Q5
2 A5 1 











= (5.1.6.2)

condition in order that R takes real values A5 1=

1

2 2
0.354 Q5

1

2 A5 1


1

2 2
=

In summary, it can be written:   a)     ω5
1

R2 R3 C1 C2
=

1

R R C C
=

1

R C
=  ,                             (5.1.6.3)

                                                     b)     A5
R3

R1
= 1=  ,                                                                     (5.1.6.4)

                                                     c)       Q5
1

C2

C1

R2 R3
R1

R3

R2


R2

R3












=
1

3
= ,                     (5.1.6.5)

                                                    d)         ζ5
1

2

1

C1

1

R1

1

R2


1

R3












=
3

2 R C
= ,                        (5.1.6.6)

                                                    e)        
ω5

2 ζ5
1

3
= .                                                                               (5.1.6.7)
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  2a) R2=R3=R, and C1=C2=C

transfer function Wlp s( )

1

R1 R C
2



s
2

s
1

C


1

R1

2

R







1

R
2

C
2


= (5.1.6.8)

A5 ω5
2

1

R1 R C C
= R

1

2 C Q5 ω5

1 1 4 Q5
2 A5 1 

1 1 4 Q5
2 A5 1 











= (5.1.6.9)

Condition in order that R3 takes real values: 1 4 Q5
2 A5 1  (5.1.6.10)

Q5
1

2 A5 1


1

2 A5 1
0.109

In summary, it can be written:   a)     ω5
1

R2 R3 C1 C2
=

1

R R C C
=

1

R C
=  ,                         (5.1.6.11)

                                                     b)     A5
R3

R1
=

R

R1
=  ,                                                             (5.1.6.12)

                                                     c)     Q5
1

C2

C1

R2 R3
R1

R3

R2


R2

R3












=
1

R

R1
2





=
1

2 A5
= ,

                                                                   that holds for Q5
1

2
  or A5 2 .                                   (5.1.6.13)

                                                    d)     ζ5
1

2

1

C1

1

R1

1

R2


1

R3












=
3

2 R C
= ,                       (5.1.6.14)

                                                    e)     
ω5

2 ζ5
1

3
=

1

2 A5
= .                                                            (5.1.6.15)
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  3a)  R1=R2=R, and C1=C2=C 

transfer function Wlp s( )

1

R
2

C
2



s
2

s
1

C


2

R

1

R3







1

R R3 C
2


= (5.1.6.16)

R3
1

2 C Q5 ω5

1 1 4 Q5
2 A5 1 

1 1 4 Q5
2 A5 1 











= (5.1.6.17)

condition in order that R3 takes real values

A5 20 Q5
1

2 A5 1


1

2 A5 1
0.109

In summary, it can be written: 

                     a)     ω5
1

R R3 C C
=

1

C R R3
=  ,                                                                       (5.1.6.18)

                               A5 ω5
2

A5

R R3 C C( )
=

1

R
2

C
2

= ,                                                                 (5.1.6.19)

                     b)     A5
R3

R
=  ,                                                                                                         (5.1.6.20)

                     c)      Q5
1

C

C

R R3
R

R3

R


R

R3












=
1

2
R3

R


R

R3










=
1

2 A5
1

A5










= , 

                                                                                                                                                             (5.1.6.21)

                     d)      ζ5
1

2

1

C


1

R

1

R


1

R3






=
1

2 C
2

R

1

R3






= ,                                                (5.1.6.22)

                     e)     
ω5

2 ζ5
1

R

R3
2

R3

R


= .                                                                                      (5.1.6.23)

from b) it follows: R3

R
A5= A5 0

R3

R
A5=

Q5
1

2 A5
1

A5


= (5.1.6.24)

A5

1 8 Q5
2 1

4 Q5

1 8 Q5
2 1

4 Q5




















= A5

1 8 Q5
2 1

4 Q5
=
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1 8 Q5
2 0

condition in order that R3 takes real values Q5
1

2 A5 1
 0 Q5

1

2 2
 (5.1.6.25)

1

2 2
0.3536

1

2 A5 1
0.109

  4a)  R1=R2=R3=R

(5.1.6.26)transfer function Wlp s( )

1

R
2

C1 C2


s
2

s
1

C1


3

R


1

R
2

C1 C2


=

R3 R=
1

2 C2 Q5 ω5

1 1
4 C2 Q5

2 A5 1 

C1


1 1
4 C2 Q5

2 A5 1 

C1


















= (5.1.6.27)

condition in order that R3 takes real values:
C1

C2
4 Q5

2 A5 1  Q5
1

2

C1

C2 A5 1 
 (5.1.6.28)

In summary, it can be written:   a)     ω5
1

R2 R3 C1 C2
=

1

R C1 C2
=  ,                    (5.1.6.29)

                                                    b)     A5
R3

R1
= 1=  ,                                                              (5.1.6.30)

                                                    c)      Q5
1

C2

C1

R2 R3
R1

R3

R2


R2

R3












=
1

3

C1

C2
=       (5.1.6.31)

ζ5

ω5

2 Q5
=

1

R C1 C2

2
1

C2

C1
3


=

3
C2

C1


2 R C1 C2
=

3

2 R C1
= (5.1.6.32)

condition in order that R3 takes real values Q5
1

2

C1

C2 A5 1 
 (5.1.6.33)

1

2

C1

C2 A5 1 
 10.65

1

3

C1

C2
 32.537
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   5.1.7  Pulse response
 General case: R1≠R2≠R3, C1≠C2

Known values:
Voltage gain: A5 20 Pole Q factor:  Q5 9.2  ,

Pole pulsation: ω5 0.191
Grads

sec


damping factor: ζ5 0.01
Grads

sec


Graph of the pulse response: 

Transfer function: Wlp s( )
A5 ω5

2

s
2

2 ζ5 s ω5
2

ζ5 ω5if

A5

ω5
2

s ω5 2
 otherwise

 (5.1.7.1)

A5 A5 s s a a ω5 ω5 ζ5 ζ5

Calculation of the pulse response as the inverse Laplace transform of the t. f.:

w t( )
A5 ω5

2

s
2

2 ζ5 s ω5
2

invlaplace s t

rewrite exp

simplify max



Dirac pulse response chosen:

Pulse response: w t( ) A5 ω5
2 t sinc t ω5

2
ζ5

2

 e

ζ5 t
 Φ t( ) (5.1.7.2)

Search of the minimum:

 
t
w t( )




0=  for t= tx2

2 atan
ζ5 ω5

ω5
2

ζ5
2













ω5
2

ζ5
2

 ζ5 ω5if

1

ζ5
otherwise

  ,        

tx2 7.957 ns

(5.1.7.3)

Minimum: w tx2( ) 3.515
Grads

sec


Initial value theorem: 
0t

f t( )lim
 ∞s

s F s( )( )lim


= ,

Final value theorem: 
∞t

f t( )lim
 0s

s F s( )( )lim


=
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A5 A5 s s a a ω5 ω5

ζ5 ζ5

∞s
s

A5 ω5
2

s
2

2 ζ5 s ω5
2












lim


0 ω5
2

ζ5
2 0.036

Grads

sec






2



A5 A5 s s a a ω5 ω5

ζ5 ζ5

0s
s

A5 ω5
2

s
2

2 ζ5 s ω5
2












lim


0

tx2 7.957 ns

t 1 Ttest 1 Ttest
20 T5 1 Ttest

10000
 20 T5

Right Lower Corner Graph Control

rcor 2 T5 ζ5 ω5=if

10 T5 otherwise



Right Lower Corner Graph Control

0 1 10
7 2 10

7 3 10
7

2 10
9

0

2 10
9

Graph of the impulse response.

w tx2( )

0w t( )

tx2

t

fig.:5.1.7.1

  5.1.8  BODE PLOTS (Low Pass II° order):

For time harmonic signal place: s=jω and call the magnitude in dB of the frequency response as follows:

WlpdB ω( ) 20 log Wlp j ω( )  WlpdB ω5  45.296

now proceed to its computing:

A5 A5 s s a a ω5 ω5 ζ5 ζ5 ω ω
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Wlp_ ω( )
A5 ω5

2

s
2

2 ζ5 s ω5
2

substitute s j ω=

simplify max

collect ω



Wlp_ ω( )
ω

2
ω5

2 2j ζ5 ω

4 ζ5
2 ω

2 ω
4 2 ω

2 ω5
2 ω5

4
 ω5

2 A5

(5.1.8.1)

Considering the poles, the transfer function can be rewritten as:

Wlp_ ω( )
A5 ω5

2

j ω ζ5
2

ω5
2 ζ5







 j ω ζ5 ζ5

2
ω5

2





 (5.1.8.2)

Hence the magnitude of the frequency response in dB is:

A5 A5= WlpdB ω( ) 20 log A5 ω5
2

ω
2 ω5

2





2
2 ζ5 ω 2

ω
4

ω5
4 ω

2
4 ζ5

2 2 ω5
2

















 (5.1.8.3)

The phase  response is:

(5.1.8.4)
φs ω( ) π atan

ω

ζ5
2

ω5
2 ζ5











 atan
ω

ζ5 ζ5
2

ω5
2













If Q5>0.5 the frequency response presents a overshoot at:

ωpick ω5
2

2 ζ5
2 ζ5 ω5 ω5 2 ζ5if

ω5 otherwise



ωpick 0.19
Grads

sec


and the pick amplitude is

WlpdBpick 20 log
ω5

2
A5

2 ζ5
2

ω5
2

ζ5
2















 ζ5 ω5 ω5 2 ζ5if

20 log A5  otherwise

 (5.1.8.5)

pick amplitude WlpdBpick 45.309
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Bandwidth calculation. 

  The bandwidth is given by the frequency at which the magnitude of the transfer function is 
A5

2
, ( s=jω), namely: 

A5 ω5
2

ω
2 ω5

2





2
2 ζ5 ω 2

ω
4

ω5
4 ω

2
4 ζ5

2 2 ω5
2






A5

2
=

bandwidth calculation

Angular bandwidth: Bω5 ω5
2

2 ζ5
2 2 2 ζ5

2 ζ5
2

ω5
2



 ω5

4 Bω5 0.296
Grads

sec


Bandwidth: Bw5
ω5

2
2 ζ5

2 2 2 ζ5
2 ζ5

2
ω5

2



 ω5

4

2 π
 (5.1.8.6)

Knowing the bandwidth one can determine ω5 vs. Q5 and Bw: Bw5 47.1 MHz

ω5 0.191
Grads

sec
 ω5

Bω5( )
2

4 Q5
2 2 Q5

2 1



 1 2 Q5

2 1





2 Q5
2

 (5.1.8.7)

if Q5=0.5, it results. ω5 Bω5 2 1=

Knowing Q5 and ω5, one can obtain Bw:

Angular bandwidth: Bω5
2 ω5 Q5

4 Q5
2 2 Q5

2 1



 1 2 Q5

2 1

= (5.1.8.8)

Numerical result:

f5 30.377 MHz Bw5
2 ω5 Q5

2 π 4 Q5
2 2 Q5

2 1



 1 2 Q5

2 1

47.1 MHz

Bw5 47.1 MHz

If ζ.5=ω5 results: Bω5 ω5
2

2 ω5
2 2 2 ω5

2 ω5
2

ω5
2



 ω5

4= ω5 2 1=

2 1 0.644

For ω=Bω5, the voltage gain in dB takes the value: WlpdB Bω5( ) 23.01 dB Wlpp dB3gd 23.01

Low frequency voltage gain: Wlpp 26.021 dB ζ5 0.01
Grads

sec
 ω5 0.191

Grads

sec
 Q5 9.2

The angular  frequency for which WlpdB ω( )=0dB is:

45

ω5dB0 4 ζ5
2 ζ5

2
ω5

2



 ω5

4
A5 2 2 ζ5

2 ω5
2

ω5dB0 0.875
Grads

sec
 WlpdB ω5dB0  0

If ζ5 ω5=  , the corresponding angular  frequency for which WlpdB ω( )=0dB is: ω5dB0 ω5 A5 1

ζ5 0.01
Grads

sec
 ω5 0.191

Grads

sec
 ω5dB0 0.875

Grads

sec
 WlpdB ω5dB0  1.929 10

15
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  System modes.  

Knowing the transfer function: Wlp s( )
A5 ω5

2

s
2

2 ζ5 s ω5
2



Modes calculation

modes "Pseudoperiodics" Q5 9.2 (5.1.8.9)

  Bode Plots

W1lp s( )
A5 ω5

2

s
2

2 ζ5 s ω5
2

ζ5 ω5if

A5 ω5
2

s ω5 2
otherwise

 (5.1.8.10)

poles
T

0.01 0.191j 0.01 0.191j( )
Grads

sec


poles0 0.191
Grads

sec


poles0 poles1 0.191
Grads

sec
 ω5 0.191

Grads

sec


ω
ω5

1000

ω5

1000

40 ω5
ω5

1000


1000
 40 ω5

WlpdB ω5  45.296 Wlpp 26.021 dB

 Pick amplitude of the frequency response if Q 5 >0.5 rpeak 20 log
A5 ω5

2 ζ5











Plots Control

Q5 9.2
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1 10
6 1 10

7 1 10
8 1 10

9 1 10
10

0
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Magnitude in dB

Wlpp dB3gd

0

20 log Wlp j ω( ) 

Wlpp

20 log Wlp j poles0  

ω5 ω5dB0

ω

Bw5 47.1 MHz fig.:5.1.8.1

1 10
7 1 10

8 1 10
9 1 10

10

0

20

40

Magnitude in dB

Wlpp dB3gd

0

20 log Wlp j ω( ) 

Wlpp

ω5dB02 π Bw5

ω

fig.:5.1.8.1'

pick amplitude WlpdBpick 45.309 Wlpp 26.021

ωpick 0.19
Grads

sec
 ω5 0.191

Grads

sec

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1 10
7 1 10

8 1 10
9 1 10

10

0

20

40

Magnitude in dB

WlpdBpick

0

20 log Wlp j ω( ) 

Wlpp dB3gd

ω5dB0ωpick

ω

fig.:5.1.8.1''

ωpick 0.19
Grads

sec
 ω5 0.191

Grads

sec
 ω5 ωpick 0.565

Mrads

sec


Wlpp 2 dB3gd rpeak= 20 log
A5 ω5

2 ζ5









=

Wlpp 2 dB3gd 20

rpeak 45.296

20 log
A5 ω5

2 ζ5









 45.296

1 10
7 1 10

8 1 10
9 1 10

10

0

20

40

Magnitude in dB

WlpdBpick

0

20 log Wlp j ω( ) 

Wlpp dB3gd

ω5dB0ω5

ω

fig.:5.1.8.1'''
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1 10
6 1 10

7 1 10
8 1 10

9 1 10
10 1 10

11
0

1

2

3

Phase in radians

ω

φ
(ω

)

π

2

π
poles1poles0

fig.:5.1.8.2

Knowing the poles of the transfer function, it is immediate to see  the system stability: 

Stability Type

stability " System Exponentially Stable"
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                                        5.2
           ANALOG FILTER OUTPUT ANALYSIS
                           For a signal definition refer to the file "Signal List.xmcd"

fig.:5.2.1

 Chosen period of the test signal,  Ttest 0.016 μs . At the corresponding frequency, the voltage gain of the filter is 

20 log Wlp j ωtest   16.455 dB . As seen the pulse response waveform is:

0 1 10
7 2 10

7 3 10
7

4 10
9

2 10
9

0

2 10
9

4 10
9

Waveform of the impulse response w(t)

O
u

tp
u

t

w tx2( )

0

tx2

fig.:5.2.2

w tx2( ) 3.515
Grads

sec


  5.2 ANALOG FILTER OUTPUT ANALYSIS
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  5.2.1  Voltage  step response  - Analytical solution

0 1 10
8 2 10

8 3 10
8

0

2 10
3

4 10
3

Step Function

0

Vpp

Vpp Φ t( )

0

t

fig.:5.2.1.1

A5 A5 ω5 ω5

Vpp Vpp Vpp 5 10
3 V

The evaluation is disabled because the result exceeds the page margins.

ysr t( )
A5 ω5

2

s
2

2 ζ5 s ω5
2

Vpp

s


invlaplace s

simplify max

collect A5 Vpp e
ζ5 t





Step response:
define the function:           

       gsr t A5 ζ5 ω5  cosh t ζ5
2

ω5
2



ζ5 sinh t ζ5
2

ω5
2



ζ5
2

ω5
2










e
ζ5 t

 1








 ,

  the output waveform is: ysr t( ) A5 Vpp gsr t A5 ζ5 ω5  Φ t( ) ζ5 ω5if

1 e
t ω5

t ω5 1 



 Φ t( ) otherwise

 ,  (5.2.1.1)

Calculation of the initial and final values of the output:

Initial value theorem: 
0t

f t( )lim
 ∞s

s F s( )( )lim


= ,

Final value theorem: 
∞t

f t( )lim
 0s

s F s( )( )lim


=

Output's Initial value:

Input signal: Vi s( )
Vpp

s
= (5.2.1.2)

∞s
s Vo s( ) lim

 ∞s
s W s( ) Vi s( ) lim


= Vpp

∞s
W s( )( )lim


=

A5 A5 s s a a ω5 ω5 ζ5 ζ5
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Vpp
∞s

A5 ω5
2

s
2

2 ζ5 s ω5
2











lim


 0 volt=

Output's final value:

Input signal: Vi s( )
Vpp

s
=

0s
s Vo s( ) lim

 0s
s W s( ) Vi s( ) lim


= Vpp

0s
W s( )( )lim


=

A5 A5 s s a a ω5 ω5 ζ5 ζ5

Vpp
0s

A5 ω5
2

s
2

2 ζ5 s ω5
2











lim


 A5 Vpp ω5 0if

undefined otherwise



Graph's controls

0 1 10
7 2 10

7 3 10
7

0.2

0.1

0

II° order Low Pass Filter Step Response

0

A5 Vpp
ysr t( )

Vpp Φ t( )

τ0

t

fig.:5.2.1.2

ζ5 10.373
Mrads

sec
 ω5 190.863

Mrads

sec


Vpp 5 mV f5 30.377 MHz Q5 9.2

Bode plots

1 10
7 1 10

8 1 10
9 1 10

10
20

0

20

40

Frequency Response 

ω

d
B 20 log Wlp j ωtest  

Wlpp dB3gd

2 π Bw5ωtest
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fig.:5.2.1.3
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At the chosen test frequency, the voltage gain assumes the following value:

20 log Wlp j ωtest   16.455 dB 20 log
A5 ω5

2 ζ5









 45.296 dB

while for ω=ω5dB0  the voltage gain is 0dB, being: 
A5 ω5dB0

2 ζ5
843.069

20 log Wlp j ω5dB0   0 dB

 Angular frequency for 0 dB Voltage gain: ω5dB0 0.875
Grads

sec


k‡ is defined in "global data" once for all. k k‡

Sampling of the step response

                                Signal frequency:     ftest 60.754 MHz  ,      

           arbitrary  sampling frequency:     fsstp 10 ftest   ,     fsstp 607.535 MHz ,         (5.2.1.3)

             sampling angular frequency:     ωsmp 2 π fsstp  .     ωsmp 3.817
Grads

sec
 ,

                                sampling period:     Tsstp
1

fsstp
  ,    Tsstp 1.646 ns ,

                     generic pulse delay time:  τ5 0.4 Ttest                

                             sampling time step:   nstpk
k

fsstp
  ,         N0gd 256                                    (5.2.1.4)

                                                            
N0gd

fsstp
f5 12.8    .                                                                (5.2.1.5)

 sampling time step:

nstp
T 0 1 2 3 4 5 6 μs
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nstp
0 0 -31.646·10 -33.292·10 -34.938·10 -36.584·10 -38.23·10 ...

μs

N0gd 256 ysrk

ysr nstpk 
volt

 (5.2.1.6)

T5 0.033 μs τ 5.239 10
3 μs

0 0.041 0.082 0.123 0.165 0.206 0.247 0.288 0.329
0.2

0.1

0

Sampled Step Response

A5 Vpp

ysrk

ysr t( )

nstp80

μs

τ

μs

nstpk

μs

t

μs


fig.:5.2.1.5

ζ5 10.373
Mrads

sec
 ω5 0.191

Grads

sec


Samples:

ysr
T 0 1 2 3 4 5

0 0 -3-4.839·10 -0.019 -0.04 -0.066 ...


 sampling time step:

nstp
T 0 1 2 3 4

0 0 -31.646·10 -33.292·10 -34.938·10 ...
μs

Fourier Transform of the test signal

ftest 0.061 GHz
fsstp

ftest
10

N0gd

fsstp

1

Ttest
 25.6

Fourier Transform: Fysr fft ysr( ) (5.2.1.7)

Fysr
T 0 1 2 3 4

0 -1.595 -3 -38·10 -1.557j·10 -3 -36·10 -3.171j·10 -3 -35·10 -4.905j·10 ...

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
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  5.2  ANALOG FILTER OUTPUT ANALYSIS

  5.2.2 Short Voltage Pulse  response

Description of the waveform's parameters:     

  Definition:                 V4 t τ5 τpw Vin  Vin rect1 t τ5 τpw =   , Vin

Vpp

V
=                            (5.2.2.1)

                  V4(t,τ5, τpw, Vin )=V4(time, Rising Edge , Pulse Width, Dimensionless Amplitude).

Pulse amplitude: Vpp 5 mV Pulse width: τpw T5 20 τpw 658.398 ns

Pulse displacement from the origin: ξsl 0.8 ,           τpw τpw 1 ξsl  ξsl τpw= ,                      (5.2.2.2)

Time delay from the origin: τ5 τpw 1 ξsl   ,     risingedge τ5=  ,        width τpw= .

Generic pulse definition defined in "Fourier Series.xmcd":

Input signal defined in "Test Signal.xmcd": Vw t( ) V4 t τ5 τpw Vpp   (5.2.2.3)

Consider a Short Voltage Pulse delayed  τ5 seconds: τ5 0.132 μs Tsstp 1.646 ns

t 2 τpw 2 τpw
4 τpw

5000
 2 τpw

1 10
6 0 1 10

6

0

0.002

0.004

0.006
Input Waveform

0

Vpp

Vw t( )

τ5 τpwτ5

t

Vw τpw  0

fig.:5.2.2.1

Consider now the same  signal repeated periodically, with period Tvp 4 τpw τ5  , in such a way 

that it is possible to calculate the bandwidth using the program BCSA defined in "Fourier Analysis.xmcd":

Description of the program's parameters:
        BCSA( Dimensionless signa l name, relative error, polynomial degree, start time, signal period) 
BCSA stands for "Bandwidth Calculation and Signal Analysis"

Sbvp0 BCSA Vw rtgd 50 0.0 2 τpw τ5   rtgd 10 %  (5.2.2.4)

Bandwidth Calculation

Signal bandwidth: Bvp0 0.046 GHz ftest 0.061 GHz

Parsevalvp0 6.826 10
5 V

2 Averagevp0 2.5 10
3 V RMSvp0 3.536 10

3 V
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Sampling frequency: fsamp
1

Tsamp
2 f1=

Chosen sampling frequency (Nyquist rate): fsvp0 2 Bvp0 fsvp0 0.091 GHz  (5.2.2.5)

Tsvp0
1

fsvp0
  (5.2.2.6)

nsvp0k
k Tsvp0 τ5

N0gd

fsvp0

1

Ttest
 170.667

Vpp 5 10
3 V Pulse sampling: u44k Vw nsvp0k   (5.2.2.7)

5 10
7 0 5 10

7 1 10
6

0

0.002

0.004

0.006
Sampled Input

Vpp

Vw t( )

u44k

τ5 τpwτ5

t nsvp0k


fig.:5.2.2.2

Filter response:

Input signal: Vw t( ) V4 t τ5 τpw Vpp = Vpp rect1 t τ5 τpw =  (5.2.2.8)

or: V4 t( ) Vpp Φ t τ5  Φ t τpw τ5  =  (5.2.2.9)

Laplace transform of the input signal: V4 s( ) Vpp
e

τ5 s

s

e
τ5 τpw  s

s










=  (5.2.2.10)

V4 s( )
Vpp

s
e

τ5 s
 1 e

τpw s
 =  (5.2.2.11)

Laplace transform of the output signal: Yvp s( ) W s( ) V4 s( )=  where W(s) is the t. f.:

                  Yvp s( )
Vpp

s
e

τ5 s
 1 e

τpw s
 

A5 ω5
2

s
2

2 ζ5 s ω5
2












ζ5 ω5if

Vpp

s
e

τ5 s
 1 e

τpw s
 

A5 ω5
2

s ω5 2












otherwise

= ,            (5.2.2.12)
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   1) First case: ζ5 ω5  

Rewrite the Laplace transform of the response in this form:

Yvp s( ) Vpp
e

τ5 s

s


A5 ω5
2

s
2

2 ζ5 s ω5
2

 Vpp
e

τ5 τpw  s

s


A5 ω5
2

s
2

2 ζ5 s ω5
2

=

namely:

Yvp s( ) Vpp A5 ω5
2

e
τ5 s

s s
2

2 ζ5 s ω5
2





e
τ5 τpw  s

s s
2

2 ζ5 s ω5
2
















=  (5.2.2.13)

and call F s( )
1

s s
2

2 ζ5 s ω5
2





=  (5.2.2.14)

results that:
e

τ5 s

s s
2

2 ζ5 s ω5
2





e
τ5 s

F s( )= L f t τ5  =

and:
e

τ5 τpw  s

s s
2

2 ζ5 s ω5
2





e
τ5 τpw  s

F s( )= L f t τ5 τpw   =

so that one can write as well:

Yvp s( ) Vpp A5 ω5
2 e

τ5 s
F s( ) e

τ5 τpw  s
F s( )



=  (5.2.2.15)

Now calculate the inverse Laplace transform of F(s):

call it: f1 t( ) L
1

F s( )( )= L 1 1

s s
2

2 ζ5 s ω5
2











=

1

s s
2

2 ζ5 s ω5
2





invlaplace s

simplify max

collect e
ζ5 t





results: f1 t( ) cosh t ζ5
2

ω5
2



ζ5 sinh t ζ5
2

ω5
2



ζ5
2

ω5
2










e
ζ5 t

 1








1

ω5
2

  (5.2.2.16)

The output is: Yvp s( ) Vpp A5 ω5
2 e

τ5 s
F s( ) e

τ5 τpw  s
F s( )



=

whose inverse Laplace transform is:

y1vp t( ) Vpp A5 ω5
2 f1 t τ5  Φ t τ5  f1 t τ5 τpw   Φ t τ5 τpw    (5.2.2.17)

   2)  case: ζ5 ω5=  
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Rewrite the Laplace transform of the response in this form:

Yvp s( ) Vpp
e

τ5 s

s


A5 ω5
2

s ω5 2
 Vpp

e
τ5 τpw  s

s


A5 ω5
2

s ω5 2
=  (5.2.2.18)

namely: Yvp s( ) Vpp A5 ω5
2

e
τ5 s

s s ω5 2

e
τ5 τpw  s

s s ω5 2












=  (5.2.2.19)

call: G s( )
1

s s ω5 2
=  (5.2.2.20)

so that the first term of the second member can be also written:

e
τ5 s

s s ω5 2
e

τ5 s
G s( )= L f t τ5  =

While the second term is:

e
τ5 τpw  s

s s ω5 2
e

τ5 τpw  s
G s( )= L f t τ5 τpw   =

The Laplace transform of the output can be written:

Yvp s( ) Vpp A5 ω5
2 e

τ5 s
G s( ) e

τ5 τpw  s
G s( )



=  (5.2.2.21)

 To calculate the response, it is sufficient to know the inverse Laplace transform of G(s): 

place : g1 t( ) L 1
G s( )( )= L 1 1

s s ω5 2







=

Calculation of the inverse Laplace transform of G(s):

s s ζ5 ζ5

1

s s ζ5 2

invlaplace s

simplify max

factor

collect e
ζ5 t



collect
1

ζ5
2





(5.2.2.22)so, the result is: g1 t( )
1 e

ζ5 t
ζ5 t 1 

ζ5
2



Finally the inverse Laplace transform of the filter's output:

Y2vp s( ) Vpp A5 ω5
2 e

τ5 s
G s( ) e

τ5 τpw  s
G s( )



=

60



is: y2vp t( ) Vpp A5 ω5
2 g1 t τ5  Φ t τ5  g1 t τ5 τpw   Φ t τ5 τpw   

As one can see, the two waveforms, according to which ζ.5=ω5dB or not,  are slightly different.

ζ5 0.01
Grads

sec
 ω5 0.191

Grads

sec


Hence, the time  response to the Short Voltage Pulse is: 

ypulse t( ) y1vp t( ) ζ5 ω5if

y2vp t( ) otherwise

 (5.2.2.23)

Taking into account  the op. amp. saturation voltage, the output is truncated:

ywsat t( ) if Vsat ypulse t( ) Vsat ypulse t( ) if ypulse t( ) 0.0 volt Vsat Vsat  

Graph controls

ywsat τpw τ5  0.1 V t 4 τpw 4 τpw
6 τpw

10000
 2 τpw A5 Vpp 100 mV

Vsat 15 V
ζ5 0.01

Grads

sec
 ω5 0.191

Grads

sec


0 5 10
7 1 10
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t

fig.:5.2.2.3

Dimensionless Output vp t( )
ywsat t( )

V


Analog  filter Output sampling.
Consider now the same signal repeated periodically, with period Tvp 2 τpw τ5  , in such a way 

that it is possible to calculate the bandwidth using BCSA:

Description of the program's parameters:
      BCSA( Dimensionless signa l name, relative error, polynomial degree, start time, signal period)  
BCSA stands for "Bandwidth Calculation and Signal Analysis"

rtgd 10 % Sbvp BCSA vp rtgd 50 0.0 sec Tvp   (5.2.2.24)
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The function returns a three columns  matrix.
The first column contains:
pos. 0:     relative error, 
pos. 1:     bandwidth (Dimensionless),
pos. 2:     the nth. harmonic number corresponding to the give relative error,
pos. 3:     temporary variable,
pos. 4:     Parseval,
pos. 5:     signal average,
pos. 6:     signal rms.

The second column contains the coefficients ak  of the Fourier series,

 the third column contains the coefficients bk of the Fourier series.

Sbvp

0 1 2 3

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

0.1 -0.097 0 0
74.557·10 -3-4.089·10 -0.068 0

49 -43.963·10 -33.563·10 0

0.016 -34.133·10 -0.027 0

0.029 -3-4.227·10 -45.013·10 0

-0.048 -34.624·10 -3-9.135·10 0

0.074 -4-8.128·10 -3-2.273·10 0

0 -42.742·10 -3-5.961·10 0

0 -44.068·10 -3-1.766·10 0

0 -3-1.79·10 -3-4.287·10 0

0 -31.823·10 -4-9.847·10 0

0 -3-3.412·10 -3-5.384·10 0

0 -32.113·10 -45.582·10 0

0 -3-3.12·10 -3-6.996·10 0

0 -31.494·10 -31.815·10 0

0 -3-1.652·10 -3-8.033·10 ...



Bandwidth Calculation

Signal bandwidth: Bvp 0.046 GHz ftest 0.061 GHz

Parsevalvp 0.029V
2 Averagevp 0.048 V RMSvp 0.074V

Sampling frequency: fsamp
1

Tsamp
2 f1=

Chosen sampling frequency: fsvp 2 Bvp fsvp 0.091 GHz

N0gd

fsvp

1

Ttest
 170.667 Tsvp

1

fsvp
 nsvpk

k

fsvp
τ5  (5.2.2.25)

Output sampling considering Op Amp saturation:

Vpk vp nsvpk   (5.2.2.26)

Output sampling without considering Op Amp saturation:
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ywink

ypulse nsvpk 
volt

  (5.2.2.27)

N0gd 256 Q5 9.2 A5 20

Dimensionless output sampling considering Op Amp saturation:

A5 Vpp 100 mV ywinsk

ywsat nsvpk 
volt

 Vsat 15 V  (5.2.2.28)

0.2897 0.1152 0.0593 0.2337 0.4082 0.5827 0.7572 0.9316 1.1061

0.1

0

0.1
Sampling Of The Output Waveform With And Without OPAMP Saturation

time as multiple of τ

O
u

tp
u

t 
am

p
li

tu
d

e

ywsat τpw τ5 

ywinsk

τpw τ5

μs

τ5

μs

nsvpk

μs

fig.:5.2.2.4

  5.2  ANALOG FILTER OUTPUT ANALYSIS

  5.2.3 Sawtooth  response

Input signal defined in "Test Signal.xmcd": Vsw t( )
v1sw t Ttest Vpp N0gd 

volt
  (5.2.3.1)

Vpp 5 10
3 V Ttest 16.46 ns

0 0.01 0.02 0.03
5 10

3

0

5 10
3

Bipolar Sawtooth Waveform with positive slope

Vpp

Vpp

v1sw t Ttest Vpp N0gd 
0

Ttest

μs

t

μsfig.:5.2.3.1

For a correct sampling one must know the signal bandwidth. 
 Numerical search of the signal bandwidth. All harmonics with amplitude less than rtgd 10 %  of the fundamental

one, are neglected . To do that it is used the function BCSA(...) defined in "Fourier Series.xmcd". 
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Description of the program's parameters:
        BCSA( Dimensionless signa l name, relative error, polynomial degree, start time, signal period) 
BCSA stands for "Bandwidth Calculation and Signal Analysis"

Ngd 50 Sbsw BCSA Vsw rtgd Ngd 0.0 sec 4 Ttest  (5.2.3.2)
Bandwidth Calculation

The function returns a three columns  matrix.
The first column contains:
pos. 0:     relative error, 
pos. 1:     bandwidth (Dimensionless),
pos. 2:     the nth. harmonic number corresponding to the give relative error,
pos. 3:     temporary variable,
pos. 4:     Parseval,
pos. 5:     signal average,
pos. 6:     signal rms.

The second column contains the coefficients ak  of the Fourier series,

 the third column contains the coefficients bk of the Fourier series.

Sbsw

0 1 2 3 4 5

0

1

2

3

4

5

6

7

8

9

10

11

0.1 0 0 0
87.29·10 0 -43.736·10 0

49 0 -5-5.878·10 0
-43.736·10 0 -4-3.736·10 0
-53.419·10 0 -3-3.064·10 0

0 0 -43.736·10 0
-32.754·10 0 -4-1.818·10 0

0 0 -4-3.736·10 0

0 0 -3-1.342·10 0

0 0 -43.736·10 0

0 0 -4-3.242·10 0

0 0 -4-3.736·10 ...



cffaSbsw Sbsw
1  cffbSbsw Sbsw

2 rtgd 10 %

cffaSbsw
T 0 1 2 3 4 5

0 0 0 0 0 0 ...


cffbSbsw
T 0 1 2 3 4 5 6

0 0 -43.736·10 -5-5.878·10 -4-3.736·10 -3-3.064·10 -43.736·10 -4-1.818·10


Bsw

Sbsw
0  

1

sec
 jsw Sbsw

0  
2

 Xtempsw Sbsw
0  

3
 Parsevalsw Sbsw

0  
4



Ttest 0.016 μsfsw
1

Ttest
 Average1 Sbsw

0  
5

 RMS1 Sbsw
0  

6


fsw 60.754 MHz jsw 49 Xtempsw 3.736 10
4
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Bandwidth Calculation

Signal frequency:  fsw 60.754 MHz    ωsw 2 π fsw Signal bandwidth:

Bsw 0.729 GHz

Parsevalsw 3.419 10
5 Average1 volt 0V RMS1 volt 2.754 10

3 V

j70 0 rows Sbsw
1   1 Ttest 16.46 ns

Xswfs max Sbsw
1  2

Sbsw
2  2








mxswfs

Sbsw
1  

jsw







2
Sbsw

2  
jsw







2


Xswfs


ωsw 381.726
Mrads

sec


1 10
7 1 10

8 1 10
9 1 10

10 1 10
11

0

0.2

0.4

0.6

0.8

1
Sawtooth Frequency Spectrum

mxswfs

ωsw jsw ωsw

fig.:5.2.3.2

(Min) sampling frequency (Nyquist rate): fssw 2 Bsw fssw 1.458 GHz Tssw
1

fssw


 sampling time step: nswk

k

fssw
 (5.2.3.3)

rows nsw  256
1

Ttest
60.754 MHz

N0gd

fssw

1

Ttest
 10.667

RMS1 2.754 10
3 Sampled signal: u10k v1sw nswk

Ttest Vpp N0gd  (5.2.3.4)
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0 1 10
8 2 10

8 3 10
8

5 10
3

0

5 10
3

Sampling of the Input Waveform

Vpp
u10k

Vsw t( )

RMS1

Ttest

nswk
t

fig.:5.2.3.3

Approximate signal reconstruction according to the Shannon sampling theorem:

ωs2 2 π Bsw sh3 t( )

0

N0gd 1

n

u10n sinc ωs2 t n π  












 (5.2.3.5)

N0gd 1 255

0 4.115 10
3 8.23 10

3 0.0123 0.0165 0.0206 0.0247 0.0288 0.0329

5 10
3

0

5 10
3

Rebuilt Input  Waveform Compared with the Original One

0

Vpp

sh3 t( )

Vsw t( )

T5

μs

0

t

μs

fig.:5.2.3.4 rtgd 10 %

  Search of the filter's transient response

Given the signal:

v1sw t Ttest Vpp  2
Vpp

Ttest


0

∞

k

t k Ttest  rect1 t k Ttest 0.0 Ttest Ttest  


 Vpp

(5.2.3.6)or:

v1sw0 t Ttest Vpp  2
Vpp

Ttest


0

20

k

t k Ttest  Φ t k Ttest 

1( ) t k Ttest  Φ t Ttest k 1( )  












 Vpp

RMS1 2.754 10
3 (5.2.3.7)
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Ttest
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fig.:5.2.3.5
Laplace Transform calculation of the Output Signal .

Hence, the compact laplace transform of the (21) is:

        ℒ v1sw t Ttest Vpp   2
Vpp

Ttest


1

s


1

s
Ttest

1

s






e
s Ttest











0

∞

k

e
Ttest k s 




Vpp

s
= ,

  or

                                ℒ v1sw t Ttest Vpp  
Vpp

s

2

Ttest s
coth

Ttest s

2


















=                         (5.2.3.10)

Search of the corresponding output waveform of the filter.

Given the transfer function: Wlp s( )
A5 ω5

2

s
2

2 ζ5 s ω5
2

ζ5 ω5if

A5

ω5
2

s ω5 2
 otherwise

 (5.2.3.11)

the Laplace transform of the filter's output  is: Vosw s( ) Wlp s( ) L v1sw t Ttest Vpp  =

First case ζ5 ω5 : Vosw s( )
Vpp A5 ω5

2

s
2

2 ζ5 s ω5
2

1

s


2

Ttest s
coth

Ttest s

2


















= (5.2.3.12)

Second case ζ5 ω5= : Vosw s( )
Vpp A5 ω5

2

s ω5 2

1

s


2

Ttest s
coth

Ttest s

2


















= (5.2.3.13)

Now apply the following theorems:

Initial value theorem: 
0t

f t( )lim
 ∞s

s F s( )( )lim


= ,

Final value theorem: 
∞t

f t( )lim
 0s

s F s( )( )lim


=

Ttest Ttest ω5 ω5 ζ5 ζ5 A5 A5 Vpp Vpp s s

Final value of the output voltage:

ζ5 ω5
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Vofin
0s

s
Vpp A5 ω5

2

Ttest

2 Ttest s coth
Ttest s

2


















s
2

s
2

2 ζ5 s ω5
2

































lim


assume Ttest 0.0 

simplify
0

ζ5 ω5=

Vofin1
0s

s
Vpp A5 ω5

2

Ttest

2 Ttest s coth
Ttest s

2


















s
2

s ω5 2




























lim


assume Ttest 0.0 

simplify
0

Initial value of the output voltage:

Ttest Ttest ω5 ω5 A5 A5 Vpp Vpp

ζ5 ω5

∞s
s

Vpp A5 ω5
2

Ttest

2 Ttest s coth
Ttest s

2


















s
2

s
2

2 ζ5 s ω5
2

































lim


assume Ttest 0.0 

simplify


ζ5 ω5=

∞s
s

Vpp A5 ω5
2

Ttest

2 Ttest s coth
Ttest s

2


















s
2

s ω5 2




























lim


assume Ttest 0.0 

simplify


it results that: Vofin 0 V

  Transient response calculation:

As seen, the filter output is:

First case ζ5 ω5 : vosw t( )
Vpp A5 ω5

2

Ttest
L 1


2 Ttest s coth
Ttest s

2











s
2

s
2

2 ζ5 s ω5
2

















= (5.2.3.14)

Second case ζ5 ω5= : vosw t( )
Vpp A5 ω5

2

Ttest
L 1


2 Ttest s coth
Ttest s

2











s
2

s ω5 2













= (5.2.3.15)

Vpp A5 ω5
2

Ttest
2.213 10

4
V

ns
3



Calculation of the Sawtooth time response

First case ζ5 ω5  :

Rewrite the laplace transform of the input signal (sawtooth) 
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                v1sw0 t Ttest Vpp  2
Vpp

Ttest


0

∞

k

t k Ttest  Φ t k Ttest 

1( ) t k Ttest  Φ t Ttest k 1( )  












 Vpp=   

as an endless sum :

L v1sw t Ttest Vpp   2
Vpp

Ttest


0

∞

k

e
k Ttest s 1 e

Ttest s
Ttest s 1 

s
2



























Vpp

s
=

The laplace transform of the output is:

Vosw s( )
Vpp A5 ω5

2

s
2

2 ζ5 s ω5
2

2

Ttest

1 e
Ttest s

Ttest s 1 

s
2



0

∞

k

e
k Ttest s





1

s












=

multiplying the factors of the previous relation one obtains:

Vosw s( ) Vpp A5 ω5
2

2

Ttest
0

∞

k

e
k Ttest s 1 e

Ttest s
Ttest s 1 

s
2

s
2

2 ζ5 s ω5
2
































1

s s
2

2 ζ5 s ω5
2

























=

To simplify the calculation expand the argument of the sum: 
1 e

Ttest s
Ttest s 1 

s
2

s
2

2 ζ5 s ω5
2





 as follows: 

1

s
2

s
2

2 ζ5 s ω5
2





Ttest e
Ttest s



s s
2

2 ζ5 s ω5
2






e

Ttest s

s
2

s
2

2 ζ5 s ω5
2







and rewrite the Laplace transform of the output:

Vosw s( ) Vpp A5 ω5
2

2

Ttest
0

∞

k

e
k Ttest s 1

s
2

s
2

2 ζ5 s ω5
2





Ttest e
Ttest s



s s
2

2 ζ5 s ω5
2









e
Ttest s



s
2

s
2
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
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

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
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





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
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


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s s
2

2 ζ5 s ω5
2






































=

Since the Laplace transform is linear, proceed in this way: 
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1) Inverse Laplace transform calculation of  the first ter m of the sum L 1 e
k Ttest s

s
2

s
2

2 ζ5 s ω5
2














:

1

s
2

s
2

2 ζ5 ss ω5
2









invlaplace s

simplify max


ζ5 ω5

g1sw t( )
t

ω5
2

2 ζ5

ω5
4


1

2 ζ5
2

ω5
2

e
t ζ5 ζ5

2
ω5

2





ζ5 ζ5
2

ω5
2





2

e
t ζ5

2
ω5

2 ζ5







ζ5 ζ5
2

ω5
2





2




























Φ t( )

L 1 1

s
2

s
2

2 ζ5 s ω5
2











g1sw t( )=

L 1 e
k Ttest s

s
2

s
2

2 ζ5 s ω5
2















g1sw t k Ttest =

2)  Inverse Laplace transform calculation of  the second term of the sum L 1 Ttest e
k 1( ) Ttest s



s s
2

2 ζ5 s ω5
2














:

L 1 1

s s
2

2 ζ5 s ω5
2











1

ω5
2

1

e
ζ5 t

ζ5 sinh t ζ5
2

ω5
2



cosh t ζ5
2

ω5
2

 ζ5

2
ω5

2













ζ5
2

ω5
2

















=

ζ5 ω5

g2sw t( )
1

ω5
2

1 cosh t ζ5
2

ω5
2



ζ5 sinh t ζ5
2

ω5
2



ζ5
2

ω5
2










e
ζ5 t










 Φ t( )

L 1 1

s s
2

2 ζ5 s ω5
2











g2sw t( )=

L 1 Ttest e
k 1( ) Ttest s



s s
2

2 ζ5 s ω5
2















g2sw t k 1( ) Ttest =
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3)  Inverse Laplace transform calculation of  the third term of the sum: 

L 1 e
Ttest s k 1( )

s
2

s
2

2 ζ5 s ω5
2















g1sw t k 1( ) Ttest =

4) Inverse Laplace transform calculation of  the fourth term of the sum L 1 1

s s
2

2 ζ5 s ω5
2










  : 

L 1 1

s s
2

2 ζ5 s ω5
2











g2sw t( )=

The resulting output, calculated for ζ5 ω5  :, is

v1osw t( ) Vpp A5 ω5
2

2

Ttest
0

∞

k

g1sw t k Ttest 
1( ) Ttest g2sw t k 1( ) Ttest 



1 g1sw t k 1( ) Ttest 















1 g2sw t( )
















Vpp A5 ω5
2 3.643 10

6
mV

μs
2



For the first 20 terms, gives:

v1osw t( ) Vpp A5 ω5
2

2

Ttest
0

20

k

g1sw t k Ttest 
1( ) Ttest g2sw t k 1( ) Ttest 



1 g1sw t k 1( ) Ttest 















g2sw t( )( )
















Second case ζ5 ω5=  . 

Laplace transform of the output:

V2osw s( )
Vpp A5 ω5

2

s ω5 2

2

Ttest
0

∞

k

e
k Ttest s 1 e

Ttest s
Ttest s 1 

s
2



























1

s












=

multiplying the factors of the previous relation one obtains:
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V2osw s( ) Vpp A5 ω5
2

2

Ttest
0

∞

k

e
k Ttest s 1 e

Ttest s
Ttest s 1 

s
2

s ω5 2




























1

s s ω5 2




















=

 the Laplace transform of the output is:

V2osw s( ) Vpp A5 ω5
2

2

Ttest
0

∞

k

e
k Ttest s

s
2

s ω5 2

Ttest e
Ttest k 1( ) s



s s ω5 2




e
Ttest k 1( ) s



s
2

s ω5 2































1

s s ω5 2































=

Since the Laplace transform is linear, proceed in this way: 

1)  Inverse Laplace transform calculation of  the first term of the sum 
e

k Ttest s

s
2

s ω5 2





 :

1

s
2

s ω5 2





invlaplace s

simplify max

factor

collect e
t ω5



2 e
t ω5

 t ω5 t ω5 e
t ω5

 2

ω5
3



f1sw t( )
t ω5 2  e

t ω5
 t ω5 2

ω5
3

Φ t( )

L 1 1

s
2

s ω5 2







f1sw t( )=

L 1 e
k Ttest s

s
2

s ω5 2











f1sw t k Ttest =

2) Inverse Laplace transform calculation of the second term of the sum 
e

Ttest k 1( ) s

s s ω5 2
 :
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L 1 1

s s ω5 2







t ω5 1

ω5
2










e
t ω5


1

ω5
2

=

f2sw t( )
t ω5 1

ω5
2










e
t ω5


1

ω5
2










Φ t( )

L 1 1

s s ω5 2







f2sw t( )=

L 1 e
k 1( ) Ttest s

s s ω5 2











f2sw t k 1( ) Ttest =

3)   Inverse Laplace transform calculation of the third term of the sum 
e

Ttest k 1( ) s

s
2

s ω5 2
 :

L 1 e
k 1( ) Ttest s

s
2

s ω5 2











f1sw t k 1( ) Ttest =

4)  Inverse Laplace transform calculation of the third term of the sum 
1

s
2

s ω5 2
 :

L 1 1

s
2

s ω5 2







f1sw t( )=

ζ5 ω5=

v2osw t( ) Vpp A5 ω5
2

2

Ttest
0

∞

k

f1sw t k Ttest 
1( ) Ttest f2sw t k 1( ) Ttest 



1 f1sw t k 1( ) Ttest 















1( ) f2sw t( )
















Vpp A5 ω5
2 3.643 10

3
V

ns
2



For a limited sum (k=0...10), the output is:

v2osw t( ) Vpp A5 ω5
2

2

Ttest
0

10

k

f1sw t k Ttest 
1( ) Ttest f2sw t k 1( ) Ttest 



1( ) f1sw t k 1( ) Ttest 

























1( ) f2sw t( )















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v2osw

Ttest

10









3.732 10
3 V

vosw t( ) v1osw t( ) ζ5 ω5if

v2osw t( ) otherwise



ζ5 10.373
Mrads

sec
 ω5 190.863

Mrads

sec


Calculation of the Sawtooth time response

Ngd 50 t 0 Ttest 0 Ttest
20 Ttest 0 Ttest

1000
 20 Ttest A5 20

0 20.6 41.1 61.7 82.3 102.9 123.4 144 164.6
0.1

0.05

0

0.05

0.1
Sawtooth Response Waveform

0

vosw t( )

Vsw t( )

1

ω5 ns 2
Ttest

ns


t

nsfig.:5.2.3.6
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Convolution:

The second method is to calculate the  time domain convolution product between the signal and the impulse response. 

Sawtooth function. The number of sawtooth is limited to forty one. The function rect1 is defined in "Signal list.xmcd".

fs1 t( )
2 Vpp

Ttest
0

40

k

t k Ttest  rect1 t k Ttest Ttest  


 Vpp (5.2.3.16)

Convolution: vosw t( )

0

t

τVsw τ( ) w t τ( )




d=

0

t

τVsw t τ( ) w τ( )




d=

Output: voswconv t( )
0

t

σw t σ( ) fs1 σ( )




d (5.2.3.17)

t 1 Ttest 1 Ttest
5 T5 1 Ttest

100
 5 T5

0 2 10
8 4 10

8
6 10

3

2 10
3

2 10
3

6 10
3

0

Vpp

fs1 t( )

Vsw t( )

t

5 10
8 0 5 10

8 1 10
7 1.5 10

7
0.1

0.05

0

0.05

0.1

0

voswconv t( )

Vsw t( )

0

t

fig.:5.2.3.7 fig.:5.2.3.8

Now the output signal will be sampled. To do that correctly, one must know the signal bandwidth. The following program
(BCSA) will do that calculation.  

Dimensionless output signal: Vosw t( )
vosw t( )

V
 (5.2.3.18)

Description of the program's parameters:
        BCSA( Dimensionless signa l name, relative error, polynomial degree, start time, signal period) 
BCSA stands for "Bandwidth Calculation and Signal Analysis"

Ngd 50 Sbosw BCSA Vosw rtgd Ngd 0.0 sec Ttest  (5.2.3.19)

Bandwidth Calculation

The function returns a three columns  matrix.
The first column contains:
pos. 0:     relative error, 
pos. 1:     bandwidth (Dimensionless),
pos. 2:     the nth. harmonic number corresponding to the give relative error,
pos. 3:     temporary variable,
pos. 4:     Parseval,
pos. 5:     signal average,
pos. 6:     signal rms.
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The second column contains the coefficients ak  of the Fourier series,

 the third column contains the coefficients bk of the Fourier series.

Sbosw

0 1 2 3

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

0.1 0.075 0 0
92.855·10 -0.026 -0.018 0

48 -3-5.019·10 -3-1.515·10 0
-46.708·10 -3-2.137·10 -4-2.7·10 0

0.011 -3-1.185·10 -5-1.667·10 0

0.037 -4-7.532·10 -55.435·10 0

0.044 -4-5.212·10 -57.568·10 0

0 -4-3.821·10 -58.051·10 0

0 -4-2.921·10 -57.93·10 0

0 -4-2.306·10 -57.587·10 0

0 -58.646·10 -57.175·10 0

0 -4-1.542·10 -56.755·10 0

0 -4-1.295·10 -56.354·10 0

0 -4-1.103·10 -55.981·10 0

0 -5-9.52·10 -55.642·10 0

0 -5-8.314·10 -55.36·10 ...



cffaSbosw Sbosw
1  cffbSbosw Sbosw

2 rtgd 10 %

cffaSbosw
T 0 1 2 3 4

0 0.075 -0.026 -3-5.019·10 -3-2.137·10 ...


cffbSbosw
T 0 1 2 3 4

0 0 -0.018 -3-1.515·10 -4-2.7·10 ...


Bosw

Sbosw
0  

1

sec
 josw Sbosw

0  
2

 Xtemposw Sbosw
0  

3
 Parsevalosw Sbosw

0  
4



fosw
1

Ttest
 Ttest 0.016 μs Average1o Sbosw

0  
5

 RMS1o Sbosw
0  

6


fosw 60.754 MHz josw 48 Xtemposw 6.708 10
4

Bandwidth Calculation

Output signal  frequency:  fosw 60.754 MHz    

Output signal pulsation:  ωosw 2 π fosw    Output signal bandwidth:Bosw 2.855 GHz

Parsevalosw 0.011 Average1o volt 0.037V RMS1o volt 0.044V

j70 0 rows Sbosw
1   1 Ttest 16.46 ns
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Xswfso max Sbosw
1  2

Sbosw
2  2








mxswfso

Sbosw
1  

josw







2
Sbosw

2  
josw







2


Xswfso


ωosw 381.726
Mrads

sec


1 10
7 1 10

8 1 10
9 1 10

10 1 10
11
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1
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Output Frequency Spectrum (in black) Compared with the Input (red)

mxswfs

ωsw jsw ωsw

fig.:5.2.3.9

(Min) sampling frequency (Nyquist rate): fsswo 2 Bosw fsswo 5.711 GHz Tsswo
1

fsswo


 sampling time step: nswok

k

fsswo
 (5.2.3.20)

Ttest 16.46 ns rows nswo  256 A5 Vpp 0.1V

1

Ttest
60.754 MHz N0gd

fsswo

1

Ttest
 2.723

voswk vosw nswok  (5.2.3.21)
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0.1
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Vsw tw 

τ

ns

Ttest

ns

nswk

ns

tw
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
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Approximate output signal reconstruction according to the Shannon sampling theorem:

ωs2o 2 π Bosw sh3o t( )

0

N0gd 1

n

voswn sinc ωs2o t n π  












 (5.2.3.22)

N0gd 1 255

0 6.2 12.3 18.5 24.7 30.9 37 43.2 49.4
0.1

0.05

0

0.05

0.1
Rebuilt Input  Waveform Compared with the Original One

0Vpp
sh3o t( )

Vosw t( )

T5

ns

0

t

ns

rtgd 10 %

fig.:5.2.3.11

Fourier Transform of the Test signal

ftest 0.061 GHz
fsswo

ftest
94

N0gd

fsswo

1

Ttest
 2.723

Osw fft vosw( ) (5.2.3.23)

0 1 10
9 2 10

9
0

0.1

0.2

0.3

Magnitude spectrum

max Osw
 

Oswk

f5

k
fsswo

N0gd


0 1 10
9 2 10

9
4

2

0

2

4
Phase spectrum

0arg Oswk 

f5ftest

k
fsswo

N0gd


fig.:48
fig.:49
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  5.2  ANALOG FILTER OUTPUT ANALYSIS

  5.2.4 Bipolar Square Wave  response.

Signal Bandwidth calculation using the Fourier series' harmonics. Are excluded all harmonics with amplitude less than 
rtgd 10 %  of the fundamental.

Vpp 5 mV Vsqwb t( )
vsqw t Ttest Vpp N0gd 

volt
 (5.2.4.1)

Ttest 1.646 10
8 s

Signal bandwidth:

   Description of the program's parameters:
        BCSA( Dimensionless signa l name, relative error, polynomial degree, start time, signal period) 
        BCSA stands for "Bandwidth Calculation and Signal Analysis"

rtgd 10 % Sbsqw BCSA Vsqwb rtgd 50 0.0 sec Ttest  (5.2.4.2)

Bandwidth Calculation

The function returns a three columns  matrix.
The first column contains:
pos. 0:     relative error, 
pos. 1:     bandwidth (Dimensionless),
pos. 2:     the nth. harmonic number corresponding to the give relative error,
pos. 3:     temporary variable,
pos. 4:     Parseval,
pos. 5:     signal average,
pos. 6:     signal rms.

The second column contains the coefficients ak  of the Fourier series,

 the third column contains the coefficients bk of the Fourier series.

Signal bandwidth: Bsqw 2.916 GHz

Parsevalsqwb 1.34 10
4 V

2 Average2 0V RMS2 2.754 10
3 V

sampling frequency (Nyquist rate): fssqw 2 Bsqw fssqw 5.832
Grads

sec
 (5.2.4.3)

nsqwk

k

fssqw
 Tssqw

1

fssqw
 (5.2.4.4)

sqwk Vsqwb nsqwk  N0gd

fssqw

1

Ttest
 2.667 (5.2.4.5)
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fig.:5.2.4.1

Approximate signal reconstruction according to the Shannon sampling theorem:

ωs4 2 π Bsqw sh4 t( )

0

N0gd 1

n

sqwn sinc ωs4 t n π  












 (5.2.4.6)

t 0 Ttest 0 Ttest
5 Ttest 0 Ttest

1000
 5 Ttest rtgd 10 %

0 6.2 12.3 18.5 24.7 30.9 37 43.2 49.4

5 10
3

0

5 10
3

Rebuilt Waveform Compared to the Original One

0

Vpp

sh4 t( )

vsqw t Ttest Vpp N0gd 

0

t

nsfig.:5.2.4.2

Output calculation using the Laplace transform of the input and the filter's transfer function.

Input L. t. L vi t Ttest Vpp  
Vpp

s
tanh

Ttest s

4









= (5.2.4.7)

First case ζ5 ω5 :

Output inverse L. t..: Vopt t( ) L 1 Vpp

s
tanh

Ttest s

4










A5 ω5

2

s
2

2 ζ5 s ω5
2












= (5.2.4.8)

Second case ζ5 ω5= :

Output inverse L. t..: Vopt t( ) L 1 Vpp

s
tanh

Ttest s

4










A5 ω5

2

s ω5 2












= (5.2.4.9)
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Output final value:

First case ζ5 ω5 :
0s

Vpp s

s
tanh

Ttest s

4










A5 ω5

2

s
2

2 ζ5 s ω5
2












lim


0

Second case ζ5 ω5= :
0s

Vpp s

s
tanh

Ttest s

4










A5 ω5

2

s ω5 2












lim


0

How to calculate the Laplace transform of the input signal:

Shift  theorem L f t a( )( ) e
a s

F s( )

Vi s( )
Vpp

s
0

Ngd

k

e
k Ttest s

2 e

2 k 1
2

 Ttest s
 e

k 1( ) Ttest s












= (5.2.4.10)

L
0

∞

k

f t k T( )












F s( )

1 e
T s

=

Filter's output signal calculation:

First case ζ5 ω5 : Vo s( ) Vi s( )
A5 ω5

2

s
2

2 ζ5 s ω5
2

= (5.2.4.11)

Second case ζ5 ω5= : Vo s( ) Vi s( )
A5 ω5

2

s ω5 2
= (5.2.4.12)

First case ζ5 ω5 . 
First case: Output calculation

To simplify the calculation of the inverse Laplace transform it is used the following form of the output:

Vo s( ) Vpp

A5 ω5
2

s s
2

2 ζ5 s ω5
2







0

Ngd

k

e
k Ttest s

2 e

2 k 1
2

 Ttest s
 e

k 1( ) Ttest s






















=

A5 ω5
2

s
2

2 ζ5 s ω5
2

1

s


invlaplace s

simplify max

collect A5

collect e
ζ5 t



A5 cosh t ζ5
2

ω5
2

 e

t ζ5


ζ5 sinh t ζ5
2

ω5
2

 e

t ζ5


ζ5
2

ω5
2

 1










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ℒ
1 A5 ω5

2

s
2

2 ζ5 s ω5
2

1

s












A5 1 e
ζ5 t

cosh t ζ5
2

ω5
2



sinh t ζ5
2

ω5
2



ζ5
2

ω5
2



















=

First case: Output calculation

Once defined the function:

f1sq t( ) A5 1 e
ζ5 t

cosh t ζ5
2

ω5
2



ζ5 sinh t ζ5
2

ω5
2



ζ5
2

ω5
2



















 Φ t( ) (5.2.4.13)

the output is given by the sum:

Vo1 t( ) Vpp
0

Ngd

k

f1sq t k Ttest  2 f1sq t
2 k 1

2
Ttest





 f1sq t k 1( ) Ttest 



















(5.2.4.13')

Second case ζ5 ω5= :

Second case:Output calculation

Vo s( ) Vpp

A5 ω5
2

s s ω5 2


0

Ngd

k

e
k Ttest s

2 e

2 k 1
2

 Ttest s
 e

k 1( ) Ttest s






















=

A5 ω5
2

s ω5 2

1

s


invlaplace s

simplify max

collect A5

collect e
ζ5 t



A5 e
t ω5

t ω5 e
t ω5

 1





L 1 A5 ω5
2

s s ω5 2











A5 1 e
t ω5

1 t ω5 



=

Second case:Output calculation

f2sq t( ) A5 1 e
t ω5

1 t ω5 



 Φ t( ) (5.2.4.14)

Vo2 t( ) Vpp
0

Ngd

k

f2sq t k Ttest  2 f2sq t
2 k 1

2
Ttest





 f2sq t k 1( ) Ttest 

















 (5.2.4.15)

ζ5 0.01
Grads

sec


1

Ttest
0.061 GHz
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Ngd 50
Output signal

Vosqw t( ) Vo1 t( ) ζ5 ω5if

Vo2 t( ) otherwise

 (5.2.4.16)

Vosqw

Ttest

1.3









0.097 V

Graph of the bipolar Square Wave response considering the Op Amp saturation:

Vosqw t( ) if Vsat Vosqw t( ) Vsat Vosqw t( ) if Vosqw t( ) 0.0 volt Vsat Vsat   (5.2.4.17)

A5 20 Ttest 16.46 ns

Bipolar Square Wave  response. ftest 0.061 GHz

0 8.2 16.5 24.7 32.9 41.1 49.4 57.6 65.8
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Transient Output Waveform 

Vosqw t( )

vsqw t Ttest Vpp N0gd 
0 V

1
Ttest

ns


t

ns

fig.:5.2.4.3

vosqwk Vosqw nsqwk  (5.2.4.18)

  Approximate output signal reconstruction according to the Shannon sampling theorem:

ωs5 2 π Bsqw sh5 t( )

0

N0gd 1

n

vosqwn sinc ωs5 t n π  












 (5.2.4.19)

rtgd 10 %
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voptk Vosqw nsqwk  (5.2.4.20)

  Approximate  reconstruction of the output signal (with Op Amp saturation) according to the  
  Shannon sampling theorem:

ωs5 2 π Bsqw sh5 t( )

0

N0gd 1

n

voptn sinc ωs5 t n π  












 (5.2.4.21)

0 3.4 6.9 10.3 13.7 17.1 20.6 24 27.4 30.9 34.3 37.7 41.1
0.2

0.1

0

0.1

0.2
Reconstructed Waveform Compared To the Output One

sh5 t( )

Vosqw t( )

0 V

Ttest

ns

0

t

ns
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N0gd

fssqw

1

Ttest
 2.667 Opt fft vopt( ) (5.2.4.22)
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Phase spectrum
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fig.:5.2.4.7
fig.:5.2.4.8

84



Convolution:

The second method is to calculate the  time domain convolution product between the signal and the impulse response: 

t 1 Ttest 1 Ttest
4 Ttest 1 Ttest

100
 4 Ttest

vosqconv t( )

0

t

σw t σ( ) vsqw σ Ttest Vpp N0gd 




d (5.2.4.23)

2 10
8 1.46 10

9 2.292 10
8 4.438 10

8 6.584 10
8

0.2

0.1

0

0.1

0.2

0

vosqconv t( )

Vsqwb t( )

0

t

fig.:5.2.4.9
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  5.2  ANALOG FILTER OUTPUT ANALYSIS

  5.2.5 (single tone) AM  Signal  response.

A1 10 volt ωc 1 ωtest fc

ωc

2 π
 Tc

1

fc
 ωmam

1

5
ω5 fmam

ωmam

2 π


B1 5.5 volt

AM signal: v2i t ω1m ω1c A1 B1  A1 cos ω1c t 

B1

2
cos ω1c ω1m  t 



B1

2
cos ω1c ω1m  t 



= (5.2.5.1)

vammax A1 B1 vammin A1 B1 A1 vammax vammin= B1 vammax vammin=

vammax 15.5 volt vammin 4.5 volt

mam

vammax vammin

vammax vammin
 mam 0.55 (5.2.5.2)

fc 60.754 MHz Tmam
1

fmam
 fmam 6.075 MHz modulation index: mam 55 %

ωmam 0.038
Grads

sec
 ωc 0.382

Grads

sec


Bw5am fc 2 fmam (5.2.5.3)

   sampling frequency (Nyquist rate):     fsam 2 Bw5am   ,     fsam 145.808 MHz ,

               sampling angular frequency:   ωsam 2 π fsam  .     ωsam 0.916
Grads

sec
 ,

                                   sampling period:   Tsam
1

fsam
  ,    Tsam 6.858 10

3 μs ,                        

                             sampling time step:          namk
k

fsam
  ,

                                                                                N0gd

Tsam

Ttest
 106.667

nam
T 0 1 2 3 4

0 0 -36.858·10 0.014 0.021 ...
μs

ωc

ωmam
10 V2i t( ) v2i t ωmam ωc A1 B1  (5.2.5.4)
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u_7k

V2i namk 
volt

 (5.2.5.5)

t 0 Tc 0 Tc
20 Tc

1000
 20 Tc

N0gd

fsam

1

Ttest
 106.667

0 8.23 10
8 1.646 10

7 2.469 10
7 3.292 10
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20
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20
(Single Tone) AM  Signal Sampled input Waveform 

0

u_7k

V2i t( )

Tc

namk t

fig.:5.2.5.1

Approximate input signal reconstruction according to the Shannon sampling theorem:

ωsh6 2 π Bw5am sh6 t( )

0

N0gd 1

n

u_7n sinc ωsh6 t n π  












 (5.2.5.6)

rtgd 10 %

0 1 10
7 2 10

7 3 10
7

10

0

10

(single tone) AM Rebuilt Waveform  

0Vppsh6 t( )

0

t

fig.:5.2.5.2

Spec_7 fft u_7( )
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7 6.075 10
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20
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Amplitude Spectrum

max Spec_7
 

Spec_7k

fc fmam fc fmam

k
fsam

N0gd


fig.:5.2.5.3

Vpp 5 10
3 V

Exact output: voam t( )

0

t

σw t σ( ) V2i σ( )




d= (5.2.5.7)

that is: vo t( ) A5 ω5
2 e

ζ5 t
 t

0

t

σsinc t σ( ) ω5
2

ζ5
2



 e

ζ5 σ
 vi σ( )




d

0

t

σσ sinc t σ( ) ω5
2

ζ5
2



 e

ζ5 σ
 vi σ( )




d
















= (5.2.5.8)

voam t( ) A5 ω5
2 e

ζ5 t
 t

0

t

σsinc t σ( ) ω5
2

ζ5
2



 e

ζ5 σ
 A1 cos ωc σ 

B1

2
cos ωc ωmam  σ 



B1

2
cos ωc ωmam  σ 


























d

0

t

σσ sinc t σ( ) ω5
2

ζ5
2



 e

ζ5 σ
 A1 cos ωc σ 

B1

2
cos ωc ωmam  σ 



B1

2
cos ωc ωmam  σ 


























d




































A1 10V B1 5.5V A5 ω5
2 A1 7.286 10

18
1

s
2

V

mam 55 % t 0 Tc 0 Tc
40 Tc

1000
 40 Tc Tc 0.016 μs
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Output sampling: Vamk voam namk  (5.2.5.9)
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0
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200
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0

Vamk

voam t( )
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fig.:5.2.5.6

Fourier Transform of the output  signal

fc 0.061 GHz
fsam

fc
2.4

Specam fft Vam( )
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7 5.286 10
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Output Spectrum
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


Specamk
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k
fsam

N0gd


fig.:5.2.5.7
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fig.:5.2.5.8

  Bode Plots
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  5.2  ANALOG FILTER OUTPUT ANALYSIS

  5.2.6  (single tone) Frequency  Modulated  carrier  response.

ωcfm 1 ωtest fcfm

ωcfm

2 π
 fcfm 60.754 MHz

Tcfm
1

fcfm
 ωfmm

ωcfm

20
 ωcfm

ωfmm
20

ffmm

ωfmm

2 π
 Tmfm

1

ffmm
 Tfmm 6.667 μs

Tcfm 16.46 ns

frequency modulation index: mf
2 Kst π B

ωm
 mf 8 (5.2.6.1)

Carson bandwidth: Cars1 2 ωfmm mf 1  Cars1 0.344
Grads

sec
 (5.2.6.2)

   sampling frequency (Nyquist rate):      fsfm 2 Cars1   ,                                                                (5.2.6.3) 

                                                                fsfm 0.687 GHz ,

               sampling angular frequency:   ωsfm 2 π fsfm  .     ωsfm 4.317
Grads

sec
 ,

                                   sampling period:   Tsfm
1

fsfm
  ,    Tsfm 1.455 ns ,                   

                       sampling time step:          nfmk
k

fsfm
  ,                                                                    (5.2.6.4)

                                                                 
N0gd

fsfm

1

Ttest
 22.635

nfm
T 0 1 2 3 4 5 6

0 0 -31.455·10 -32.911·10 -34.366·10 -35.822·10 -37.277·10 ...
μs

ωcfm

ωfmm
20 Vfm t( ) vfmsl t fcfm ffmm Afm mfm 40  (5.2.6.5)

Afm 0.2V u8k

Vfm nfmk 
volt

 Vpp 5 10
3 V (5.2.6.6)

Approximate signal reconstruction according to the Shannon sampling theorem:
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ωsh7 2 π Cars1 sh7 t( )

0

N0gd 1

n

u8n sinc ωsh7 t n π  












 (5.2.6.7)

rtgd 10 %
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0sh7 t( )

t

fig.:5.2.6.1

vofm t( )

0

t

σw t σ( ) Vfm σ( )




d (5.2.6.8)

(5.2.6.9)

Ttest 0.016 μs tfm Tmfm 0 Tmfm 0
1 Tmfm Tmfm 0

200
 1 Tmfm

0 1 10
7 2 10

7 3 10
7

0.2

0.1

0

0.1

0.2
Input Waveform 

0

Afm

Vfm tfm 

Tcfm

tfm

0 8.23 10
8 1.646 10

7 2.469 10
7 3.292 10

7
10

5

0

5

10
Output Waveform 

0vofm tfm 

Tcfm

tfm

fig.:5.2.6.2 fig.:5.2.6.3

vofm nfm100  3.873 V Output sampling: Ofmk vofm nfmk  (5.2.6.10)
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Fourier Transform of the Test signal

fc 0.061 GHz
fsfm

fc
11.31

N0gd

fsfm

1

Ttest
 22.635mf 8

ωfmm 0.019
Grads

sec
 OSpecfm fft Ofm( ) (5.2.6.11)

1 10
7 1 10

8 1 10
9

0
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15

FM Test Signal spectrum

max OSpecfm( )

OSpecfmk

f5 fc

k
fsfm

N0gd


1 10
7 1 10

8 1 10
9

4

2

0

2

4
Phase spectrum

0arg OSpecfmk 

fc

k
fsfm

N0gd


fig.:5.2.6.5 fig.:5.2.6.6

   On the other hand if the  carrier frequency is located in the passing band, which is the filter response? 

ω3cfm

ωcfm

100
 ω3fmm

ωfmm

100
 T3cfm

2 π
ω3cfm

 T3fmm
2 π

ω3fmm
 f3fmm

1

T3fmm


Carson bandwidth: Cars3 2 ω3fmm mf 1  Cars3 3.436
Mrads

sec
 (5.2.6.12)

                           Carrier frequency:    f3cfm

ω3cfm

2 π
 ,                 f3cfm 6.075 10

4 GHz

sampling frequency (Nyquist rate):   f3sfm 2 Cars3   ,     f3sfm 6.871 10
3 GHz ,
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               sampling angular frequency:   ω3sfm 2 π f3sfm  .     ω3sfm 0.043
Grads

sec
 ,

                                   sampling period:   T3sfm
1

f3sfm
  ,    T3sfm 0.146 μs ,                   

                       sampling time step:          n3fmk
k

f3sfm
  ,

                                                        
N0gd

f3sfm

1

Ttest
 2.264 10

3

Afm 0.2V V1fm t( ) vfmsl t f3cfm f3fmm Afm mfm 40  (5.2.6.13)

t3fm T3fmm 0 T3fmm 0
2 T3fmm T3fmm 0

3000
 2 T3fmm

0 2 10
5 4 10

5 6 10
5

0.2

0.1

0

0.1

0.2
Input Waveform 

0

Afm

V1fm t3fm 

Tcfm

t3fm

u8bk

V1fm n3fmk 
volt

 (5.2.6.14)

Approximate signal reconstruction according to the Shannon sampling theorem:

ωs7 2 π Cars1 sh7b t( )

0

N0gd 1

n

u8bn sinc ωs7 t n π  












 (5.2.6.15)

rtgd 10 %

0 8.23 10
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fig.:5.2.6.7
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Vpp 5 10
3 V

Exact output: v2ofm t( )

0

t

σw t σ( ) V1fm σ( )




d (5.2.6.16)

Ttest 0.016 μs T3cfm 1.646 μs
1

f3sfm
145.538 ns (5.2.6.17)
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n3fmk
k

N0gd
T3fmm Output sampling: Ofm3k v2ofm n3fmk  (5.2.6.18)
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Fourier Transform of the Test signal f3cfm 0.608 MHz
f3sfm

f3cfm
11.31 mf 8

ωfmm 0.019
Grads

sec
 OSpecfm3 fft Ofm3( ) (5.2.6.19)
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ω5 U
ω5

20 U


U
2

 10 U ω5

Wdbω3c 20 log Wlp j ω3cfm   (5.2.6.20)

Wdbω3c 26.024 dB
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   5.2  ANALOG FILTER OUTPUT ANALYSIS

   5.2.7 (single tone) Phase Modulated carrier response.

ωcpm 4 ωtest fcpm

ωcpm

2 π
 Tcpm

1

fcpm
 (5.2.7.1)

ωmpm

ωcpm

20
 fmpm

ωmpm

2 π
 Tmpm

1

fmpm
 (5.2.7.2)

Tcpm 4.115 10
3 μs Tmpm 0.082 μs

mp 8

Carson bandwidth:

Cars4 2 ωmpm mp 1  (5.2.7.3)

    sampling frequency (Nyquist rate):    fspm 2 Cars4   ,     fspm 2.748 GHz ,                           (5.2.7.4)

               sampling angular frequency:   ωspm 2 π fspm  .     ωspm 17.269
Grads

sec
 ,

                                   sampling period:   Tspm
1

fspm
  ,    Tspm 3.638 10

4 μs ,                   

                       sampling time step:          npmk
k

fspm
  ,                                                               (5.2.7.5)

                                                        
N0gd

fspm

1

Ttest
 5.659                                                                       (5.2.7.6)

npm
T 0 1 2 3 4

0 0 -43.638·10 -47.277·10 -31.092·10 ...
μs

Apm 20V Vpm t( ) vpm t ωcpm ωmpm Apm mp 40  (5.2.7.7)

u9k

Vpm npmk 
volt

 (5.2.7.8)
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8 4 10

8
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Filter Input Waveform 

0AfmVpm t3pm 

Tcfm

t3pm

0 31.875 63.75 95.625 127.5 159.375 191.25 223.125 255
20

10

0

10

20

Sampled PM Waveform 

u9k

k

fig.:5.2.7.1

Approximate signal reconstruction according to the Shannon sampling theorem:

ωts8 2 π Cars4 sh8 t( )

0

N0gd 1

n

u9n sinc ωts8 t n π  












 (5.2.7.9)

tpm 0 Tcpm 0 Tcpm
40 Tcpm

10000
 40 Tcpm rtgd 10 %

0 2 10
8 4 10

8 6 10
8 8 10

8

20

10

0

10

20

Waveform  of The Rebuilt Input Signal 

0Vppsh8 tpm 

Tcpm0

tpm

fig.:5.2.7.2
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Vpp 5 10
3 V Exact output: vopm t( )

0

t

σw t σ( ) Vpm σ( )




d (5.2.7.10)

1 10
6 1 10

7 1 10
8 1 10

9 1 10
10

40

20

0

20

40

Magnitude of W(ω)

Wlpp dB3gd

0

20 log Wlp j ω( ) 

Wlpp

poles12 π Bw5

ω

fig.:5.2.7.7
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                                                5.3
        Analog-Equivalent Digital Low Pass II°order Filter 
  5.3.1  Z-tranform of the transfer function of the II° Order Low Pass Digital Filter.

  Now the previous analog results will be compared with the digital one 

  Consider the first order approximation with the change of variable:  s
1 z

1
Ts

=                                     (5.3.1.1)

  (see file" 1)DIGITAL FILTERS EQUIVALENT TO LINEAR CLASSICS - BASICS.xmcd,  § 1.1.1) 
  From Laplace transform to Z transform),
   and the following substitution into the transfer function

A5 A5 ω5 ω5 ζ5 ζ5 Ts Ts s s x x

If  

ζ5 ω5

Hlp z( )
A5 ω5

2

s
2

2 ζ5 s ω5
2

substitute s
1 z

1
Ts

=

collect z


otherwise x=z-1 : A5

ω5
2

s ω5 2


assume Ts 0

substitute s
1 x

Ts
=

collect x

factor

A5 Ts
2 ω5

2

Ts ω5 x 1 2


the result is:

Hlp z( )
A5 Ts

2 ω5
2

z
2

z
1

2 Ts ζ5 1  2 Ts ζ5 Ts
2

ω5
2 1

ζ5 ω5if

A5 Ts
2 ω5

2

z
1 Ts ω5 1





2
otherwise

= (5.3.1.2)

To simplify define the following parameters:

Place the sampling period  Ts Tsstp  which is the one defined for the step function. In addition define the constants:

A0 A5 ω5
2 Ts

2 B0 2 1 ζ5 Ts  C0 Ts ω5
2

Ts 2 ζ5



 1 D0 Ts ω5 1

whose numerical values are:

A0 1.97392088 B0 2.0341477462 C0 1.1328437902 D0 1.314
Ts 1.646 10

6 msI get the following result for the transfer function as a function of z:
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Hlp z( )
A0

z
2

B0 z
1 C0

ζ5 ω5if

A0

D0 z
1 2

otherwise

 (5.3.1.3)

W1lpp 20 log
A5 ω5

2 ζ5











 BODE PLOTS (Low Pass (II° order)):

1 10
6 1 10

7 1 10
8 1 10

9 1 10
10

40

20

0

20

40

60
Magnitude in dB of Wlp compared with Hlp

ω

d
B

Wlpp dB3gd

0

2 π Bw5 ωsmp

fig.:5.3.1.1
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6 1 10

7 1 10
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9 1 10
10
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0

2

Phase

ω

φ
(ω

)

0

πω5 ωsmp

fig.:5.3.1.2
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  5.3  Equivalent Digital  Low Pass II°order Filter 

  5.3.2 Difference equations Low Pass II°order filter. Canonical form.

Given the transfer function: Hlp z( )
A0

z
2

B0 z
1 C0

ζ5 ω5if

A0

D0 z
1 2

otherwise

= (5.3.2.1)

Multiply and divide its definition for the same function G(z), so that

Hlp z( )
Y z( )

X z( )
=

Y z( )

G z( )

G z( )

X z( )
= (5.3.2.2)

Y z( )

G z( )
A0=

Y z( ) A0 G z( )=

y ν( ) A0 g ν( )= (5.3.2.3)

G z( )

X z( )

1

z
2

B0 z
1 C0

ζ5 ω5if

1

D0 z
1 2

otherwise

= (5.3.2.4)

X z( ) z
2

B0 z
1 C0  G z( )  ζ5 ω5if

D0 z
1 2

G z( ) otherwise

= (5.3.2.5)

X z( ) C0 G z( ) B0 z
1 G z( ) z

2
G z( )  ζ5 ω5if

G z( ) D0
2 2 G z( ) D0 z

1 G z( ) z
2 otherwise

= (5.3.2.6)

x ν( ) C0 g ν( ) B0 g ν 1( ) g ν 2( )( ) ζ5 ω5if

g ν( ) D0
2 2 g ν 1( ) D0 g ν 2( ) otherwise

= (5.3.2.7)

The corresponding set of difference equations is:

g ν( )
x ν( ) B0 g ν 1( ) g ν 2( )

C0
ζ5 ω5if

x ν( ) 2 D0 g ν 1( ) g ν 2( )

D0
2

otherwise

= (5.3.2.8)1)
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2) y ν( ) A0 g ν( )= (5.3.2.9)

A0 A0 B0 B0 C0 C0

Z T. Initial value theorem:
∞z

A0

z
2

B0 z
1 C0









lim


A0

C0


Z T. Final value theorem:
0z

A0

z
2

B0 z
1 C0









lim


0

fig.:5.3.2.1
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Recurrence relations:

1) g ν( )

vi ν( ) B0 g ν 1( ) g ν 2( )

C0
ζ5 ω5if

vi ν( ) 2 D0 g ν 1( ) g ν 2( )

D0
2

otherwise

ν 1if

vi 0( )

C0
ζ5 ω5if

vi 0( )

D0
2

otherwise

ν 0=if

vi 1( ) B0 g 0( )

C0
ζ5 ω5if

vi 1( ) 2 D0 g 0( )

D0
2

otherwise

ν 1=if

 (5.3.2.10)

2) y ν( ) A0 g ν( ) ν 0if

0 otherwise

 (5.3.2.11)

Vectorized:

Glpk 0 rows Glp( ) 256 (5.3.2.12)
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Glpk

vi k( ) B0 Glpk 1 Glpk 2

C0
ζ5 ω5if

vi k( ) 2 D0 Glpk 1 Glpk 2

D0
2

otherwise

k 1if

vi 0( )

C0
ζ5 ω5if

vi 0( )

D0
2

otherwise

k 0=if

vi 1( ) B0 Glp0

C0
ζ5 ω5if

vi 1( ) 2 D0 Glp0

D0
2

otherwise

k 1=if

 (5.3.2.13)

Y22k A0 Glpk k 0if

0 otherwise

 rows Y22( )  (5.3.2.14)

Block diagram of the difference equation algorithm for a second order system

fig.:5.3.2.2

To save space when applying the previous algorithm, it is convenient to call the following program
CANONIC2LP (it is the acronym of: Canonical Form Second Order Low Pass) stored in "programs.xmcd":

CANONIC2LP
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  5.3 Equivalent Digital   Low Pass Filter (II°order)

  5.3.2.1  Sequence of the voltage Step  response.

Given the filter's input signal: u1k Vstpsl nstpk Vpp  (5.3.2.1.1)

and the filter's z transfer function, it  will be calculated the output.

10 0 10 20 30

0

2 10
3

4 10
3

6 10
3

Unit Pulses Sequence.

0

Vpp

u1k

0 8

k

Vpp 5 mV
rows u1( ) 256

fig.:5.3.2.1.1

Transfer function coefficients:

A0 A0 B0 B0 C0 C0

Output's Z transform  Initial value
theorem: ∞z

A0

z
2

B0 z
1 C0

z

z 1( )
2









lim


0

vi ν( )
u1ν

V
 vi 0( ) 2.5 10

3 (5.3.2.1.2)

Numerical calculation of the filter's response to the input step function

svsr CANONIC2LP vi A5 ζ5 ω5 Tsstp N0gd  (5.3.2.1.3)

svsr 1.974 2.034 1.133 {256,1} {256,1} 1.314( )

Calculated transfer function coefficients:

A01 svsr0 0 B01 svsr0 1 C01 svsr0 2 D01 svsr0 5

A01 1.97392088 B01 2.0341477462 C01 1.1328437902

Sequences of the state function  and of the output:

Glp0 svsr0 3 Y00 svsr0 4

Sequence of the voltage Step  response.

t 1 Ttest 1 Ttest
20 T5 1 Ttest

10000
 20 T5 Q5 9.2
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0 6.584 10
8 1.317 10

7 1.975 10
7 2.634 10

7

0

0.02

0.04

0.06

0.08
Sequence of the state function

0

Glp0k

nstpk

5 10
8 5 10

8
0.2

0.15

0.1

0.05

0

Sequence of the response

A5 Vpp
Y00k

ysr t( )

τ T5

nstpk t

fig.:5.3.2.1.2 fig.:5.3.2.1.3

Spec0x FFT Y00( )

0 5 10
7 1 10

8 1.5 10
8

0

5 10
4

1 10
3

1.5 10
3

2 10
3

Amplitude Spectrum

Spec0xk

k
fsstp

N0gd


0 1 10
8 2 10

8 3 10
8

2

1

0

1

2

3

4
Phase spectrum

0

arg Spec0xk 

k
fsstp

N0gd


fig.:5.3.2.1.4 fig.:5.3.2.1.5

Bode plots of the Z  transfer function:

Hlp z( )
A01

z
2

B01 z
1 C01

ζ5 ω5if

A01

D01 z
1 2

otherwise

 (5.3.2.1.4)

Frequency Responses  for sampling period Tsstp
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fig.:5.3.2.1.6
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ω
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fig.:5.3.2.1.7
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  5.3  Equivalent Digital  Low Pass Filter (II°order)

  5.3.2.2 Sequence of the Short Voltage Pulse-train response.

  In this paragraph, given the second order low pass filter difference equations, it will be calculated numerically   
  using the program "CANONIC2LP", the filter's response to a very short time duration voltage pulse:

Vpp 5 mV t τ5 2 τpw  τ5 2 τpw 
2 τ5 2 τpw 

10000
 τ5 2 τpw

5.926 10
7 1.481 10

7 2.963 10
7 7.407 10

7 1.185 10
6

0

0.002

0.004

0.006
Input Waveform

Vpp

Vw t( )

u44k

τ5 τpwτ5

t nsvp0k


fig.:5.3.2.2.1

Sampling period of the short pulse defined earlier (5.2.2.25): Ts Tsvp

The first parameter of the program is the time discrete input function: vi ν( ) u44ν

The calculation's results will be stored into the following vector:

svsr1 CANONIC2LP vi A5 ζ5 ω5 Ts N0gd  (5.3.2.2.1)

svsr1 87.73 2.228 5.614 {256,1} {256,1} 3.094( )

Calculated transfer function coefficients:

a5 svsr10 0 b1 svsr10 1 c1 svsr10 2 d01 svsr10 5

a5 87.7298169 b1 2.2276516416 c1 5.6141424865 d01 3.094

Sequences of the state function  and of the output:

Glp1 svsr10 3 Y01 svsr10 4
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Block diagram of the difference equation algorithm for a second order system

fig.:5.3.2.2.2

t 0.1 τ5 0.1 τ5
τ5 8 τpw τ5  0.1 τ5

20000
 τ5 8 τpw τ5 
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7 5 10

7
5 10

4

0

5 10
4

1 10
3

1.5 10
3

State function sequence

Glp1k

τ5 τ5 τpw

nsvpk

5 10
7 0 5 10

7 1 10
6

0.1

0

0.1
Output Sequence

ywsat τpw τ5 A5 Vpp

Y01k

ywsat t( )

τ5 τ5 τpw

nsvpk
t

fig.:5.3.2.2.3 fig.:5.3.2.2.4

Sampled signal: Spec1x fft Y01( ) (5.3.2.2.2)

0 2 10
6 4 10

6 6 10
6 8 10

6
0

0.1

0.2

0.3

Amplitude Spectrum

max Spec1x
 

Spec1xk

k
fsvp

N0gd


0 1 10
7 2 10

7
3

2

1

0

Phase spectrum
0

arg Spec1xk 

k
fsvp

N0gd


fig.:5.3.2.2.5
fig.:5.3.2.2.6
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Hlp z( )
A5

z
2

b1 z
1 c1

ζ5 ω5if

A5

d01 z
1 2

otherwise

 (5.3.2.2.3)

Frequency Responses  for sampling period Tsvp

1 10
6 1 10

7 1 10
8 1 10

9
20

0

20

40
Magnitude in dB of Wlp compared with Hlp

ω

d
B

Wlpp dB3gd

0

20 log Hlp e
j ω Ts











20 log Wlp j ω( ) 

2 π Bw5ωtest

ω

fig.:5.3.2.2.7
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  5.3  Equivalent Digital  Low Pass Filter (II°order)

  5.3.2.3 Sequence of the Sawtooth response

Place  Ts Tssw Ts 6.858 10
4 μs ωsmp

2 π
Ts



svsr2 CANONIC2LP vi A5 ζ5 ω5 Ts N0gd  (5.3.2.3.1)

svsr2 0.343 2.014 1.031 {256,1} {256,1} 1.131( )

A0 svsr20 0 B0 svsr20 1 C0 svsr20 2 Glp2 svsr20 3 Y2 svsr20 4 D0 svsr20 5

A0 0.3426946 B0 2.0142282276 C0 1.0313629575 D0 1.131

you get the following result for the t. f. as a function of z:

Ts 6.858 10
4 μs Hlp z( )

A0

z
2

B0 z
1 C0

ζ5 ω5if

A0

D0 z
1





2
otherwise

 (5.3.2.3.2)

W1lpp 20 log
A5 ω5

2 ζ5











 BODE PLOTS (Low Pass (II° order)): ωsmp 9.161
Grads

sec


Frequency Responses  for sampling period Tssw
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Digital first order Low pass filter difference equations:

Vpp 5 mV u55k v1sw nswk
Ttest Vpp N0gd  (5.3.2.3.3)
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ωsmp
2 π
Ts

 v3i ν( )
u55ν

V
 (5.3.2.3.4)

svsr3 CANONIC2LP v3i A5 ζ5 ω5 Ts N0gd  (5.3.2.3.5)

svsr3 0.343 2.014 1.031 {256,1} {256,1} 1.131( )

a3 svsr30 0 b3 svsr30 1 c3 svsr30 2 Glp3 svsr30 3 Y3 svsr30 4 d3 svsr30 5

a3 0.3426946 b3 2.0142282276 c3 1.0313629575 d3 1.131

you get the following result for the t. f. as a function of z:

Ts 6.858 10
4 μs Hlp z( )

a3

z
2

b3 z
1 c3

ζ5 ω5if

a3

d3 z
1 2

otherwise

 (5.3.2.3.6)

Block diagram of the difference equation algorithm for a second order system

fig.:5.3.2.3.4

t 0 Ttest 0 Ttest
20 Ttest 0 Ttest

1000
 20 Ttest

0 2 10
8 4 10

8
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0
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0.05
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Y3k

vosw t( )

Vsw t( )

Ttest

nswk
t

fig.:5.3.2.3.5 fig.:5.3.2.3.6
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Spec3x FFT Y3( ) (5.3.2.3.7)
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 

Spec3xk
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k
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N0gd
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8 3 10
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0arg Spec3xk 
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k
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fig.:5.3.2.3.7
fig.:5.3.2.3.8
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  5.3  Equivalent Digital  Low Pass Filter (II°order)

  5.3.2.4 Sequence of the Bipolar Square Wave response.

u66k Vsqwb nsqwk  (5.3.2.4.1)

t 0 Ttest 0 Ttest
4 Ttest 0 Ttest

1000
 4 Ttest

0 1 10
8 2 10

8 3 10
8

5 10
3

0

5 10
3

Sampled  Signal 

u66k

Vsqwb t( )

Ttest

nsqwk
t

fig.:5.3.2.4.1

Place  Ts Tssqw Ts 0.171 ns ωsmp
2 π
Ts



v4i ν( ) u66ν (5.3.2.4.2)

svsr4 CANONIC2LP v4i A5 ζ5 ω5 Ts N0gd  (5.3.2.4.3)

svsr4 0.021 2.004 1.005 {256,1} {256,1} 1.033( )

a4 svsr40 0 b4 svsr40 1 c4 svsr40 2 Glp4 svsr40 3 Y4 svsr40 4 d4 svsr40 5

a4 0.02141841 b4 2.0035570569 c4 1.0046279775 d4 1.033

you get the following result for the t. f. as a function of z:

Ts 1.715 10
7 ms Hlp z( )

a4

z
2

b4 z
1 c4

ζ5 ω5if

a4

d4 z
1 2

otherwise

 (5.3.2.4.4)

W1lpp 20 log
A5 ω5

2 ζ5










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 BODE PLOTS (Low Pass (II° order)):
Frequency Responses  for sampling period Tssqw
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Block diagram of the difference equation algorithm for a second order system

fig.:5.3.2.4.4
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Spec4x FFT Y4( )
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  5.3  Equivalent Digital  Low Pass Filter (II°order)

  5.3.2.5 (single tone) Sequence of the AM Signal response.

u77k v2i namk ωmam ωc A1 B1  (5.3.2.5.1)

ωmam 0.038
Grads

sec
 ωc 0.382

Grads

sec


ωc

ωmam
10

N0gd

fsam

1

T5
 53.333

Spec77 fft u77( ) (5.3.2.4.2)

t 0 Tmam 0 Tmam
3 Tmam

1000
 3 Tmam

0 1 10
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namk t

fig.:5.3.2.5.1
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 

Spec77k

fc fmam fc fmam

k
fsam

N0gd


fig.:5.3.2.5.2

Place Ts Tsam Ts 6.858 ns ωsmp
2 π
Ts



v5i ν( )
u77ν

V
 (5.3.2.4.3)

svsr5 CANONIC2LP v5i A5 ζ5 ω5 Ts N0gd  (5.3.2.4.4)
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svsr5 34.269 2.142 2.856 {256,1} {256,1} 2.309( )

a5 svsr50 0 b5 svsr50 1 c5 svsr50 2 Glp5 svsr50 3 Y5 svsr50 4 d5 svsr50 5

a5 34.26945973 b5 2.142282276 c5 2.8557552623 d5 2.309

you get the following result for the t. f. as a function of z:

Ts 6.858 10
6 ms Hlp z( )

a5

z
2

b5 z
1 c5

ζ5 ω5if

a5

d5 z
1 2

otherwise

 (5.3.2.4.5)

W1lpp 20 log
A5 ω5

2 ζ5











 BODE PLOTS (Low Pass (II° order)):

Frequency Responses  for sampling period Tsam
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Block diagram of the difference equation algorithm for a second order system
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Spec5x FFT Y5( ) max Spec5x
  25.138
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  5.3  Equivalent Digital  Low Pass Filter (II°order)

  5.3.2.6 Sequence of the (single tone) Frequency  Modulated   carrier response.

Afm 0.2V mf 8 ωfmm 1.909 10
4

krads

sec
 ωc 0.382

Grads

sec


u_9k

vfmsl nfmk ωc ωfmm Afm mf 40 
volt

 (5.3.2.6.1)

Spec_9 fft u_9( ) (5.3.2.6.2)

0 1 10
7 2 10

7 3 10
7

0.2

0.1

0

0.1

0.2
Sampled  Signal

u_9k

nfmk

fig.:5.3.2.6.1

Place  Ts Tsfm Ts 1.455 ns ωsmp
2 π
Ts



v6i ν( ) u_9ν (5.3.2.6.3)

svsr6 CANONIC2LP v6i A5 ζ5 ω5 Ts N0gd  (5.3.2.6.4)

svsr6 1.543 2.03 1.107 {256,1} {256,1} 1.278( )

a6 svsr60 0 b6 svsr60 1 c6 svsr60 2 Glp6 svsr60 3 Y6 svsr60 4 d6 svsr60 5

a6 1.54320988 b6 2.0301932367 c6 1.1073537305 d6 1.278

you get the following result for the t. f. as a function of z:

Ts 1.455 10
6 ms

Hlp z( )
a6

z
2

b6 z
1 c6

ζ5 ω5if

a6

d6 z
1 2

otherwise

 (5.3.2.6.5)

W1lpp 20 log
A5 ω5

2 ζ5










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 BODE PLOTS (Low Pass (II° order)):

Frequency Responses  for sampling period Tsfm
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Block diagram of the difference equation algorithm for a second order system

fig.:5.3.2.6.4
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Spec6x FFT Y6( ) max Spec6x
  0.025 (5.3.2.6.6)
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Frequency Responses  for sampling period Tsfm
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  5.3  Equivalent Digital  Low Pass Filter (II°order)

  5.3.2.7 Sequence of the (single tone) Phase Modulated carrier response.

Apm 20V 2 π fc 0.382
Grads

sec


ωmpm 76.345
Mrads

sec
 ωc 0.382

Grads

sec


mp 8 u_10k

vpm npmk ωc ωmpm Apm mp 40 
volt

 (5.3.2.7.1)
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fig.:5.3.2.7.1

Place  Ts Tspm Ts 0.364 ns ωsmp
2 π
Ts



v7i k( ) u_10k (5.3.2.7.2)

svsr7 CANONIC2LP v7i A5 ζ5 ω5 Ts N0gd  (5.3.2.7.3)

svsr7 0.096 2.008 1.012 {256,1} {256,1} 1.069( )

a7 svsr70 0 b7 svsr70 1 c7 svsr70 2 Glp7 svsr70 3 Y7 svsr70 4 d7 svsr70 5

a7 0.09645062 b7 2.0075483092 c7 1.01237084 d7 1.069

you get the following result for the t. f. as a function of z:

Ts 0.364 ns Hlp z( )
a7

z
2

b7 z
1 c7

ζ5 ω5if

a7

d7 z
1 2

otherwise

 (5.3.2.7.4)

W1lpp 20 log
A5 ω5

2 ζ5










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 BODE PLOTS (Low Pass (II° order)):

Frequency Responses  for sampling period Tspm
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500
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Glp7k

npmk
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100
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50

100

150
Sequence of the response

Y7k

npmk

fig.:5.3.2.7.4 fig.:5.3.2.7.5

Block diagram of the difference equation algorithm for a second order system
129

fig.:5.3.2.7.6

Spec7x FFT Y7( ) max Spec7x
  17.531 (5.3.2.7.5)

1 10
6 1 10
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Amplitude Spectrum

max Spec7x
 

Spec7xk

fcpm

k
fspm

N0gd


fig.:5.3.2.7.7
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Frequency Responses  for the sampling period Tspm
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                                                                            5.4 
                Synthetic Division Algorithm To Generate The Transfer      
            Function Sequence. Output Produced By A Discrete   
                                              Convolution  
Given the Z transform of the system's transfer function

                                                            Hlp z( )
A1

z
2

B1 z
1 C1

ζ5 ω5if

A1

D1 z
1





2
otherwise

=  ,                  (5.4.1)

it is possible to obtain the sequence of the pulse response by a synthetic division of the z transfer function. Once defined the
orders of the Numerator Nnum 0  and of the Denominator of the t. f.: Mden 2  , then proceed with the calculation of

the coefficients corresponding to the chosen sampling frequency:

A1 A5 ω5
2 Ts

2 B1 2 1 ζ5 Ts  C1 Ts ω5
2

Ts 2 ζ5



 1 D1 Ts ω5 1

N1 Nnum Mden ν 1 N0gd 1  (5.4.2)

Define two vectors with N0 rows, namely: "b" for the coefficients of the numerator and "a" for the coefficients of the
denominator:

Numerator Coeffs. Denominator Co eff.

bν 0.0 aν 0.0

b0 A1 a0 C1 ζ5 ω5if

D1
2

otherwise

 a0 1.012
 (5.4.3)

b1 0 a1 B1 ζ5 ω5if

2 D1 otherwise

 a1 2.008
 (5.4.4)

b2 0 a2 1 a2 1  (5.4.5)

Then write  the algorithm for the synthetic division:

N1 2 hk 0 h0
b0

a0
 hν

1

a0
bν

1

ν

i

hν i ai 













  (5.4.6)

The output as a response to an input signal can be obtained by a convolution integral as follows:

y30ν

0

ν

k

if ν k 0 hk u1ν k 0  


  (5.4.7)

Now, to save space when applying the previous algorithm, it is convenient to call the following program ("SYNDIVC"
acronym of: Synthetic Division and Convolution ), it calculates  the coefficient of the Z t. f. with the correct sampling period
linked to the signal bandwidth:

SYNDIVC
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   5.4 Transfer Function Sequence Obtained by The Synthetic Division.  

  5.4.1  Sequence of the voltage Step  response.

10 0 10 20 30

0

2 10
3

4 10
3

6 10
3

Unit Pulses Sequence.

0

Vpp

u1k

0 8

k

u110 5 10
3 V

fig.:5.4.1.1

Tsstp 1.646 ns conv1 SYNDIVC
u1

V
A5 ζ5 ω5 Tsstp N0gd





  (5.4.1.1)

conv1 1.974 2.034 1.133 {256,1} {256,1} {256,1} {256,1} 63.583 152.109( )

a0 conv10 3 b0 conv10 4 h conv10 5 y10 conv10 6 S0 conv10 7 E0 conv10 8

T. F. Numerator coefficients:

a0
T 0 1 2 3 4 5 6 7

0 1.133 -2.034 1 0 0 0 0 ...


T. F. Denominator coefficients:

b0
T 0 1 2 3 4 5 6 7

0 -1.974 0 0 0 0 0 0 ...


Impulse response sequence

h
T 0 1 2 3 4

0 -1.742 -3.129 -4.08 -4.564 ...


0 20 40 60
6

4

2

0

2

4
Transfer Function Sequence

hk

k

fig.:5.4.1.2

Stability (S3<∞): S0 63.583
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Energy of the sequence h3: E0 152.109

t 0 Ttest 0 Ttest
20 T5 0 Ttest

1000
 20 T5

0 5.487 10
8 1.097 10

7 1.646 10
7 2.195 10

7 2.743 10
7 3.292 10

7
0.2

0.15

0.1

0.05

0
Step response of the II° order Low Pass Filter

ysr t( )

0

τ

t

fig.:5.4.1.3

Vpp 5 10
3 V

0 10 20 30 40 50
0

2 10
3

4 10
3

Input Sequence

Vpp

u1k

0

k
0 5 10

8 1 10
7 1.5 10

7

0.2

0.1

0
Sequence of the convolution

A5 Vpp
y10k

ysr t( )

0

nstpk t
fig.:5.4.1.4

fig.:5.4.1.5
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   5.4 Transfer Function Sequence Obtained by The Synthetic Division.  

  5.4.2 Sequence of the Short Voltage Pulse response.

conv2 SYNDIVC u44 A5 ζ5 ω5 Tsvp N0gd   (5.4.2.1)

conv2 87.73 2.228 5.614 {256,1} {256,1} {256,1} {256,1} 24.004 284.459( )

a2 conv20 3 b2 conv20 4 h2 conv20 5 y11 conv20 6

T. F. Numerator coefficients:

a2
T 0 1 2 3 4 5 6 7

0 5.614 -2.228 1 0 0 0 0 ...


T. F. Denominator coefficients:

b2
T 0 1 2 3 4 5 6 7

0 -87.73 0 0 0 0 0 0 ...


Impulse response sequence

h2
T 0 1 2 3 4

0 -15.627 -6.201 0.323 1.233 ...


0 2 4 6 8 10
20

10

0

Transfer Function Sequence

h2k

k
fig.:5.4.2.1

t 2 τpw 2 τpw
4 τpw

5000
 2 τpw

5 10
7 0 5 10

7 1 10
6

2 10
3

0

2 10
3

4 10
3

6 10
3

Input Sequence.

0

Vpp

u44k

τ5 τ5 τpw

nsvpk

2.634 10
7 6.584 10

8 3.95 10
7 7.242 10

7 1.053 10

0.2

0.1

0

0.1
Sequence

ywsat τpw τ5 A5 Vpp

y11k

ywsat t( )

τ5 τ5 τpw

nsvpk
t

fig.:5.4.2.2 fig.:5.4.2.3
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Spec11x fft y11( )

1 10
5 1 10

6 1 10
7 1 10

8
0

0.1

0.2

0.3

Amplitude Spectrum

max Spec11x
 

Spec11xk

k
fsvp

N0gd


1 10
5 1 10

6 1 10
7 1 10

8
3

2

1

0

1
Phase spectrum

0

arg Spec11xk 

k
fsvp

N0gd


fig.:5.4.2.4
fig.:5.4.2.5

136



   5.4 Transfer Function Sequence Obtained by The Synthetic Division.  

  5.4.3 Sequence of the Sawtooth response:

conv3 SYNDIVC
u55

V
A5 ζ5 ω5 Tssw N0gd





  (5.4.3.1)

conv3 0.343 2.014 1.031 {256,1} {256,1} {256,1} {256,1} 105.761 109.69( )

a03 conv10 3 b03 conv10 4 h3 conv10 5 y12 conv30 6

T. F. Numerator coefficients:

a03
T 0 1 2 3 4 5 6 7

0 1.133 -2.034 1 0 0 0 0 ...


T. F. Denominator coefficients:

b03
T 0 1 2 3 4 5 6 7

0 -1.974 0 0 0 0 0 0 ...


Impulse response sequence

h3
T 0 1 2 3 4

0 -1.742 -3.129 -4.08 -4.564 ...


0 10 20 30 40
6

3.5

1

1.5

4
Transfer Function Sequence

h3k

k

fig.:5.4.3.1

0 0.625 1.25 1.875 2.5
5 10

3

2.375 10
3

2.5 10
4

2.875 10
3

5.5 10
3

Input Sequence.

0

Vpp

u55k

1

nswk

Ttest

0 0.625 1.25 1.875 2.5
0.072

0.036

0

0.036

0.072
Output Sequence

y12k

vosw t( )

Vsw t( )

1

nswk

Ttest

t

Ttest

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fig.:5.4.3.2 fig.:5.4.3.3

Spec12x fft y12( )

1 10
7 1 10

8 1 10
9

0

0.05

0.1

0.15

Amplitude Spectrum

max Spec12x
 

Spec12xk

ftest

k
fssw

N0gd


1 10
6 1 10

7 1 10
8 1 10

9
4

2

0

2

4
Phase spectrum

0arg Spec12xk 

ftest

k
fssw

N0gd


fig.:5.4.3.4 fig.:5.4.3.5
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   5.4 Transfer Function Sequence Obtained by The Synthetic Division.  

  5.4.4 Sequence of the  Bipolar Square Wave  response.

v11i k( ) sqwk  (5.4.4.1)

conv4 SYNDIVC sqw A5 ζ5 ω5 Tssqw N0gd   (5.4.4.2)

conv4 0.021 2.004 1.005 {256,1} {256,1} {256,1} {256,1} 82.381 32.876( )

a04 conv40 3 b04 conv40 4 h4 conv40 5 y13 conv40 6

T. F. Numerator coefficients:

a04
T 0 1 2 3 4 5 6 7

0 1.005 -2.004 1 0 0 0 0 ...


T. F. Denominator coefficients:

b04
T 0 1 2 3 4 5 6 7

0 -0.021 0 0 0 0 0 0 ...


Impulse response sequence

h4
T 0 1 2 3 4

0 -0.021 -0.043 -0.064 -0.084 ...


0 50 100 150 200
1

0.5

0

0.5
Transfer Function Sequence

h4k

k

fig.:5.4.4.1

0 1 10
8 2 10

8 3 10
8

0.005

0

0.005

Input

Vsqwb t( )

sqwk

0

Ttest

t nsqwk


0 1 10
8 2 10

8 3 10
8

0.1

0

0.1

Output Sequence

0

y13k

Vosqw t( )

Vsqwb t( )

nsqwk
t

fig.:5.4.4.2 fig.:5.4.4.3
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Spec13x fft y13( )

1 10
7 1 10

8 1 10
9 1 10

10
0

0.1

0.2

0.3

0.4

Amplitude Spectrum

max Spec13x
 

Spec13xk

ftest

k
fssqw

N0gd


1 10
7 1 10

8 1 10
9 1 10

10
3

2

1

0

1

2

3
Phase spectrum

0arg Spec13xk 

ftest

k
fssqw

N0gd


fig.:5.4.4.4
fig.:5.4.4.5
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   5.4 Transfer Function Sequence Obtained by The Synthetic Division.  

  5.4.5 Sequence of the AM (single tone)  Signal  response.

conv5 SYNDIVC u_7 A5 ζ5 ω5 Tsam N0gd   (5.4.5.1)

conv5 34.269 2.142 2.856 {256,1} {256,1} {256,1} {256,1} 28.312 237.42( )
a05 conv50 3 b05 conv50 4 h5 conv50 5 y14 conv50 6

T. F. Numerator coefficients:

a05
T 0 1 2 3 4 5 6 7

0 2.856 -2.142 1 0 0 0 0 ...


T. F. Denominator coefficients:

b05
T 0 1 2 3 4 5 6

0 -34.269 0 0 0 0 0 ...


Impulse response sequence

h5
T 0 1 2 3 4

0 -12 -9.002 -2.551 1.239 ...


0 10 20 30
15

10

5

0

5
Transfer Function Sequence

h5k

k

mam 55 %

fig.:5.4.5.1

0 1 10
7 2 10

7 3 10
7

20

10

0

10

20
Input Sequence.

0

A1 B1

u_7k

0Ttest

namk

0 1 10
7 2 10

7 3 10
7

100

50

0

50

100
Output Sequence

0y14k

namkfig.:5.4.5.2 fig.:5.4.5.3
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Sampled signal: Spec14x fft y14( )  (5.4.5.2)

5 10
7 6 10

7 7 10
7

0

100

200

300

400

Amplitude Spectrum

max Spec14x
 

Spec14xk

fmam fcfc fmam

k
fsam

N0gd


1 10
5 1 10

6 1 10
7 1 10

8
4

2

0

2

4
Phase spectrum

0arg Spec14xk 

fmam fcfc fmam

k
fsam

N0gd


fig.:5.4.5.4
fig.:5.4.5.5
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   5.4 Transfer Function Sequence Obtained by The Synthetic Division.  

  5.4.6 Sequence of the (single tone) Frequency Modulated  carrier response.

v13i k( ) u8k (5.4.6.1)

conv6 SYNDIVC u8 A5 ζ5 ω5 Tsfm N0gd  (5.4.6.2)

conv6 1.543 2.03 1.107 {256,1} {256,1} {256,1} {256,1} 68.943 146.431( )

a06 conv60 3 b06 conv60 4 h6 conv60 5 y15 conv60 6

T. F. Numerator coefficients:

a06
T 0 1 2 3 4 5 6 7 8

0 1.107 -2.03 1 0 0 0 0 0 ...


T. F. Denominator coefficients:

b06
T 0 1 2 3 4 5 6 7

0 -1.543 0 0 0 0 0 0 ...


Impulse response sequence

h6
T 0 1 2 3 4

0 -1.394 -2.555 -3.426 -3.973 ...


0 10 20 30
6

4

2

0

2

4
Transfer Function Sequence

h6k

k

fig.:5.4.6.1
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0 5 10
8 1 10

7
0.2

0.1

0

0.1

0.2
Input Sequence.

0u8k

0

nfmk

0 5 10
8 1 10

7
2

1

0

1

2
Output Sequence

A5 Vpp 0y15k

nfmk

fig.:5.4.6.2 fig.:5.4.6.3

mf 8 Spec15x fft y15( ) (5.4.6.3)

0 5 10
7 1 10

8 1.5 10
8

0

2

4

6

8

Amplitude Spectrum
max Spec15x

 

Spec15xk

fc

k
fsfm

N0gd


0 5 10
7 1 10

8 1.5 10
8

4

2

0

2

4
Phase spectrum

0arg Spec15xk 

fc

k
fsfm

N0gd


fig.:5.4.6.4 fig.:5.4.6.5

Afm A5 4 V ωfmm 0.019
Grads

sec
 A5 20 mf 8
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   5.4 Transfer Function Sequence Obtained by The Synthetic Division.  

  5.4.7 Sequence of the (single tone) Phase Modulated carrier response.

v14i k( ) u9k (5.4.7.1)

conv7 SYNDIVC u9 A5 ζ5 ω5 Tspm N0gd  (5.4.7.2)

conv7 0.096 2.008 1.012 {256,1} {256,1} {256,1} {256,1} 114.622 74.901( )

a07 conv70 3 b07 conv70 4 h7 conv70 5 y16 conv70 6

T. F. Numerator coefficients:

a07
T 0 1 2 3 4 5 6 7

0 1.012 -2.008 1 0 0 0 0 ...


T. F. Denominator coefficients:

b07
T 0 1 2 3 4 5 6 7

0 -0.096 0 0 0 0 0 0 ...


Impulse response sequence

mp 8h7
T 0 1 2 3 4

0 -0.095 -0.189 -0.281 -0.37 ...


0 100 200
2

1

0

1
Transfer Function Sequence

h7k

k

fig.:5.4.7.1

Sampled signal: Spec16x fft y16( )

0 5 10
8 1 10

7 1.5 10
7

0.2

0.1

0

0.1

0.2
Input Sequence.

0u_9k

0

nfmk

0 5 10
8 1 10

7 1.5 10
7

2

1

0

1

2
Sequence

y16k

nfmk
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fig.:5.4.7.2 fig.:5.4.7.3

0 2 10
8 4 10

8 6 10
8

0

1

2

Amplitude Spectrum

max Spec16x
 

Spec16xk

fc

k
fspm

N0gd


0 2 10
8 4 10

8 6 10
8

4

2

0

2

4
Phase spectrum

0arg Spec16xk 

fc

k
fspm

N0gd


fig.:5.4.7.4
fig.:5.4.7.5

ωc 0.382
Grads

sec
 ωmpm 0.076

Grads

sec
 A5 20 mp 8
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                                                    5.5 
 Search of the discrete time output sequence by a discrete convolution

Ts Tssw

A0 A5 ω5
2 Ts

2 B0 2 1 ζ5 Ts  C0 Ts ω5
2

Ts 2 ζ5



 1 D0 Ts ω5 1

The sequence corresponding to the transfer function

                                                         Hlp z( )
A0

z
2

B0 z
1 C0

ζ5 ω5if

A0

D0 z
1





2
otherwise

            (5.5.1)

 can be found using the "invztrans" MATHCAD's operator as follows: 

A0 A0 B0 B0 k k C0 C0

First case:ζ5 ω5  

h1k

A0

z
2

B0 z
1 C0

invztrans z k  (5.5.2)

h1k

B0 B0
2

4 C0

C0











k 1

2 C0 B0
2 B0 B0

2
4 C0





B0 B0
2

4 C0

C0











k 1

B0
2

2 C0 B0 B0
2

4 C0

























1

2





k A0

C0
2

B0
2

4 C0


















Second case: ζ5 ω5=

A0 A0 D0 D0 k k

h1k

A0

D0 z
1





2
invztrans z k 

h1k

A0
1

D0









k

 k 1( )

D0
2


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K2 2 C0 B0
2 B0 B0

2
4 C0





K1
B0 B0

2
4 C0

C0


K3
B0 B0

2
4 C0

C0











 K4 B0
2

2 C0 B0 B0
2

4 C0





K5 if ζ5 ω5
A0

C0
2

B0
2

4 C0





 0












h1k K1
k 1

K2 K3
k 1

K4  1

2





k

K5








 ζ5 ω5if

A0 D0
k 2( ) k 1( ) otherwise

 (5.5.3)

The result is the sequence of the impulse response, here depicted:

0 100 200
3

2

1

0

1

2
Sequence of the Impulse Response.

h1k

k

fig.:5.5.1

   The Output of the Digital System is given by the discrete convolution  between the  discrete time input signal (the
discrete time sequence of the sawtooth wave  for this example) and  the discrete impulse response of the System:

ν 1 N0gd 1 y15ν

0

ν

k

if ν k 0 h1k
u55ν k

V
 0



















 (5.5.4)
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fig.:5.5.3 fig.:5.5.4

 Knowing the sequences of any input u1ν and that of the impulse response h1ν , one can obtain

    the relative Z transforms namely : Xlp z( )

0

N1 1

ν

u1ν z
ν 



  and Hlps z( )

0

N0gd 1

ν

h1ν z
ν 



  . The

z-inverse transform of the product Ylp z( ) Hlps z( ) Xlp z( ) , which corresponds to the convolution of the two

given sequences u1ν,  h1ν  , provides  the sought output.
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Example 1: voltage ramp as input:: 
 Since the t. f. is already known, you just have to calculate the input's Z transform as follows:
Vpp 5mV

0 20 40 60 80
0

0.2

0.4

Input Sequence

Vpp ν

ν

fig.:5.5.5

   Vpp Vpp  , ν ν  ,      Vpp ν ztrans ν
Vpp z

z 1( )
2

  

results: Z Vpp ν 
Vpp z

z 1( )
2

= (5.5.5)

Output sequence  corresponding to the z-inverse transform of the product H(z)Vi(z):

Vpp Vpp A0 A0 B0 B0 C0 C0 z z

First case:ζ5 ω5  

y16k

A0

z
2

B0 z
1 C0

Vpp z

z 1( )
2



invztrans z k

simplify max

combine



To simplify place:

K6
B0 2

C0 B0 1 2
 K7

B0 B0
2

4 C0

C0
 K88 B0

3
2 B0

2 1 3 C0  B0 4 C0

K8 B0
2

2 B0 C0 1



 B0

2
4 C0 K88



 K9

B0 B0
2

4 C0

C0


K10 2 B0 B0
2 C0 1



 B0

2
4 C0 K88



 K11 C0 B0

2
4 C0 C0 B0 1 2
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Resulting sequence: y16k A0 Vpp  k

C0 B0 1
K6

1

2





k

K7
k 1 K8

K11




1( )

1

2





k

K9
k 1 K10

K11




























 (5.5.6)

Second case:ζ5 ω5=  

Vpp Vpp A0 A0 D0 D0 C0 C0 z z

y16k

A0

D0 z
1





2

Vpp z

z 1( )
2



invztrans z k

simplify max

collect
1

D0









k



collect A0 Vpp



y16k

1

D0









k

D0 1  k 2 D0

D0
k D0 1  2 













A0 Vpp 
D0 1 3

V
 (5.5.7)

General result:

yok
A0 Vpp  k

C0 B0 1

1

2





k

K7
k 1

K8 K9
k 1

K10 

K11
 K6 ζ5 ω5if

1

D0









k

D0 1  k 2 D0

D0
k D0 1  2 













A0 Vpp

D0 1 3
 otherwise

 (5.5.8)

ζ5 0.01
Grads

sec
 ω5 0.191

Grads

sec
 Q5 9.2

Yok
if Vsat yok

 Vsat yok
 if yok

0.0 V Vsat Vsat   (5.5.9)
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Yok

k

fig.:5.5.6

Example 2: Sinusoidal  input:

ΔT
2 Ttest

N0gd 1
 ΔT 0.129 ns

Z transform of the input signal: ω ωtest ω 0.382
Grads

sec


ΔT ΔT ω ω Vpp 5 10
3 V

ν ν Vpp Vpp Vpp sin ω ν ΔT( ) ztrans ν
Vpp z sin ω ΔT( )

z
2

2 cos ω ΔT( ) z 1


Place: K2 sin ΔT ω( ) cos ΔT ω( ) 1 K2
2= 1 K2

2 0.999

K2 K2 poles1 1 2 1 K2
2 z

1 z
2 solve z

1 K2
2 K2 j

1 K2
2 K2 j













p1 poles10 p1 0.999 0.049j

p2 poles11 p2 0.999 0.049j

Vpp z K2

z
2

2 1 K2
2 z 1

K2 Vpp z

p1 z( ) p1 p1


 

K2 Vpp z

p1 p1


  z p1


 
=

K2 Vpp z

p1 z( ) p1 p1


 
1

p1

z p1( )






K2 Vpp 
p1


p1 =

K2 Vpp z

p1 p1


  z p1


 
1

p1


z p1


 









K2 Vpp

p1


p1
=

A0

z
2

B0 z
1 C0

A0

z
B0 B0

2
4 C0

2 C0












z
B0 B0

2
4 C0

2 C0














=
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q1
B0 B0

2
4 C0

2 C0
 q2

B0 B0
2

4 C0

2 C0


q1 0.976 0.127j q2 0.976 0.127j

A0

z q1( ) z q2( )
1

z q1( )

1

z q2( )






A0

q1 q2( )
=

First case:ζ5 ω5  

y17k

A0 K2 Vpp

q1 q2( ) p1 p1


 

1

z q1( )

1

z q2( )







z

p1 z( )
z

z0 p1


 














invztrans z using ν k=

simplify


Computing the corresponding sequence the result returned for the symbolic operation is too large to be
displayed.
q1 q1 p1 p1 z z

1

z q1( )

z

p1 z( )






invztrans
p1

n
q1

n
p1 q1



q1 q1 p1 p1 z z

1

z q1( )

z

z p1


 







invztrans
p1
 n

q1
n

q1 p1





q2 q2 p1 p1 z z n n k k

1

z q2( )

z

p1 z( )






invztrans
p1

n
q2

n
p1 q2



q2 q2 p1 p1 z z

1

z q2( )

z

z p1


 







invztrans
p1
 n

q2
n

q2 p1





y17k

A0 K2 Vpp

q1 q2( ) p1 p1


 

p1
k

q1
k

q1 p1
p1
 k

q1
k

q1 p1





p1
k

q2
k

q2 p1


p1
 k

q2
k

q2 p1















Proof

 Proof: First case:ζ5 ω5

q1 q1 q2 q2 p1 p1 p1


p1


p1

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p1
k

q1
k

q1 p1
p1
 k

q1
k

q1 p1





p1
k

q2
k

q2 p1


p1
 k

q2
k

q2 p1



 ztrans k

z q1 q2( ) p1 2 z p1


 

p1 z( ) q1 z( ) q2 z( ) z p1


 


Z p1
k

q1
k

q1 p1
p1
 k

q1
k

q1 p1





p1
k

q2
k

q2 p1


p1
 k

q2
k

q2 p1













z q1 q2( ) p1 2 z p1


 

p1 z( ) q1 z( ) q2 z( ) z p1


 
=

z q1 q2( ) p1 2 z p1


 

p1 z( ) q1 z( ) q2 z( ) z p1


 









parfrac z

simplify

z q1 q2( ) p1 2 z p1


 

p1 z( ) q1 z( ) q2 z( ) z p1


 


Z p1
k

q1
k

q1 p1
p1
 k

q1
k

q1 p1





p1
k

q2
k

q2 p1


p1
 k

q2
k

q2 p1













p1


q1 q2( )

q1 p1


  q2 p1


  z p1


 
p1 q1 q2( ) p1 p1


 

p1 q1( ) p1 q2( ) p1 z( ) p1 p1


 




1( )
q1 p1 2 q1 p1


 

p1 q1( ) q1 z( ) q1 p1


 




1( )
q2 q1 q2( ) p1 2 q2 p1


 

p1 q2( ) q1 q2( ) q2 z( ) q2 p1


 




=

Proof

Second case case:ζ5 ω5=  

y17k

A0 K2 Vpp

p10 p10


 
1

D0 z
1





2


z

p10 z 
z

z p10


 












invztrans z using n k=

simplify


Computing the corresponding sequence the result returned for the symbolic operation is too large to be
displayed.

1

D0 z
1





2

z

p10 z  invztrans using n k= 

1

D0 z
1





2

z

z p10


  invztrans using n k= 
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y17k

A0 K2 Vpp

p1 p1


 
D0 k 2( ) p1 k 1

D0
2

D0 p1 1 2

1

D0









k


p1( )

k 2

D0 p1 1 2


p1


k 2( ) D0 k 1( )

D0
2

D0 p1

 1 2



1

D0









k


p1
 k 2

D0 p1

 1 2




















=

Proof

 Proof: Second case:ζ5 ω5=

A0 K2 Vpp

p1 p1


 
D0 k 2( ) p1 k 1

D0
2

D0 p1 1 2

1

D0









k


p1( )

k 2

D0 p1 1 2


p1


k 2( ) D0 k 1( )

D0
2

D0 p1

 1 2



1

D0









k


p1
 k 2

D0 p1

 1 2




















 ztrans k
A0 K2 Vpp z

3 p1 2 z 
D0 z 1 2

p1 z( ) p1 p1


 


Z
A0 K2 Vpp

p10 p10


 
D0 k 2( ) p10 k 1

D0
2

D0 p10 1 2

1

D0









k


p10 k 2

D0 p10 1 2


p10


k 2( ) D0 k 1( )

D0
2

D0 p10

 1 2



1

D0









k


p10
 k 2

D0 p10

 1 2









































A0 K2 Vpp z
3 p1 2 z p1




D0 z 1 2
p1 z( ) p1 p1


  z

=

Proof

General result:

y17k

A0 K2 Vpp

p1 p1


 
1

q1 q2( )

p1( )
k

q1
k

q1 p1

p1
 k

q1
k

q1 p1




p1( )
k

q2
k

q2 p1


p1
 k

q2
k

q2 p1




















 ζ5 ω5if

D0 k 2( ) p1 k 1

D0
2

D0 p1 1 2

1

D0









k


p1( )

k 2

D0 p1 1 2


p1


k 2( ) D0 k 1( )

D0
2

D0 p1

 1 2



1

D0









k


p1
 k 2

D0 p1

 1 2




















otherwise



(5.5.10)
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y17
T 0 1 2 3 4 5

0 0 0 -3-1.713j·10 -3-5.058j·10 -3-9.921j·10 ...
V

0 100 200
0.2

0.1

0

0.1

0.2
 Sequence of the sinusoidal response compared with the input 

0 volt
Im y17k 
Vpp sin ω k ΔT( )

k

fig.:5.5.7

Bode plots:

Hlp z( )
A0

z
2

B0 z
1 C0

ζ5 ω5if

A0

D0 z
1





2
otherwise

 (5.5.11)

1.1
A0 K2 Vpp

p1 p1


  9.424j 10
4 V

A5 20 20 log Wlp j ω5 ωsmp   13.014

HlpdB ω( ) 20 log Hlp e
j ω Ts 





ω
ω5

U 10
10

ω5

U 10
10

ω5 10 U
ω5

U 10
10



4 U
2

 10 U ω5

156



1 10
7 1 10

8 1 10
9 1 10

10 1 10
11 1 10

12

50

0

50

BODE  Plots of H(z) compared with that of  W(jω)

ω

d
B 0

20 log A5  dB3gd
HlpdB ω( )

HlpdB ω5 ωsmp 
HlpdB ωtest 
20 log Wlp j ω( ) 

2 π Bw5ωtest

ω

fig.:5.5.8
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                                                5.6 
                               The bilinear transformation

  5.6.1  Z-transfer function of the II° Order Low Pass Digital Filter.

 On the other hand, using the bilinear transformation:   s
2

Ts

1 z
1

1 z
1







= ,                     (5.6.1)

 I get a new t. f. for the given system, in the z domain. 

A5 A5 ω5 ω5 ζ5 ζ5 Ts Ts ω5 0.191
Grads

sec


H4 z( )
A5 ω5

2

s
2

2 ζ5 s ω5
2

substitute s
2

Ts

1 z
1

1 z
1







=

collect z

collect A5 Ts ω5 2

 (5.6.2)

H4 z( )
z

1
1 2

z
2

z
1 2 Ts

2 ω5
2 8

Ts
2

ω5
2 4 ζ5 Ts 4


4 Ts ζ5 Ts

2
ω5

2 4

Ts
2

ω5
2 4 ζ5 Ts 4



A5 Ts
2 ω5

2

Ts
2

ω5
2 4 ζ5 Ts 4

=

H4 z( )
z

1
1 2

z
2

z
1 2 Ts

2 ω5
2 8

Ts
2

ω5
2 4 ζ5 Ts 4



4 Ts ζ5 Ts
2

ω5
2 4

Ts
2

ω5
2 4 ζ5 Ts 4





A5 Ts
2 ω5

2

Ts
2

ω5
2 4 ζ5 Ts 4

 (5.6.3)

Parameters necessary for the design of the digital filter:

Consider the sampling time Ts 6.858 10
4 μs

α1

A5 ω5
2 Ts

2

Ts
2

ω5
2 4 ζ5 Ts 4

 β1

2 Ts
2 ω5

2 8

Ts
2

ω5
2 4 ζ5 Ts 4

 γ1

Ts
2

ω5
2 4 ζ5 Ts 4

Ts
2

ω5
2 4 ζ5 Ts 4



α1 0.085916831 β1 1.997085248 γ1 1.0142686139
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result for the t. f. as a function of z-1: ωsmp 17.269
Grads

sec


ω5 0.191
Grads

sec
 H4 z( ) α1

z
1

1 2

z
2

β1 z
1 γ1

 (5.6.4)

If ζ5 ω5=

x z
1

= Hlp x( ) A5

ω5
2

s ω5 2


substitute s
2

Ts

1 x
1 x






=

collect x

factor



z transfer function: Hlp z( )
A5 Ts

2 ω5
2





Ts ω5 2 2

z
1

1 2

z
1 Ts ω5 2

Ts ω5 2 








2
= (5.6.5)

α11

A5 Ts
2 ω5

2





Ts ω5 2 2


β22

Ts ω5 2

Ts ω5 2 

H4 z( ) α1
z

1
1 2

z
2

β1 z
1 γ1

 ζ5 ω5if

α11
z

1
1 2

z
1

β22





2
 otherwise



















 (5.6.6)

Now compare the Bode diagrams of H4(z) with those of Hlp(z) . To do that, the coefficients of  Hlp(z) must be redefined

with the given sampling time Ts. Therefore they are rewritten here below:

A0 A5 ω5
2 Ts

2 B0 2 1 ζ5 Ts  C0 Ts ω5
2

Ts 2 ζ5



 1 D0 Ts ω5 1

A0 0.3426946 B0 2.0142282276 C0 1.0313629575 D0 1.131

Hlp z( )
A0

z
2

B0 z
1 C0

ζ5 ω5if

A0

D0 z
1 2

otherwise

 (5.6.7)
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 BODE PLOTS (Low Pass (II° order)):

ω
ω5

20 U

ω5

20 U

ω5 U
ω5

20 U


U
2

 10 U ω5

1 10
6 1 10

7 1 10
8 1 10
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10 1 10

11
100

50

0

50

Frequency response of the II° order Low Pass  Filter

ω

d
B 0

20 log A5  dB3gd20 log H4 e
j ω Ts











20 log Wlp j ω( ) 

20 log Hlp e
j ω Ts

















2 π Bw5 ωsmp

ω

fig.:5.6.1
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4
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2
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Phase Response of the II° order Low Pass  Filter

ω

φ
(ω

)

π

0

arg H4 e
j ω Ts











arg Wlp j ω( ) 

arg Hlp e
j ω Ts











ω5 ωsmp

ω

fig.:5.6.2
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  5.6  The bilinear transformation

  5.6.2 Difference equations (II°order Low Pass filter). Canonical form.

H4 z( ) α1
z

1
1 2

z
2

β1 z
1 γ1

= (5.6.2.1)

H4 z( )
Y2 z( )

X z( )
=

Y2 z( )

W1 z( )

W1 z( )

X z( )
= (5.6.2.2)

(5.6.2.3)Y2 z( )

W1 z( )
α1 1 2 z

1 z
2 =

Y2 z( ) α1 1 2 z
1 z

2  W1 z( )= (5.6.2.4)

y2 ν( ) α1 w1 ν( ) 2 w1 ν 1( ) w1 ν 2( )( )( )= (5.6.2.5)

W1 z( )

X z( )

1

z
2

β1 z
1 γ1

= (5.6.2.6)

X z( ) z
2

β1 z
1 γ1



 W1 z( )= (5.6.2.7)

X z( ) γ1 W1 z( ) β1 z
1 W1 z( ) z

2
W1 z( )= (5.6.2.8)

x ν( ) γ1 w1 ν( ) β1 w1 ν 1( ) w1 ν 2( )= (5.6.2.9)

The corresponding set of difference equations is:

w1 ν( )
x ν( )

γ1

β1

γ1
w1 ν 1( )

1

γ1
w1 ν 2( )= (5.6.2.10)

(5.6.2.11)y2 ν( ) α1 w1 ν( ) 2 w1 ν 1( ) w1 ν 2( )( )=

α1 α1 β1 β1 γ1 γ1

Z T. Initial value theorem:
∞z

α1
1 2 z

1 z
2

z
2

β1 z
1 γ1












lim


α1

γ1


Z T. Final value theorem:
0z

α1
1 2 z

1 z
2

z
2

β1 z
1 γ1












lim


α1
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  5.6  The bilinear transformation

  5.6.2.1  Sequence of the voltage Step  response.

Recurrence relations:

vi ν( ) u1ν (5.6.2.1.1)

1) w1 ν( )
vi ν( ) β1 w1 ν 1( ) w1 ν 2( )

γ1
ν 1if

α1

γ1
vi ν( ) ν 0=if

vi 1( ) β1 w1 0( )

γ1









ν 1=if

 (5.6.2.1.2)

2) y2 ν( ) α1 w1 ν( ) 2 w1 ν 1( ) w1 ν 2( )( )( ) ν 1if

α1 w1 1( ) 2 w1 0( )( )( ) ν 1=if

α1 w1 0( ) otherwise

 (5.6.2.1.3)

W1ν 0.0Same relations but vectorized:

1) W1ν

u1ν

volt
β1 W1ν 1 W1ν 2

γ1
ν 1if

1

γ1

u1ν

volt
 ν 0=if

u11

volt
β1 W10

γ1
otherwise

 (5.6.2.1.4)

2) Y2ν α1 W1ν 2 W1ν 1 W1ν 2  ν 1if

α1 W10 ν 0=if

α1 W11 2 W10  otherwise

 (5.6.2.1.5)

BILINEAR

Block diagram of the difference equation algorithm for a second order system
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fig.:5.6.2.1.1

0 20 40 60 80
0

2 10
3

4 10
3

Input signal sequence

Vpp

u1ν

νfig.:5.6.2.1.2

A5 20 bl1 BILINEAR
u1

V
A5 ζ5 ω5 Tsstp N0gd





 (5.6.2.1.6)

bl1 0.49 1.936 1.034 {256,1} {256,1}( )

a00 bl10 0 b00 bl10 1 c00 bl10 2 W00 bl10 3 Y11 bl10 4

a5 34.26945973 b5 2.142282276 c5 2.8557552623

0 20 40 60 80 100
0

0.02

0.04

0.06

0.08

0.1
Sequence of the state function

W00k

k
0 1 10

7 2 10
7 3 10

7

0.2

0.1

0

Output Sequence

A5 Vpp

Y11k

ysr t( )

nstpk t
fig.:5.6.2.1.3

fig.:5.6.2.1.4
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  5.6  The bilinear transformation

5.6.2.2  Sequence of the Short Voltage Pulse response.

Ttest 16.46 ns Tsvp 10.973 ns τ 5.239 10
3 μs

  Chosen Test signal period,  Ttest 16.46 ns
1

Ttest
0.061 GHz

Short pulse sequence of amplitude Vi:  

5 10
7 0 5 10

7 1 10
6

0

2 10
3

4 10
3

6 10
3

Pulse Sequence.

0

Vpp

u44k

τ5 τ5 τpw

nsvp0k

fig.:5.6.2.2.1

bl2 BILINEAR u44 A5 ζ5 ω5 Tsvp N0gd  (5.6.2.2.1)

bl2 11.061 0.097 1.115 {256,1} {256,1}( )

A51 bl20 0 b11 bl20 1 c11 bl20 2 W11 bl20 3 Y22 bl20 4

A51 11.06137211 b11 0.0974610276 c11 1.1148133945

Block diagram of the difference equation algorithm for a second order system

fig.:5.6.2.2.2

Sequence of the voltage Step  response.
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5 10
7 0 5 10

7 1 10
6

4 10
3

0

4 10
3

Sequence of w

0

τ5 τ5 τpw

0 5 10
7 1 10

6
0.2

0.1

0

Sequence of the response

A5 Vppywsat τpw τ5 

Y22k

ywsat t( )

τpw τ5τ5

nsvpk
t

fig.:5.6.2.2.3 fig.:5.6.2.2.4

Spec18x fft Y22( )

0 1 10
7 2 10

7 3 10
7 4 10

7
0

0.1

0.2

0.3

Amplitude Spectrum

max Spec18x
 

Spec18xk

k
fsvp

N0gd


0 1 10
7 2 10

7
3

2

1

0

Phase spectrum

0

arg Spec18xk 

k
fsvp

N0gd


fig.:5.6.2.2.5 fig.:5.6.2.2.6
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  5.6  The bilinear transformation

  5.6.2.3 Sequence of the  Sawtooth Response

0 1 10
8 2 10

8 3 10
8

5 10
3

0

5 10
3

Sampled test signal
VppVpp

u55k

Vsw t( )

Ttest

nswk
t

T5

Ttest
2

fig.:5.6.2.3.1

ω5 190.863
Mrads

sec
 Signal bandwidth: Bsw 729.042 MHz fssaw 2 Bsw

fssaw 1.458 10
3 MHz ωssaw 2 π fssaw

Parsevalsw 3.419 10
5 Average1 volt 0 V RMS1 volt 2.754 mV

Ttest 1.646 10
8 s ζ5 0.01

Grads

sec
 Tssaw

1

fssaw
 ωssaw 9.161

Grads

sec


ζ5 Ts 7.114 10
3 Tssaw 6.858 10

10 s A5 20 Q5 9.2

T5 0.033 μs
fssaw

ftest
24 Ttest 0.016 μs

A5 20 bl3 BILINEAR
u10

V
A5 ζ5 ω5 Tssaw N0gd





 (5.6.2.3.1)

bl3 0.086 1.997 1.014 {256,1} {256,1}( )

a22 bl30 0 b22 bl30 1 c22 bl30 2 W22 bl30 3 Y33 bl30 4

a22 0.08591683 b22 1.9970852477 c22 1.0142686139

Block diagram of the difference equation algorithm for a second order system
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fig.:5.6.2.3.2

A5 20 Sequence of the Sawtooth response. Q5 9.2

Ttest 0.016 μs

0 100 200
0.3

0.2

0.1

0

0.1

0.2
Sequence of  w

0

0 2 10
8 4 10

8

0.05

0

0.05

Sequence of the response

0
Y33k

u10k

Ttest

nswkfig.:5.6.2.3.3

fig.:5.6.2.3.4

0 1 10
8 2 10

8 3 10
8

0.1

0

0.1

Sawtooth Response

0
A5 Ttest Vpp

6


Y33k

u10k

1 Ttest

nswk

fig.:5.6.2.3.5
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SpeC00x fft Y33( )

0 2 10
8 4 10

8 6 10
8

0

0.1

0.2

Amplitude Spectrum

max SpeC00x






SpeC00xk

ftest

k
fssw

N0gd


0 2 10
8 4 10

8 6 10
8

4

2

0

2

4
Phase spectrum

0arg SpeC00xk 

ftest

k
fssw

N0gd


fig.:5.6.2.3.6 fig.:5.6.2.3.7

max SpeC00x





 0.239

1

V
V
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  5.6  The bilinear transformation

  5.6.2.4 Sequence of the Bipolar Square Wave   response.

0 5 10
8 1 10

7

5 10
3

0

5 10
3

Test signal

0

Vpp

Vsqwb t( )

Ttest

t

0 2 10
8 4 10

8

5 10
3

0

5 10
3

Sampled test signal

sqwk

Vsqwb t( )

nsqwk
t

fig.:5.6.2.4.1
fig.:5.6.2.4.2

bl4 BILINEAR sqw A5 ζ5 ω5 Tssqw N0gd  (5.6.2.4.1)

bl4 5.363 10
3 2.002 1.004 {256,1} {256,1} 

a33 bl40 0 b33 bl40 1 c33 bl40 2 W33 bl40 3 Y44 bl40 4

a33 0.00536271 b33 2.002489898 c33 1.003562439

Block diagram of the difference equation algorithm for a second order system

fig.:5.6.2.4.3
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Sequence of the Bipolar Square Wave  response.

0 100 200
5

0

5

10
Sequence of  w

0

W33k

k

0 100 200
0.2

0.1

0

0.1

0.2
Sequence of the response

0
Y44k

sqwk

k

fig.:5.6.2.4.4 fig.:5.6.2.4.5

SpeC01x fft Y44( ) (5.6.2.4.2)

0 5 10
8 1 10

9
0

0.2

0.4

Amplitude Spectrum

max SpeC01x






SpeC01xk

ftest

k
fssqw

N0gd


0 5 10
8 1 10

9
4

2

0

2

4
Phase spectrum

0arg SpeC01xk 

ftest

k
fssqw

N0gd


fig.:5.6.2.4.6 fig.:5.6.2.4.7

max SpeC01x





 0.521
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  5.6  The bilinear transformation

  5.6.2.5 Sequence of the (single tone) AM Signal  response.

0 1 10
7

20

10

0

10

20
Test signal

0V2i t( )

Ttest

t

0 1 10
7

20

10

0

10

20
Sampled test signal

u_7k

namk

fig.:5.6.2.5.1 fig.:5.6.2.5.2

bl5 BILINEAR u_7 A5 ζ5 ω5 Tsam N0gd  (5.6.2.5.1)

bl5 6.312 0.842 1.105 {256,1} {256,1}( )

a44 bl50 0 b44 bl50 1 c44 bl50 2 W44 bl50 3 Y55 bl50 4

a44 6.31240334 b44 0.842352396 c44 1.1048330637
Block diagram of the difference equation algorithm for a second order system

fig.:5.6.2.5.3
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Sequence of the AM (single tone) Signal  response.

0 2 10
7 4 10

7
10

0

10

20
Sequence of  w

0

W44k

namk

0 1 10
7

200

100

0

100

200
Sequence of the response

0Y55k

namk

fig.:5.6.2.5.4 fig.:5.6.2.5.5

SpeC01x fft Y55( )

fig.:5.6.2.5.6 fig.:5.6.2.5.7

max SpeC01x





 110.273

0 2 10
7 4 10

7 6 10
7

0

50

100

Amplitude Spectrum

max SpeC01x






SpeC01xk

k
fsam

N0gd


0 2 10
7 4 10

7 6 10
7

4

2

0

2

4
Phase spectrum

0arg SpeC01xk 

k
fsam

N0gd

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  5.6  The bilinear transformation

  5.6.2.6 Sequence of the (single tone) Frequency Modulated  carrier response .

0 2 10
7

0.2

0.1

0

0.1

0.2
Test signal

Vfm t( )

Ttest

t

0 1 10
7

0.2

0.1

0

0.1

0.2
Sampled test signal

u8k

nfmk

fig.:5.6.2.6.1 fig.:5.6.2.6.2

bl6 BILINEAR u8 A5 ζ5 ω5 Tsfm N0gd  (5.6.2.6.1)

bl6 0.384 1.953 1.03 {256,1} {256,1}( )

a55 bl60 0 b55 bl60 1 c55 bl60 2 W5 bl60 3 Y66 bl60 4

a55 0.38419136 b55 1.9532288778 c55 1.03006715

Block diagram of the difference equation algorithm for a second order system

fig.:5.6.2.6.3
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Sequence of the Frequency (single tone) Modulated  carrier response.

0 2 10
7

10

5

0

5

10
Sequence of  w

0

0 1 10
7 2 10

7 3 10
7

10

5

0

5

10
Sequence of the response

0

fig.:5.6.2.6.4 fig.:5.6.2.6.5

SpeC02x fft Y66( )

0 5 10
7 1 10

8
0

5

10

Amplitude Spectrum
max SpeC02x





fc

0 5 10
7 1 10

8 1.5 10
8

4

2

0

2

4
Phase spectrum

0

ftest

fig.:5.6.2.6.7fig.:5.6.2.6.6

max SpeC02x





 14.731
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  5.6  The bilinear transformation

5.6.2.7  Sequence of the (single tone) Phase Modulated carrier response.

0 4 10
8

20

10

0

10

20
Test signal

0VppVpm t( )

Ttest

t

0 4 10
8

20

10

0

10

20
Sampled test signal

Vpp Vppu9k

Ttest

npmk

fig.:5.6.2.7.2
fig.:5.6.2.7.1

bl7 BILINEAR u9 A5 ζ5 ω5 Tspm N0gd  (5.6.2.7.1)

bl7 0.024 2.003 1.008 {256,1} {256,1}( )

a66 bl70 0 b66 bl70 1 c66 bl70 2 W66 bl70 3 Y77 bl70 4

a66 0.02417475 b66 2.0027327976 c66 1.0075677471

Block diagram of the difference equation algorithm for a second order system

fig.:5.6.2.7.3

0 50 100
20

10

0

10

20
Sequence of  w

0W66k

k
0 4 10

8 8 10
8

1

0.5

0

0.5

1
Sequence of the response

0Y77k

npmk

fig.:5.6.2.7.4 fig.:5.6.2.7.5
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SpeC03x fft Y77( )

0 2 10
8 4 10

8
0

0.5

1

1.5

Amplitude Spectrum

max SpeC03x






SpeC03xk

fc

k
fspm

N0gd


0 2 10
8 4 10

8 6 10
8

4

2

0

2

4
Phase spectrum

0arg SpeC03xk 

ftest

k
fspm

N0gd


fig.:5.6.2.7.6 fig.:5.6.2.7.7

max SpeC00x





 0.239
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                                                         5.7
           Synthetic Division algorithm (considering the bilinear   
           transformation).
                                         

Search of the sequence corresponding to the z  t. f. knowing its numerator and denominator coefficients:

 α2

A5 ω5
2 Ts

2

Ts
2

ω5
2 4 ζ5 Ts 4

ζ5 ω5if

A5 Ts
2 ω5

2

Ts ω5 2 2
otherwise

 , β2

2 Ts
2 ω5

2 8

Ts
2

ω5
2 4 ζ5 Ts 4

ζ5 ω5if

2
Ts

2
ω5

2 4

Ts ω5 2 2
 otherwise

 , 

     γ2

Ts
2

ω5
2 4 ζ5 Ts 4

Ts
2

ω5
2 4 ζ5 Ts 4

ζ5 ω5if

Ts ω5 2 2

Ts ω5 2 2
otherwise

                

   ζ5 ω5 180.49
Mrads

sec
              α2 0.086                      β2 1.997                   γ2 1.014

  The z t. f. is:                                     Hlp z( ) α2
1 2 z

1 z
2

z
2

β2 z
1 γ2

 ,                                (5.7.1)

Numerator Ngd 2 Denominator M 2

N1 Ngd M

Numerator Coeffs. Denominator Coeffs.

bν 0.0 aν 0.0 h3k 0
b0 α2 a0 γ2 a0 

b1 2 α2 a1 β2 a1 

b2 α2 a2 1 a2 

N1 4 h30
b0

a0
 h3ν

1

a0
bν

1

ν

i

h3ν i ai 













 (5.7.2)
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In this worksheet will be used the following program:
SYNDIVBL

  5.7 Synthetic Division algorithm (considering the bilinear transformation).

  5.7.1  Sequence of the voltage Step  response.

Ts Tsstp syndbl SYNDIVBL
u1

V
A5 ζ5 ω5 Tsstp N0gd





 (5.7.1.1)

syndbl 0.49 1.936 1.034 {256,1} {256,1}( )

a5 syndbl0 0 b5 syndbl0 1 c5 syndbl0 2 h3 syndbl0 3 Y24 syndbl0 4

a5 0.48975799 b5 1.9359385779 c5 1.0338901762

0 100 200

5

0

5

Pulse Response Sequence

h3k

k

fig.:5.7.1.1

t 0 τ
40 τ
1000
 40 τ y24ν

0

ν

k

if ν k 0 h3k u1ν k 0  


 (5.7.1.2)

0 50 100

0

2 10
3

4 10
3

Digital Filter Input Sequence

0

Vpp

u1k

0

k

Vpp 5 10
3 V
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  5.7 Synthetic Division algorithm (considering the bilinear transformation).

  5.7.2 Sequence of the Short Voltage Pulse response.

syndbl1 SYNDIVBL u44 A5 ζ5 ω5 Tsvp N0gd  (5.7.2.1)

syndbl1 11.061 0.097 1.115 {256,1} {256,1}( )

h4 syndbl10 3 Y25 syndbl10 4 (5.7.2.2)
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  5.7 Synthetic Division algorithm (considering the bilinear transformation).

  5.7.3 Sequence of the Sawtooth response:

syndbl2 SYNDIVBL
u55

V
A5 ζ5 ω5 Tssw N0gd





 (5.7.3.1)

syndbl2 0.086 1.997 1.014 {256,1} {256,1}( )

h5 syndbl20 3 Y27 syndbl20 4 (5.7.3.2)
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  5.7 Synthetic Division algorithm (considering the bilinear transformation).

  5.7.4 Sequence of the Bipolar Square Wave response.

syndbl3 SYNDIVBL sqw A5 ζ5 ω5 Tssqw N0gd  (5.7.4.1)

syndbl3 5.363 10
3 2.002 1.004 {256,1} {256,1} 

h6 syndbl30 3 Y26 syndbl30 4 (5.7.4.2)
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  5.7 Synthetic Division algorithm (considering the bilinear transformation).

  5.7.5 Sequence of the (single tone) AM Signal  response.

syndbl4 SYNDIVBL u_7 A5 ζ5 ω5 Tsam N0gd  (5.7.5.1)

syndbl4 6.312 0.842 1.105 {256,1} {256,1}( )

h7 syndbl40 3 Y28 syndbl40 4 (5.7.5.2)
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  5.7 Synthetic Division algorithm (considering the bilinear transformation).

  5.7.6 Sequence of the (single tone) Frequency Modulated  carrier response.

syndbl5 SYNDIVBL u8 A5 ζ5 ω5 Tsfm N0gd  (5.7.6.1)

syndbl5 0.384 1.953 1.03 {256,1} {256,1}( )

h8 syndbl50 3 Y29 syndbl50 4 (5.7.6.2)
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  5.7 Synthetic Division algorithm (considering the bilinear transformation).

  5.7.7 Sequence of the (single tone) Phase Modulated carrier response.

syndbl6 SYNDIVBL u_9 A5 ζ5 ω5 Tspm N0gd  (5.7.7.1)

mp 8 syndbl6 0.024 2.003 1.008 {256,1} {256,1}( )

Afm 0.2V h9 syndbl60 3 Y30 syndbl60 4 (5.7.7.2)
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                                                                                         5.8 
               Analytical search of the output sequence by means of the    
         residues method (considering the bilinear transformation)
 Search of the sequence corresponding to the filter's  t. f. using the residues  method.
Numerator and denominator's coefficients of the z t. f.: 
                                                                                    Ts Tsstp    

     α2

A5 ω5
2 Ts

2

Ts
2

ω5
2 4 ζ5 Ts 4

ζ5 ω5if

A5 Ts
2 ω5

2

Ts ω5 2 2
otherwise

 , β2

2 Ts
2 ω5

2 8

Ts
2

ω5
2 4 ζ5 Ts 4

ζ5 ω5if

2
Ts

2
ω5

2 4

Ts ω5 2 2
 otherwise

 , 

     γ2

Ts
2

ω5
2 4 ζ5 Ts 4

Ts
2

ω5
2 4 ζ5 Ts 4

ζ5 ω5if

Ts ω5 2 2

Ts ω5 2 2
otherwise

                

   ζ5 ω5 180.49
Mrads

sec
              α2 0.49                      β2 1.936                   γ2 1.034

  The z t. f. is:                                     Hlp z( ) α2
1 2 z

1 z
2

z
2

β2 z
1 γ2

 ,                                (5.8.1)

   First case  ζ5 ω5 .Define the function: F10 z n( ) z
n 1

Hlp z( )= (5.8.2)

                                        namely:          F10 z n( ) α2
z
n

z 1( )
2

γ2 z
3 β2 z

2 z
                           (5.8.3)

ζ5 0.01
Grads

sec
 ω5 0.191

Grads

sec


z z β2 β2 γ2 γ2
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Poles calculation: poles1 γ2 z
3 β2 z

2 z



 solve z

0

β2

2

β2
2

4 γ2

2


γ2


β2

2

β2
2

4 γ2

2


γ2




























 ζ5 ζ5 (5.8.4)

z z p0 p0 p1 p1 p2 p2

ζ5 ω5 p0 poles10 p1 poles11 p2 poles12

p1
β2 β2

2
4 γ2

2 γ2











 p2
β2 β2

2
4 γ2

2 γ2













p0 0 p1 0.936 0.301j p2 0.936 0.301j

t t r ceil max poles1 ( ) 1.0 r 2

ξ t( ) r cos t( )

ψ t( ) r sin t( )
ϕ t( ) ξ t( ) j ψ t( )

t0 0 tfin 2 π t t0 t0

tfin t0

1000
 tfin n n
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Knowing the poles of  the function F10(z,n), it  can be written too:
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F10 z n( )
α2

γ2

z
n

z 1( )
2

z p0( ) z p1( ) z p2( )
= (5.8.5)

The corresponding sequence is given by:

h10n

0

2

j
pjz

z pj  F10 z( ) lim




= (5.8.6)

hence: h10k

α2

γ2
0

2

j
pjz

z pj  z
k

z 1( )
2

z p0( ) z p1( ) z p2( )










lim




= (5.8.7)

or: h10k

α2

γ2 p0z
z p0( )

z
k

z 1( )
2

z p0( ) z p1( ) z p2( )










lim


p1z
z p1( )

z
k

z 1( )
2

z p0( ) z p1( ) z p2( )










lim






p2z
z p2( )

z
k

z 1( )
2

z p0( ) z p1( ) z p2( )










lim


























= (5.8.8)

simplifying: h10k

α2

γ2 p0z

z
k

z 1( )
2

z p1( ) z p2( )









lim


p1z

z
k

z 1( )
2

z p0( ) z p2( )









lim






p2z

z
k

z 1( )
2

z p0( ) z p1( )









lim


























= (5.8.9)

(1) p0 0=

Calculation of 
0z

z
k

z 1( )
2

z p1( ) z p2( )









lim


If
k=0 0z

z
0

z 1( )
2

z p1( ) z p2( )









lim


1

p1 p2
=

z z β2 β2 γ2 γ2

for k 0
0z

z
k

z 1( )
2

z p1( ) z p2( )









lim


0= (5.8.10)

I0
1

p1 p2
δ k 0( )=

1

p1 p2
1

γ2
= (5.8.11)

(2) p0 0=

Calculation of 
p1z

z
k

z 1( )
2

z p0( ) z p2( )









lim


p1
k

p1 1( )
2

p1 p1 p2( )
=

l1
p1

k
p1 1( )

2
p1 p1 p2( )

= (5.8.12)

(3) p0 0=
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Calculation of 
p2z

z
k

z 1( )
2

z p0( ) z p1( )









lim


p2
k

p2 1( )
2

p2 p2 p1( )
=

l2
p2

k
p2 1( )

2
p2 p2 p1( )

= (5.8.13)

The sequence is:

h10k

α2

γ2

1

p1 p2
δ k 0( )

p1
k

p1 1( )
2

p1 p1 p2( )


p2
k

p2 1( )
2

p2 p2 p1( )















 (5.8.14)

Proof (5.8.14)

Proof of (5.8.14):
 the z transform of (5.8.14) should be the given  z transfer function here rewritten:  

Hlp z( ) α2
1 2 z

1 z
2

z
2

β2 z
1 γ2

=
α2

γ2

z 1( )
2

z
2

β2

γ2
z

1

γ2


=
α2

γ2

z 1( )
2

z p1( ) z p2( )
=

z transform of each term of (5.8.14)

p1 p1 p2 p2

1

p1 p2
δ k 0( ) ztrans k

1

p1 p2


p1
k

p1 1( )
2

p1 p1 p2( )
ztrans k

z p1 1( )
2

p1 p1 p2( ) p1 z( )


p2
k

p2 1( )
2

p2 p2 p1( )
ztrans k

z p2 1( )
2

p2 p1 p2( ) p2 z( )


α2

γ2
Z 1

p1 p2
δ k 0( )

p1
k

p1 1( )
2

p1 p1 p2( )


p2
k

p2 1( )
2

p2 p2 p1( )
















α2

γ2

1

p1 p2
z p1 1( )

2
p1 p1 p2( ) p1 z( )


z p2 1( )

2
p2 p1 p2( ) p2 z( )










=

1

p1 p2
z p1 1( )

2
p1 p1 p2( ) p1 z( )


z p2 1( )

2
p2 p1 p2( ) p2 z( )


z 1( )

2

p1 z( ) p2 z( )
=

q.e.d.
Proof (5.8.14)

Second case: ζ5 ω5= ,  Ts 2 Tsstp

α21

A5 Ts
2 ω5

2

Ts ω5 2 2
 β21

Ts ω5 2

Ts ω5 2 
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H4 z( ) α21
z

1
1 2

z
1

β21





2
 (5.8.15)

α21 4.1964609796 β21 1.9161289188

z z α21 α21 β21 β21

Define the function: F20 z k( ) z
k 1

H4 z( )= (5.8.16)

F20 z k( )
α21 z

k z 1( )
2

z β21 z 1 2
 (5.8.17)

                                                       Poles  of F20 z k( )
α21 z

k z 1( )
2

z β21 z 1 2
=                                   (5.8.18)

ζ5 0.01
Grads

sec
 ω5 0.191

Grads

sec


ζ5 ω5= z z α21 α21 β21 β21 ζ5 ζ5

poles z β21 z 1 2 solve z

0

1

β21


1

β21


















poles

0

0.522

0.522









 p00 poles0 p01 poles1

First order pole: p00 0 Second order pole: p01
1

β21


r ceil max poles ( ) 1.0 r 1
ξ t( ) r cos t( )

ψ t( ) r sin t( )
ϕ t( ) ξ t( ) j ψ t( )

191

t0 0 tfin 2 π t t0 t0

tfin t0

100
 tfin

1 0.5 0 0.5 1
1

0.5

0

0.5

1
z plane

0
Im poles( )

Im ϕ t( )( )

0

Re poles( ) Re ϕ t( )( )
30 20 10 0 10

20

10

0

10

20
Hlp(z) plane

0Im H4 ϕ t( )( )( )

0

Re H4 ϕ t( )( )( )

fig.:5.8.3 fig.:5.8.4

192



F20 z k( )
α21 z

k z 1( )
2

β21 z p00( ) z p01( )
2

= (5.8.19)

h20k Res F20 z k( ) p00( ) Res F20 z k( ) p01( )= (5.8.20)

p00 0= h20k

α21

β21 p00z
z p00( )

z
k

z 1( )
2

z p00( ) z p01( )
2








lim


p01z z
z p01( )

2 z
k

z 1( )
2

z p00( ) z p01( )
2


















lim

















= (5.8.21)

namely, simplifying: h20k

α21

β21 0z

z
k

z 1( )
2

z p01( )
2







lim


p01z z

z
k

z 1( )
2

z p00( )





















lim



















= (5.8.22)

(1) Res F20 z k( ) p00( ) p00 0=

For  k=0 and p01 0
0z

z
0

z 1( )
2

z p01( )
2







lim


δ k 0( )

p01
2

= (5.8.23)

For k>0
0z

z
k

z 1( )
2

z p01( )
2







lim
 0z

z
k

z 1( )
2

z p01( )
2







lim


= 0= (5.8.24)

Res F20 z k( ) p00( )
α21

β21

δ k 0( )

p01
2

=

(2) Res F20 z k( ) p01( )
p01z z

z
k

z 1( )
2

z p00( )





















lim


(5.8.25)

p01
1

β22
=

z

z
k

z 1( )
2

z












z

k 2
z 1( ) k z k z 1( )= (5.8.26)

For  k=0 and p01 0

p01z z

z
0

z 1( )
2

z





















lim
 p01z z

z 1( )
2

z





















lim


=

z

z 1( )
2

z












simplify max 1

1

z
2


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p01z z

z 1( )
2

z





















lim


1
1

p01
2









δ k 0( )=

Res F20 z k( ) p01( )
α21

β21 p01z
z

k 2
z 1( ) k z k z 1( ) lim


= (5.8.27)

Res F20 z k( ) p01( )
α21

β21
p01

k 2 p01 1( ) k p01 1 k( ) 1[ ]= (5.8.28)

h20k

α21

β21

δ k 0( )

p01
2

1
1

p01
2









δ k 0( ) p01
k 2

p01 1( ) k p01 1 k( ) 1[ ]







=

h20k

α21

β21
δ k 0( ) p01

k 2
p01 1( ) k p01 1 k( ) 1[ ] = (5.8.29)

Proof (5.8.29)

Proof of (5.8.29):
 the z transform of (5.8.29) should be the given  z transfer function here rewritten:  

H4 z( ) α21
z

1
1 2

z
1

β21





2
=

α21 z 1( )
2

β21 z 1 2
=

α21 β21 1  β21 k 1( ) k 1 

β21
2

1

β21







k

 α21 δ k 0( )
ztrans k

simplify max

α21 z 1( )
2

β21 z 1 2


Proof (5.8.29)

Finally, the result considering both cases: ζ5 ω5  and ζ5 ω5= , is:

h20k

α2

γ2
δ k 0( )

p1
k 1

p1 1( )
2

p1 p2( )


p2
k 1

p2 1( )
2

p2 p1( )















 ζ5 ω5if

α21

β21
δ k 0( ) p01

k 2
p01 1( ) k p01 1 k( ) 1[ ]  otherwise

 (5.8.30)

ω5 0.191
Grads

sec
 ζ5 0.01

Grads

sec


ζ5 0.01
Grads

sec
 ω5 0.191

Grads

sec


h20
T 0 1 2 3 4 5 6

0 -0.458 -1.834 -3.45 -4.687 -5.438 -5.65 ...

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0 10 20 30 40 50
10

5

0

5
Digital Pulse Response Sequence

0h20k

h3k

k

0 10 20 30 40 50
10

5

0

5
Digital Pulse Response Sequence

0h20k

h3k

k

fig.:5.8.5

Stability (S31<∞): S31

0

rows h1( ) 1

k

h20k


 S31 231.479

Energy of the sequence h1: E31

0

rows h1( ) 1

k

h20k 2


 E31 564.228

Ts 3.292 ns Tsstp 1.646 ns

y3ν

0

N0gd 1

k

if ν k 0 h20k u1ν k 0  


 (5.8.31)

Redefine the output waveform :
                                          ysr t( ) A5 Vpp gsr t A5 ζ5 ω5  Φ t( ) ζ5 ω5if

1 e
t ω5

t ω5 1 



 Φ t( ) otherwise

 ,     (5.2.1.1)

t 0 Ttest 0 Ttest
20 T5 0 Ttest

1000
 20 T5 Vpp 5 10

3 V

0 50 100

0

2 10
3

4 10
3

Input Sequence

0

Vpp

u1k

0

k
0 1 10

7 2 10
7

0.2

0.15

0.1

0.05

0
Output Sequence

Vpp A5
y3k

ysr t( )

nstpk t

fig.:5.8.6 fig.:5.8.7
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0 4 10
8 8 10

8
0.2

0.15

0.1

0.05

0
Output Sequence Details

Vpp A5
y3k

ysr t( )

nstpk t

y3
T 0 1 2 3 4 5 6 7

0 0 -3-6.874ꞏ10 -0.02 -0.04 -0.066 -0.093 -0.121 -0


Calculation of the filter output as the inverse z transform of H(z)Vi(z)

Filter's z transfer function Hlp z( ) α2
1 2 z

1 z
2

z
2

β2 z
1 γ2

=
α2

γ2

z 1( )
2

z
2

β2

γ2
z

1

γ2


=  (5.8.32)

ζ5 ω5 ζ5 0.01
Grads

sec
 ω5 0.191

Grads

sec


z z β2 β2 γ2 γ2 ζ5 ζ5

poles2 z
2

β2

γ2
z

1

γ2


solve z

simplify

β2 β2
2

4 γ2

2 γ2


β2 β2
2

4 γ2

2 γ2






















poles2
0.936 0.301j

0.936 0.301j









 p0 poles20 p1 poles21

p0
β2 β2

2
4 γ2

2 γ2
 p1

β2 β2
2

4 γ2

2 γ2
 (5.8.33)

p0 0.936 0.301j p1 0.936 0.301j

Step response: Y3 z( ) Hlp z( ) X z( )= (5.8.34)

of the l. p. filter:
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Vpp Vpp Vpp ztrans
Vpp z

z 1
 z transform of the input: X z( )

Vpp z

z 1
 (5.8.35)

α2 α2 β2 β2 γ2 γ2 p0 p0 p1 p1

p0 0.936 0.301j p1 0.936 0.301j

First case  ζ5 ω5

y330k
α2

γ2

z 1( )
2

z p0( ) z p1( )


Vpp z

z 1


invztrans z k

simplify

factor



y330k Vpp
α2

γ2


p0 1( )
2

p0
k

p0 p1( ) p0 1( )
p1

k
p1 1( )

2
p0 p1( ) p1 1( )


4

p0 1( ) p1 1( )










 (5.8.36)

Proof

Proof of (5.8.36):
 the z transform of (5.8.36) should be the given  z transform of the response here rewritten:  

Y3 z( ) Vpp
α2

γ2


z 1( )
2

z p0( ) z p1( )


z

z 1
=

p0 p0 p1 p1

p0 1( )
2

p0
k

p0 p1( ) p0 1( )
ztrans k

z p0 1( )
2

p0 p1( ) p0 z( ) p0 1( )


Z p0 1( )
2

p0
k

p0 p1( ) p0 1( )









z p0 1( )
2

p0 p1( ) p0 z( ) p0 1( )
=

p0 p0 p1 p1

p1
k

p1 1( )
2

p0 p1( ) p1 1( )
ztrans k

z p1 1( )
2

p0 p1( ) p1 z( ) p1 1( )


Z p1
k

p1 1( )
2

p0 p1( ) p1 1( )









z p1 1( )
2

p0 p1( ) p1 z( ) p1 1( )
=

Z 4

p0 1( ) p1 1( )






4 z
p0 1( ) p1 1( ) z 1( )

=

Y3 z( ) Vpp
α2

γ2


z p0 1( )
2

p0 p1( ) p0 z( ) p0 1( )


z p1 1( )
2

p0 p1( ) p1 z( ) p1 1( )


4 z
p0 1( ) p1 1( ) z 1( )










=
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p0 p0 p1 p1

z p0 1( )
2

p0 p1( ) p0 z( ) p0 1( )


z p1 1( )
2

p0 p1( ) p1 z( ) p1 1( )




4 z
p0 1( ) p1 1( ) z 1( )





























simplify
z z 1( )

2
p0 z( ) p1 z( ) z 1( )



α2 0.49 Y3 z( ) Vpp
α2

γ2


z z 1( )
2

p0 z( ) p1 z( ) z 1( )
= γ2 1.034

q.e.d.
Proof

Second case: ζ5 ω5=

A5 20 α2

A5 Ts
2 ω5

2

Ts ω5 2 2
 γ2

Ts ω5 2

Ts ω5 2 

α2 4.196 γ2 1.916

y331k α2
z

1
1 2

z
1

γ2





2










Vpp z

z 1


invztrans z k

simplify

factor

collect
1

γ2







k





(5.8.37)y331k 4

1

γ2







k

k γ2 γ2 γ2 1  1  1  γ2 3 γ2 2  1 

γ2
2















Vpp α2

γ2 1 2


Proof

Proof of (5.8.37):
 the z transform of (5.8.37) should be the given  z transform of the response for ζ.5=ω5, here rewritten:  

y331 z( ) α2
z

1
1 2

z
1

γ2





2


Vpp z

z 1
=

Vpp α2 z z 1( )
2

γ2 z 1 2
z 1( )

=

γ2 γ2 α2 α2 Vpp Vpp
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4

1

γ2







k

k γ2 γ2 γ2 1  1  1 

1 γ2 3 γ2 2 











γ2
2

















Vpp α2

γ2 1 2
 ztrans k

Vpp α2 z z 1( )
2

γ2 z 1 2
z 1( )



Vpp α2

γ2 1 2
Z 4

1

γ2







k

k γ2 γ2 γ2 1  1  1 

1 γ2 3 γ2 2 











γ2
2


















Vpp α2 z z 1( )

2

γ2 z 1 2
z 1( )

=

q.e.d.

Proof

Finally, the result, considering both cases: ζ5 ω5  and ζ5 ω5= , is:

Q5 9.2
ζ5 0.01

Grads

sec
 ω5 0.191

Grads

sec


y33k Vpp

α2

γ2

p0 1( )
2

p0
k

p0 p1( ) p0 1( )
p1

k
p1 1( )

2
p0 p1( ) p1 1( )


4

p0 1( ) p1 1( )










 ζ5 ω5if

4

1

γ2







k

k γ2 γ2 γ2 1  1  1 

1 γ2 3 γ2 2 











γ2
2

















α2

γ2 1 2
 otherwise

 (5.8.37)

Vpp α2 0.021 V ζ5 0.01
Grads

sec
 ω5 0.191

Grads

sec
 Q5 9.2

0 1 10
7 2 10

7 3 10
7 4 10

7
0

0.2

0.4

0.6

0.8

1
Sequence of the step response.

y33k

nstpk

fig.:5.8.8
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Sinusoidal response: Yout z( ) Hlp z( ) X z( )= (5.8.38)

                               Signal amplitude:      Vm Vpp  ,

                               Signal frequency:     ftest 60.754 MHz  ,      

           arbitrary  sampling frequency:     fs 10 ftest   ,     fs 607.535 MHz ,             (5.8.)

             sampling angular frequency:     ωs 2 π fs  .     ωs 3.817
Grads

sec
 ,

                                sampling period:     Ts
1

fs
  ,    Ts 1.646 ns ,                               

                             sampling time step:   nk
k

fs
  ,         N0gd 256                                    (5.8.)

                                                            
N0gd

fs
f5 12.8         N0gd 256 .

(5.8.)

                                   L. p. filter Input:  x2k Vm sin ωtest nk  (5.8.39)

n
T 0 1 2 3 4 5 6

0 0 -91.646·10 -93.292·10 -94.938·10 -96.584·10 -98.23·10 ...


x2
T 0 1 2 3 4 5

0 0 -32.939·10 -34.755·10 -34.755·10 -32.939·10 ...


0 1 10
8 2 10

8 3 10
8 4 10

8
6 10

3

2 10
3

2 10
3

6 10
3

Input Sequence.

0

Vm

x2k

nk

fig.:5.8.9
Z transform of the input signal:

Vm Vm ωtest ωtest Ts Ts ν ν

X z( ) Vm sin ν ωtest Ts  ztrans ν
Vm z sin Ts ωtest 

z
2

2 cos Ts ωtest  z 1
 N1 4
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X z( )
Vm z sin Ts ωtest 

z
2

2 cos Ts ωtest  z 1
= (5.8.40)

K sin Ts ωtest  1 K
2 0.809 K 0.588

Transfer function: Wlp s( )
A5 ω5

2

s
2

2 ζ5 s ω5
2

ζ5 ω5if

A5

ω5
2

s ω5 2
 otherwise

 (5.1.7.1)

Coefficients of the z transfer function:

 α3

A5 ω5
2 Ts

2

Ts
2

ω5
2 4 ζ5 Ts 4

ζ5 ω5if

A5 Ts
2 ω5

2

Ts ω5 2 2
otherwise

 , β3

2 Ts
2 ω5

2 8

Ts
2

ω5
2 4 ζ5 Ts 4

ζ5 ω5if

2
Ts

2
ω5

2 4

Ts ω5 2 2
 otherwise

 , 

     γ3

Ts
2

ω5
2 4 ζ5 Ts 4

Ts
2

ω5
2 4 ζ5 Ts 4

ζ5 ω5if

Ts ω5 2 2

Ts ω5 2 2
otherwise



                                        α3 0.49                      β3 1.936                   γ3 1.034

Z transfer function: Hlp z( ) α3
1 2 z

1 z
2

z
2

β3 z
1 γ3












ζ5 ω5if

α3
z

1
1 2

z
1

β3





2
 otherwise



System Output

Yout z( ) α3
1 2 z

1 z
2

z
2

β3 z
1 γ3

Vm z
1 K

1 2 1 K
2 z

1 z
2

 ζ5 ω5if

z
1

1 2

z
1

β3





2

Vm z
1 K

1 2 1 K
2 z

1 z
2











 otherwise

= (5.8.41)
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Search of the sequence corresponding to the output:

First case:ζ5 ω5

Yout z( )
α3 Vm z

1 K 1 2 z
1 z

2 

z
2

β3 z
1 γ3



 z

2
2 1 K

2 z 1 
= (5.8.42)

Yout z( )
K Vm z α3 z 1( )

2

γ3 z
4 β3 2 γ3 1 K

2



 z

3 γ3 2 β3 1 K
2 1



 z

2 β3 2 1 K
2



 z 1

=

α3 0.49 β3 1.936 γ3 1.034

     Search of the poles: 

poles3 γ3 z
4 β3 2 γ3 1 K

2



 z

3

γ3 2 β3 1 K
2 1



 z

2



β3 2 1 K
2



 z 1



solve z  poles3

1 K
2 K j

1 K
2 K j

β3

2

β3
2

4 γ3

2


γ3


β3

2

β3
2

4 γ3

2


γ3


































p1 1 K
2 K j p2 1 K

2 K j p3

β3

2

β3
2

4 γ3

2


γ3
 p4

β3

2

β3
2

4 γ3

2


γ3


p1 0.809 0.588j p2 0.809 0.588j p3 0.936 0.301j p4 0.936 0.301j

Thanks to the fundamental theorem of Algebra one can write:

Yout z( )
K Vm z α3 z 1( )

2

γ3 z p1  z p2  z p3  z p4 
= (5.8.43)

In order to calculate the inverse z transform of the output signal, decompose the (5.8.43) in partial fractions:
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z z 1( )
2

z p1  z p2  z p3  z p4 
parfrac z 

and rewrite the output signal  as a linear combination of terms like  
1

pn z
:

Yout z( )
α3 K Vm

γ3

p3 p3 1 2

p3 p1  p2 p3  p3 p4  p3 z 

p1 p1 1 2

p2 p1  p1 p3  p1 p4  p1 z 




p2 p2 1 2

p1 p2  p2 p3  p2 p4  p2 z 




p4 p4 1 2

p4 p1  p2 p4  p3 p4  p4 z 






























= (5.8.44)

the poles are:

p1 0.809 0.588j p2 0.809 0.588j p3 0.936 0.301j p4 0.936 0.301j

p1 p1 p2 p2 p3 p3 p4 p4

Furthermore, to simplify calculations, define the following constants:

G1
p3 p3 1 2

p3 p1  p2 p3  p3 p4 
ζ5 ω5if

0 otherwise



G2
p1 p1 1 2

p2 p1  p1 p3  p1 p4 
ζ5 ω5if

0 otherwise



G3
p2 p2 1 2

p1 p2  p2 p3  p2 p4 
ζ5 ω5if

0 otherwise



G4
p4 p4 1 2

p4 p1  p2 p4  p3 p4 
ζ5 ω5if

0 otherwise


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Yout z( )
α3 K Vm

γ3

G1

p3 z 
G2

p1 z 



G3

p2 z 



G4

p4 z 



























= (5.8.44)

The inverse z transform Z 1 1

p z






δ k 0( ) p
k

p
=

obtaining, after the substitution in (5.8.44):

Youtk
α3 K Vm

γ3
G1

δ k 0( ) p3
k

p3











G2
δ k 0( ) p1

k

p1













G3
δ k 0( ) p2

k

p2













G4
δ k 0( ) p4

k

p4







































=

and collecting the Kronecker δ, finally results:

G2

p1

G1

p3


G3

p2


G4

p4









δ k 0( ) G2 p1
k 1 G1 p3

k 1 G3 p2
k 1 G4 p4

k 1





G5
G2

p1

G1

p3


G3

p2


G4

p4


Youtk
α3 K Vm

γ3
G5 δ k 0( ) G2 p1

k 1 G1 p3
k 1 G3 p2

k 1 G4 p4
k 1







=

Second case:ζ5 ω5=

Yout z( )
z

1
1 2

z
1

β3





2

Vm z
1 K

1 2 1 K
2 z

1 z
2

=
K Vm α3 z 1( )

2

β3 z 1 2
z
2

2 z 1 K
2 1 

=

Yout z( )
K Vm α3 z 1( )

2

β3 z 1 2
z

2
2 z 1 K

2 1 
= (5.8.48)
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Yout z( )
K Vm α3 z 1( )

2

β3
2

z
4 2 β3 2 β3

2 1 K
2



 z

3

β3
2

4 β3 1 K
2 1



 z

2



2 β3 2 1 K
2



 z 1



= (5.8.49)

α3 0.49 β3 1.936 γ3 1.034

 Search of the poles: 

poles3 β3
2

z
4 2 β3 2 β3

2 1 K
2



 z

3

β3
2

4 β3 1 K
2 1



 z

2



2 β3 2 1 K
2



 z 1



solve z  poles4

1

β3


1

β3


1 K
2 K j

1 K
2 K j

























p11
1

β3
 p22

1

β3
 p33 1 K

2 K j p44 1 K
2 K j

Thanks to the fundamental theorem of Algebra one can write:

Yout z( )
α3 K Vm z 1( )

2

β3
2

z p11 2 z p33  z p44 
= (5.8.50)

In order to calculate the inverse z transform of the output signal, decompose the (5.8.50) in partial fractions:

z 1( )
2

z p11 2
z p33  z p44 

parfrac 

and rewrite the z transform of the output signal  as a linear combination of terms like  
1

pn z
 and  

1

p11 z 2
 :
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Yout z( )
α3 K Vm

β3
2

p11 1 2

p11 p33  p11 p44  p11 z 2

p33 1 2

p11 p33 2
p44 p33  p33 z 





p44 1 2

p11 p44 2
p33 p44  p44 z 





p11 1  p33 2 p11 p44 2 p33 p44 2  p11

p33 p44 2 p33 1 











p11 p33 2
p11 p44 2 z p11  2 p11 p33 p44 2







































= (5.8.51)

Now try to calculate the inverse z transform knowing that:

Z 1 1

p z






δ k 0( ) p
k

p
=

Z 1 1

p z( )
2









δ k 0( ) p
k

k 1( )

p
2

=

and defining the following constant coefficients:

G11
p11 1  p33 2 p11 p44 2 p33 p44 2  p11 p33 p44 2 p33 1  

p11 p33 2
p11 p44 2 2 p11 p33 p44 2 p11

 (5.8.52)

G12
p44 1 2

p11 p44 2
p33 p44  p44

 (5.8.53

G22
p33 1 2

p11 p33 2
p44 p33  p33

 (5.8.54)

G33
p11 1 2

p11 p33  p11 p44  p11
2

 (5.8.55)

Substituting the previous definition, the function (5.8.51) takes the form:
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Yout z( )
α3 K Vm

β3
2

G33
1

p11 z 2


G22
1

p33 z 



G12
1

p44 z 



G11
1

z p11 



























=

Substituting in (5.8.51) the previous coefficients and the inverse z transform found, results:

Youtk
α3 K Vm

β3
2

G33
δ k 0( ) p11

k
k 1( )





p11
2



G22
δ k 0( ) p33

k

p33













G12
δ k 0( ) p44

k





p44




G11
δ k 0( ) p11

k

p11











































= (5.8.56)

Collecting the Kronecker deltas, 

Youtk
α3 K Vm

β3
2

G11

p11

G33

p11
2


G22

p33


G12

p44







δ k 0( )

G33 p11
k k 1( )

p11
2

G22 p33
k

p33


G12 p44
k

p44


G11 p11
k

p11


















= (5.8.57)

 and after having defined the new constant: G44
G11

p11

G33

p11
2


G22

p33


G12

p44


the final result, considering both cases ζ5 ω5  and ζ5 ω5= , is:

Youtk α3 K Vm
1

γ3
G5 δ k 0( ) G2 p1

k 1 G1 p3
k 1 G3 p2

k 1 G4 p4
k 1







 ζ5 ω5if

1

β3
2

G44 δ k 0( )

G33 p11
k k 1( )

p11
2

G22 p33
k

p33


G12 p44
k

p44


G11 p11
k

p11














 otherwise



(5.8.58)
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Numerical sequence of the output:

Yout
T 0 1 2 3

0 0 0.02-0.058j 0.03-0.048j ...


Energy of the sequence Youtk: EYout

0

N0gd 1

k

Youtk 2


 EYout 0.176V
2

ζ5 10.373
Mrads

sec
 ω5 190.863

Mrads

sec


Vout Wlp j ωtest  Vpp Vout 0.033 V

0 100 200

0.02

0

0.02

Transient Response Sequence

0

Vout

Im Youtk 
Re Youtk 
x2k

k

fig.:5.8.10

 Pick amplitude of the frequency response if Q 5 >0.5 rpeak 20 log
A5 ω5

2 ζ5











20 log Wlp j ωtest   16.455 dB Q5 9.2

1 10
7 1 10

8 1 10
9 1 10

10

0

50

Magnitude in dB

Wlpp dB3gd

0

20 log Wlp j ω( ) 

20 log Hlp e
j ω Ts











rpeak

2 π Bw5 ωtest

ω
fig.:5.1.8.1
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Bw5 47.1 MHz

1 10
7 1 10

8 1 10
9 1 10

10
4

2

0

2

4

arg Wlp j ω( ) 

arg Hlp e
j ω Ts











2 π Bw5 ωtest

ωfig.:5.1.8.1'

pick amplitude WlpdBpick 45.309 ωpick 0.19
Grads

sec
 Wlpp 26.021 ω5 0.191

Grads

sec


Proof

0.04 0.02 0 0.02 0.04
0.1

0.05

0

0.05

0.1

0Im Youtk 

0

Re Youtk 
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