Introduction

A well known in the technical literature second order low pass active filter is here treated.

The filter is realized using a common operational amplifier in a negative multiple feedback configuration.
After a brief summary of the main results of the circuit analysis, the outputs to several signals among the
most common and from an external file (Signal List.xmcd), are produced. The results are compared with
the one obtained by the many algorithms implemented applying the z-transform to the output function.
Since MATHCAD student edition is devoid of some functions, the program BCSA (Fourier series and
signal bandwidth) was written to fill this gap. Four other programs (CANONIC2LP, SYNDIVC,
BILINEAR, SYNDIVBL) corresponding to four different algorithms to calculate the filter sequential
response, were realized and written in a new worksheet with the purpose to reuse them elsewhere and, last
but not the least, to save worksheet's space as well.Thus one will see that, as the analog filter is effective,
just is the digital one. The step to the practical application, using a DSP, should be very simple.
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Analog Equivalent Digital Low Pass II° Order
Filter

When saving or printing, disable Automatic Calculation (Mathcad 14 s. e.)

The subscript ""gd" is the acronym of ""Global Data.xmcd"

The subscript "'fs" is the acronym of "Fourier seriesxmcd"

The subscript "'sl" is the acronym of "'Signal Listxmcd "

The subscript "'dp " is the acronym of ""Dirac Pulse - formulae.xmed"
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[«] Files Reference

Definitions and necessary constants

Scroll the slider, to change the filter's voltage gain
k

vgs = g
L O O O R R O O O O |
Ag = 7kvg5'1 Voltage gain:  Ag = -20
Scroll the slider, to change the filter's pole Q factor
kqu = ‘
L T O O O B O
Q5 := kqf5-0,l Pole Q factor: Q5 =92,
For Qs>1 the frequency response of the active filter presents a resonance peak or an overshoot, while for Qs<1 it is a flat
one.
Scroll the slider, to change the filter's bandwidth
kefs =

—
J

BwS5 := ki f50.10-MHz Bandwidth: BwS5 = 47.1-MHz,

[¥] Calculation of f5

(5.187) f = /BWSZ'U“'QSZ(ZQSZ* 1)+1-2Q5+ 1J .

Qs'\/E

[+] Calculation of f5

Step amplitude: Vpp = 5% 10°°v
Pole frequency: fg = 30.377-MHz
1
Period: Tg:=—,Tg=32.92-ns
f.
5
Grad
Pole Angular frequency: ws := 2-m-f5, wg = 0.191- s S,
sec
Filter's bandwidth: Bw5 = 47.1-MHz
1
time constant: T:=—,T =5239ns
ws
w5 Grads
damping factor: =— = 0.01- , Wz =2:CzQg,
ping Cs 2Q; Cs soc 5 G5 Qs

IfQS =05 = C‘S = UJS,
Defined in "global data.xmed": dB3gd = 20-10g(\/§);angular frequency units.

Chosen test signal period, to verify the filtering action of the system, it has been selected a test signal frequency outside
the passband.

1
Tiest = E-T 5 1.e. a sub multiple of the 0 dB Voltage gain period.

Tiest = 16.46-ns

. 1
Then the signal frequency fiooq = I ftest = 60.754-MHz : BWS5 = 47.1-MHz . wyoqq i= 2-70fogs,
test

W,

Grads | . st
Wiegt = 0.382: o is higher than the cutoff angular frequency of the filter, " =2,
5
As aresult, the waveform at the filter output should be strongly attenuated.
Amplifier Gain: A5 = =20, Asqp = 20-log( |As|)
Asqp = 26.021-dB
Ut is an integer constant defined in "global datax.mcd" U = Ui U =100




5.1
II° Order Analog LOW PASS Digital Filter

The analog active filter chosen is the following (ihe power supply circuit st visible):

fig.:5.1.1

The assumptions made for such filter using an ideal Op. Amp. operating in its linear region, are:
open loop voltage gain: Ay = oo,

differential input resistance: Rjq = co-),
output resistance: Ry = 0-€2.
Effects of the negative feedback: V.=V_=0Volt, [,=1_=0.0A.

n, represents the node's number

b " branch's number,
Aim " incidence matrix (n xb
R Reduced incidence matrix [(n -1)xb]

For the filter in question consider a parallel RC load and the resistor R;:

the directed circuit graph or digraph is:

two terminal elements: 9
four terminal elements: 1
Total number of branches: H(4-1)=12

(Directed Graph) DIGRAPH WITH 6 NODES AND 12 BRANCHS

fig.:5.1.3
the incidence matrix is:
-11.0 0 0 0 0 O O O O O
o -r1 01 0 0 0 O I 0 O
A o 0 -11 0 0 0 01 0 0 O
im=/6 001110000 1 1
o 0 0 0 0 0 1 1 0 0 0 O
1 0 0 0 0 -1-1-1-1-1-11

number of nodes: rows(Aim) = 6 , number of branches: cols(Aim) =12

while the reduced incidence matrix is:




-1'1. 0 0 000OO0O0OO0O0O O Vi \A
0 -1 1.0 1 0000100 e e
Ri..:=/0 0 -1 1 00001000
im Node to datum voltage phasor E = e3 E- 3
0 0 0 -1 -110000T1 -1
00 00 00110000 ‘4 ‘4
0 0
rows( R; ) =5, cols(R- )z 12
( im im Branch matrix:
o -
The following symbols will be used later: ™ 0 0 0 0 0 0 0 0 0 0o 0
E represents the node to datum voltage phasor,
I " equivalent current source phasor, 0 L 0 0 0 0 0 0 0 © 0 0
Y, " branch admittance matrix (bxb), RI
Rim " Reduced incidence matrix (n -]!Xb 5 0 0 é 0 0 0 0 0 0 0 0 0
T
M " Transposed Reduced incidence matrix M = Rim 0 0 0 sC2 0 0 0 0 0 0 0 0
T
Y -» node admittance matrix [{noi)x(noi)], Y = leYlem , 0O 0 0 0 % 0 0 0 0 0 0 0
T 1
\Y% " branch voltage phasor V = Rim ‘E=ME 0o 0 0 0 0 . 0 0 0 0 0 0
T L
M =R; Y (s) :=
im b 00 0 0 0 0 sCL O 0 0 0 0
[¥]— Symbolic Initialization
I 1
h 00 0 0 0 0 0 o 0 0 o0
R
-1 0 0 00 I, p
1
I -1 0 00 Iy 60 0 0 0 0O O 0O — 0 0 0
R..
01 -1 00 | my
00 1 -10 4 0o 0 0 0 0 o0 0 0 0 sClI 0 O
Is 1
0 1 0 -10 00 0 0 0 0 0 0 0 0 ——0
00 0 10 Is iv
M- Branch current phasor I:-= 1
00 0 01 I 00 0 0 0 0O 0O 0 0 0 0 —
00 0 01 L L Ro |
9
00 100 o Branch voltage phasor V=ME
0o 1 0 0 0
00 0 10 I T
0 0 0 -10 I, A\Y %(—Vi Vi—ey ep—e3 e3—eq ep—eg ¢4 0 0 e3 ey ey —64)
I3 Branch current phasor I-= Yb )V
T ' €)= Vi ey—e3 e—e4 €4 e3 €4 Z.O-e4
I |- - ! C245~(e3—e4) _— 0 Cleeg's — -
Rs Rl R2 R3  Rp Rpiy W Q




node admittance matrix definition:
T
Y(s) = le -Yb(s)~ le

rows(Rim) =5 rows(Rim) =5 rows(Y(s)) =5

cols(Y(s)) =5

Node admittance matrix (despite that the system reports an error, anyway the calculation is performed):

1 1 1
—+— -— 0 0 0
R1 Rs R1
L N S P b L 0
R1 Rl R2 R3 R2 R3
1 1 1
Y 0 -— —+—+C2:s -C2-s 0
()= R2 R2 Ry,
1 1 1 1 2.0
0 —_— —-C2-s —+—+—+—+C2s 0
R3 R3 Rp R,
1
0 0 0 0 — +Cys
RP
| ]
— 0 0 0 o0
R1
1
o — 0 0 O
R2
IfR; =Ry =R,=R; =0 and R =R =0.C, =0, = Yb =/ 0 0 sC2 0 0
0o 0 o0 1 0
R3
0 0 0 0 0
0 0 0 0 sCI
Network Analysis:
If R;;, =Ry, =R=R; = coand R =R =00, C;=0F, the node admittance matrix is:
1 1
— -— 0 0
R1 R1
1 1 1 1 1
-— —+—+—+Cls -— -—
Rl Rl R2 3 R2 R3
Y= (5.1.1)
1
0 -— —+C2s  —C2s
R2
1
0 — —-C2:s — +C2s
R3
[¥]L. T. I. System Analysis.
Time Domain Analysis.

Zero initial condition. Without the load Z; =Ry //(1/sCp ) =00Q and R;=00€2, applying the KCL to the node 2, results:

furthermore, from the Ohm's low:
) Vi(t) - Vz(t)
11 (t) =

R1
vi(t) — vy (t) Vo(t)  Vo(t) — v, (1)
hence: LA 2 = Cl-gvz(t)+ 2 + 2 °
R1 ot R2 R3
. Py Vz(t)
is(t) = -C2-—v (1) =

from which results the following system of differential equations

1.2y = 0720 120 9070 (5.12)
a2 RI R2 R3
d _ WO

,CZ-gtVo(t) =

For a systematic representation define the new variables :
x1(1) = vy (t) and  xo(t) = v (t)

1
ug(t) = ———vi(t uy(t) =0
10 = i u()
x1(0) vi(0)
the state vector X = and the input vector u=
x5 (1) uy (1)
After a substitution in (2), the equations assume the form:
2 vi() —x1 (0 x1 (0 x1(D—x() 1 1 1 vi(h  xp(D)
Cl—x )= —— - ——— - —————— = | —+——+ | X (O+——+
ot R1 R2 R3 R1 R2 R3 R1 R3
5 1 1 1) X1 (0 X9 (1)
—x1 )=+t | + +
ot Rl R2 R3) Cl R1-C1 R3:Cl
x1(H
S r(D) = o (5.1.3)
or, written in matrix form
LN LA S T B 1
5 cr(rR1 R2 R3) R2:CI|[X10) | —Vil®
Ox = Loo |71 (5.13)
ot 1 X2 t
“R3-C2 0 u2(0
moreover, placing: 71 = R1-Cl
T, = R2:Cl

12




T3=R3C2
(1 11
_— ) — — +— | = 2.
c1 (Rl R2 R3) R

and substituting them in the following matrixes

1 1 1 1 1
_a'(ﬂ+ﬁ+1§j R2-Cl L0
A= . B-= T1
— 0
R3-C2 01
1
72{5 —_ ul(t)
™
results: A = | Bu=V=| 7
— 0
™ uy (1)

hence, the system can be written in a more concise form:

“x=Ax+Bu

ot
. o O¢|=
Operating on (4) a Laplace transformation: L [ X] =AL (X) +B-L ( ll)
ot
one obtains the matrix equation: sX=AX+BU
X1(s) Ui (s)
where: X = U=
X5 (s) Us(s)

(s-identity(2) - A)-X = B.U
(s~ identity(2) — A) is the solving matrix

M= eigenvals(A)

collecting in (5) the vector X, results:

The term in (6)
The poles of the t. f. are given by:

By a matrix inversion one gets the vector solution (forced transition):
-1
X= (s-identity(Z) - A) -B.U B.U
ST 2T3 T3

L) T2'T3~(S + 2-@5)

X = (sidentity@) - A) .V = .
(1'2-1'3-5 +2:C5TyTys 1)

while by a Laplace inversion

v

(5.1.4)

(5.1.5)

(5.1.6)

-t
1 i _TL 0
L |:(s-identity(2) 7A)7 J = eA‘t =e 3 lim eA't =0
t—> o0
vi(® Lo uy ()
vip=B.U= =T |
vy (1) 0 1 uy (1)

t t t
X(t) = J eA'T-V(tf'r) dr = J eA'(t_T)-V(T) dr = eA't-J e_A'T-V(T) dr
0 0 0

The exponential is simplified as follows:

1

—2. —-
Cs -
. -t
A S 0 fl(t)~(D1 —C5~72~T3) T3 £2(t) e*C5~t
(] - c -  —_—
~1y£2() F1() + G5y T3 £2() | 2:D1
where: DI = /Csz-'rzz-'r327‘r2-'r3
t-D1 t-D1
fl(t) = 2-cosh and f2(t) = 2-sinh Tp3 = Ty T3
273 273
resulting:
“Cet gt
x1 (1) fl(t)-(Dl 7c5-¢2-73) T3 £2(8) . st A
= —] e V(T)dT
Xz(t) —T2'f2(t) fl (t) + C5T2T3f2(t) 2-D1 0
fl (T)~(D1 - C5~T2~T3) T3-£2(7) e

£1(7) + CgTy T3 22(7) |

t
J e‘A'T~v(T) dr= —
0 2-D1 -7 12(T)

-V(T)dT




u (1)

fl(T)~(D1 —g5~72.73)~

T
f1(7)-(D1 - C57y73) T3£2(7) +73£2(T) uy(T)
7T2-f2(’1') fl(T) + C5T2T3f2(7) M ul(T)
-7 2(7)-
T

t

t

t
J e A"r-V('r) dr = 0
0

-+ (f1 (T) + C5~T2-T3~fZ(T))~u2(T)

uq (1) e
! % Td‘r

+ 1'3-f2('r)~u2(‘r)}-e

T1

{fl('r)(Dl - c5-72-73)~

uy(T) -C5T
—To-£2(7)- - +(f1(T)+C5~T2~‘r3~f2(‘r))-u2(‘r) e dr
1
L70 i
rt
uy(T) -C5T
ul(t) = f1(¢)-(D1—g5-72-T3)- TR () | dr
1
./0_
ot
uy (1) ~Cs5T
U2(t) = | | -7y f2(7)- - +(fl(‘r)+C5-T2-T3-f2(‘r))-u2(‘r) e dr
1
./0_
xj () [f1)(D1~¢sy73) T3-£2(1) o St rue
(0 | —75-22(1) F1(8) + CgTp-T32() | 2:D1 '(Uz(t))
fl(t)-(Dl - C5-72~T3)-U1(t)
x1 (1) efcs't +73-£2(0)-U2(1)
xy(t) | 2D1 | =10 R2()-UL(Y) ...

+ (f1 (t) + C5~T2~T3'f2(t))-U2(t)

[*] L. T. I. System Analysis.

[*] Network analysis by inspection

Complex Frequency Domain (s, ( 1j=1i=+/ —1 =s=c+1jw)) Network Analysis
The topology of this network is that of a negative multiple feedback active filter like the one more general here below
depicted (without load):

fig.:5.1.4

(the admittances Yk and the node voltages V,, are functions of the complex variable s):

node 2 inspection, the KCL gives: R+13+14=11, (5.1.7)
Ohm's low: 11 = (Vi=vy)-YL,

" 12 = Y2v,,

" 13 = v,-Y3,

" 14 = (v2 - Vo)-Y4,

" I5=-Y5Vo=13=v,Y3
-3 _ -Y5

V2 | J—
Y3 Y3

Y2:v5 + V2 Y3 + (v = Vo) - Y4 = (V= v5) Y1

Results a non homogeneous system of two linear equations in two unknowns with constant coefficients:
(Y1 +Y2+Y3+Y4) vy +V;Y1l+VoY4 =0,

Y3-vy +Y5Vo=0.
Calling X{(s) = v,(s) and X5(s) = V (s), the former system can be written im matrix form as follows:
SY1+Y2+Y3+Y4 Y4 [ K1) (VLY
[ Y3 YS} X, [ 0 j

(5.1.8)

The admittance matrix is:




-YI+Y2+Y3+Y4 Y4
Y = s
Y3 Y5

1 1 1
while for the given filter, after the substitution: Y1 = —,Y2 =5s.Cl1,Y3 = —,Y4= — Y5 =5s.C2,
R1 R2 R3

s:=s, Rl:=RI, R2:=R2 R3:=R3 Cl :=Cl, C2:=C2

[
1 1 1

substitutg Y1 = —,Y2 =s.C1,Y3 = —,Y4= —
R1 R2

Y1+Y2+Y3+Y4 Y4 R3
Y3 Y5 substitutg Y5 = s-C2 -

collect,s,R2
the admittance matrix is:

R2-(R1 +R3 + C1-RI:R3:s) + RI-R3 1

R1-R2-R3 R3

Y = | . (5.1.9)
— C2-s
R2

The system is:

(—Y1+Y2+Y3+Y4 Y4j Xy (Yl-Vij

Y3 Y5 )| Xy 0

whose solution is:

Xy (—Yl Y2+ Y3+ Y4 Y4J_ ! (—Yl'Vij

X, Y3 Y5 0
namely:
Y1-YS-V;
X Y1I-Y5+Y2Y5+Y3Y4+Y3Y5+Y4Y5
Xy Y1-Y3-V;

YIY5+Y2Y5+Y3Y4+Y3Y5+Y4Y5
particularly, the Laplace transform of the output is
Y1-Y3-V;

Xz = VO = N
Y1I-Y5+Y2Y5+Y3Y4+Y3Y5+Y4Y5
which gives the transfer function :
\%
Y1-Y3
w=_"C= (5.1.10)

Vi Y5(Y1+Y2+Y3+Y4) +Y3Y4

One canreach the same result considering the former equation:
(Y1 +Y2+Y3+Y4) vy +V;Y1+VoY4=0

I -3 _ -Y5
and substituting: vy = by = Y73.\/0,

Y5
obtaining: V; Y1 + Vo- Y4 + g'VO’(Yl +Y2+Y3+Y4) =0,

Y5
then, collecting Vo: V; Y1 + V0-|:Y4 + %-(Yl +Y2+Y3+ Y4):| = 0, one gets:

17

Vo -Y1 _ Y1-Y3
Y5-(Y1+Y2+Y3+Y4) +Y3Y4

Y5
1 [Y4 + E~(Y1 +Y2+Y3+ Y4)}

[«] Network analysis by inspection

The general filter's transfer function is expressed by the formula:

—Y1(s)-Y3(s)
W(s) = (5.1.11)
Y5(5)-(Y1(s) + Y2(5) + Y3(s) + Y4(5)) + Y3(s)- Y4(s)

Filter's 0Open loop voltage gain calculation.
The filter is composed by an ideal op amp in inverting configuration and a further feedback network as here below depicted:

fig. 5.1.5
I shall analyse this active network in terms of a feedback system, below depicted:

NEGATIVE FEEDBACK SYSTEM

+ Direct Branch
Vi — 4+ —>  G(s) :|—>v°(s)
Feedback Branch
L H{s)
fig. 5.1.5'

Observing fig. 5.1.5, a new function could be defined for the direct branch of a feedback system having the same
transfer function:




YI1(s)
G(s) = - ,

Y4(s) = Op Amp inverting input <& Op Amp non inverting input
where Y1 and Y4 are two admittances present in the given network of fig.5.1.5.

Y5 Y1 Y2 Y3 Y4
For the feedback branchin fig.5.1.5' :H(s) = (S)- (8) + Y2(3) + Y3(s) + Y4(s) ,where Y1 Y2 Y3,

Y3(s) Y1(s)
and Y4 are two admittances present in the given network of fig.5.1.5:

G
sothat: Wi(s) = L
p 1 + G(s)-H(s) @
Y5(s)-(Y1 Y2 Y3 Y4 -
The corresponding open loop gain is{GH(s) = (6)-(Y1(s) + Y2(3) + Y3(s) + YA(s)
Y3(s)-Y4(s)
Vo
Other similar couple of functions, but describing a new system, can be found, i.e. :
-Y1(s)-Y3(s)
G(s) = —_
Y5(s)-(Y1(s) + Y2(s) + Y3(s) + Y4(s)) —_—

Y4
and: H(s) = — (S),

Y1(s)

Y3(s)-Y4
GH) = 3(9- Y4
Y5(s)-(Y1(s) + Y2(s) + Y3(s) + Y4(s))
In fact, substituting the two last relations in the generic transfer function of a feedback system, I get: fig.:5.1.6
G(s) _ -Y1(s)-Y3(s) d simplifii Its:
1 + G(s)-H(s) = Y5(s)-(Y1(s) + Y2(s) + Y3(s) + Y4(s))-(1 + GH(s))’ and simplifying results: Let shift the bridged T along the loop, the network assumes the following form, although the topology of the network is
G(s) SY3(3)-Y1(s) unchanged:

Wip(s) =

1+G(s)H(s)  (Y2(5) + Y3(s) + Y4(s) + Y1(5))-Y5(s) + Y3(s)- Y4(s)’
that is the already known transfer function derived earlier.
But now determine the open loop gain of the given filter. Start from its circuit:

fig.:5.1.5"

The feedback network can be redrawn as follows: fig:5.1.7

Now apply the known procedure to determine the open loop gain, namely: remove the effect of the input generator
(Vi=0= input shorted), choose a cut on the loop and apply an independent voltage test source Vr at the right side of
19 20




the cut. T have ch

fig.:5.1.8

The voltage generator V1 has been placed at the input of the op amp, here represented (fig.5.1.9) with its equivalent
circuit for incremental signals:

21

fig:5.1.9

To simplify the circuit analysis, I have placed: R;j=c0 Q, 1,=0 Q. The equivalent circuit now is:

Y5
—1
—
) Y3 3 Y4 @
A V,
Y1+Y2 !
S— _L_
=] -
+
Yr VT Ya Ag Vg Vo
&
¥
fig.:5.1.10
[¥] Computation of V2 by inspection
The open loop gain results to be:
Vp [(YI+Y2+Y3+Y4)Y5+Y3-Y4]-Ay

T (YI+Y2+Y3+Y4)Y5+Y3-(YL+Y2+Y4)

(5.1.12)

D
Explicit calculation of the open loop voltage gain of the filter. The admittances are:
1
YI(s) = —,
(s) Rl
Y2(s) = s-Cl,

22




1

Y3(s) = E,

Ya@s) = L,
R3

Y5(s) = s-C2.

Substituting into the general form (5.1.12), T get:

substitute, Y1 = L,YZ =sCl,Y3= L
R1 R2
[(YI+Y2+Y3+Y4)Y5+Y3-Y4]-A

. 1 N
(Y1+ Y2+ Y3+ Y4)-YS+Y3:(Y1 +Y2+Y4) |substitute, V4= 22, Y5 = 5C2
collect,s,AOl
open loop voltage gain:
GH<(s) = C14C2~R1-R2‘R3's2 + (C2-R1-R2 + C2-R1-R3 + C2-R2:R3)-s + R1
5(8) = 7 ’
C1~C2-R1‘R2~R3~s2 +(C1-R1-R3 + C2-R1-R2 + C2-R1-R3 + C2:R2-R3)-s + R1 + R3
2 [RI-(R2+R3)+R2-R3] 1
ST+ S+
C1-R1-R2-R3 (C1-C2-R2-R3)

GHs(S) =

A
. RI+R3 ol
C1-C2-R1-R2-R3

2 [C2(RIR2+RI-R3 + R2-R3) + CLRIR3]
s .
(C1-C2-R1-R2-R3)

Aol

(5.1.13)

[¥] Calculation of the Input and output resistances

Filter's Transfer Function Calculation

For the proposed filter, here reported in fig.:5.1.18

fig.:5.1.18
the admittances are:
1
YI(s) = —,
(s) Rl

Y2(s) = s-Cl,

23

1
Y3(s) = R

1
Y4(s) = Yy

Y5(s) = s-C2.
Substituting into the general form (5.1.11), gets:
1

1 1

1
substitute, Y1 = H,Y2 =sCl,Y3 = ) , Y4 = 3
W, (s) -Y1-Y3 5
s) = . _
Ip Y5-(Y1+Y2+Y3+Y4) +Y3.Y4 |substitute, Y5 =sC2
collect, s
The resulting transfer function, then, is:
R3
Wip(s) = 5
C1-C2-R1-R2-R3-s” + (C2-R1-R2 + C2-R1-R3 + C2-R2-R3)-s + R1
Collecting the term: C1-C2-R1-R2-R3, the t. . becomes:
1
W _ R1-R2-C1-C2
1p(s) = N N n 1 (5.1.14)
S +s— | —+—+— |+ ———
ClI \R1 R2 R3 R2-R3.-CI-C2
In order for this transfer function takes the form of the standard low-pass active filter, below rewritten:
Win(s) = (5.1.15)
p 2 2
S + 2C5S + WS
I must substitute into (5.1.15):
a) Acw 2 771
S5 T RIR2-CLC2
1 1
b) w52 = —— W = ————
R2-R3-C1-C2  R2-R3-C1-C2
s 1 (1 1 1
c) 2(5= —=—| —+—+—
5 CI\Rl R2 R3
[*] Calculations A5 and Q5
2 1 -1
From a) and b): Asws = Ag =
R2-R3-C1-C2  RI-R2.Cl-C2
. R2-R3-C1-C2 R3
that is: A5 = _i =__"
RI1-R2-C1-C2 R1
=B
7RI
24




NG
2 — | ——+—
5_ Cl\Rl R2 R3 _1(1+1+1j BTGl
Cl

Jcrcz.[ﬂ;“MR;‘RUR&MJ P [ 0

Cl
1S g
Hence, Pole Q factor: Qg = 9.2 ,is givenby:
R3 R2
R2 R3

Qs = Cc2 R2R
Cl

Fromb) and ¢): 1 ==
v/ R2:R3-Cl-C2
namely:
1 1 1 1 1. 2 R2-R3 R2-R3 R2-R3
—| — + —+ — [/ R2-R3.CI-C2 \/C = \/ +\/ \/
ClI \RI R2 R3 Cl1 R1 R2

F/Q

[«] Calculations A5 and Q5

s 1 (1 1 1
replaced in the expression c) Q— = a —+ Y + B ,namely:

5
wWs o1 1 1 1
— = — + +— |
Q; Cl R3 1 R3
sl w2Rscrca
which yields:
w Asg| +1
5 5
— —C2-R3-w 5 - L 0,
Qs CIl-R3
it is a quadratic equation in the unknown R3:
Ag| +1
5 R3
R3¢ [As] - =0,
2 C2:Qs5ws

1
Insummary, I canwrite: d) wg= ———, (5.1.16)
\ R2:R3-C1-C2

R3
e) As= —,
) A5 =
f) Q5=

1

=— +—
8 % [c1 ( R2 RJ}
3
A further condition is obtained by observing that the relationships R1 = and R2 = 5 canbe
|As| ws™R3-C1.C2

whose roots are:

|E| Symbolic reset of constants and variables

Cl

] 4.C2-Q5” - C1+4.C2.Q5™ |As| 1
+

solve,R3
e o
simpliry , max

Py ] 4C2:Q57 - C1 +4.C2.Q5™ | Ay

Cl

‘A5‘+1 o ®
2 C2:Q5wg

R3% +

-1

hence:

2
1+jl4czQ5C(lA5 +1)
! (5.1.17)

l_jl_zlczQsc(lAs +1)

it gives a further condition in order that R3 takes real values, namely:

2
1_4C2Q5 (‘A5‘+1) o

Cl

Q. 1 | Cl
L aag(|ag + 1) @24 (Al 1)

4Qs™([As| +1) = 711x 10° ‘

4Q5™(|As| +1)-C2 = 61.734-F

results: [C1 > 4-Q5™(|As] + 1)~C2‘

Ag=-20

Q5 =92
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C2 = 8.683-nF (5.1.18)



Poles of the transfer function (j = \/Tl):

Grad!
WDen := denom( Wy,,(s)) coeffs,s — 1 2:Cc = 0.021- racs
Ip 3 sec
. 1
Search of the poles of W(s): poles := polyroots(WDen)", WDen = 5 "
[¥] Symbolic reset of constants and variables
denominator polynomial: p(s) := S+ 2:C5s+ w52
2 2
Grads solve,s 65 —ws =G5
ws = 0.191 poles :=p(s) | . ... — (5.1.19)
sec simplify 2 2
05— G5 —ws
Grad! —0.01 +0.191j ) Grad:
¢s = 001 rads poles = J Grads
sec —0.01 = 0.191j ) sec

The pulsation s is the geometrical mean of the magnitude of the poles:

ws =,/ |polesg| - |poles]
Grad Grad
wg = 0.191- racs +/ |polesg| - [polest| = 0.191. 212

sec sec

For w=05 results:

lim  (20-log(|W(-w)|)) =200 w = 20-lo (‘A ‘-Q )
g g 2'C5 g 51 "Vs5

w — LL)S
20-1o M = 45.296 20-1o (‘A ‘-Q ) = 45.296
& 2~C5 T £ 3 3
Hence for =ws results: ‘AS‘ Q5 =1 20-10g( ‘AS‘) = 720-10g(Q5)
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About Sensitivity

Sensitivity definition given the performance P and the parameter x;:

5.1.1) Calculation of the circuit performance A5

The filter project could be developed even considering the desired sensitivity of the various parameters.

-R3
In this particular case, the performance is the voltage gain: P-= Ag = R

[¥] Sensitivity Calculation

5| _ |Art] s |ar3| _ |ARi] ) |AR3|
A S R1 Srs| R3 R1 R3
AA
Sus= |— = [ARI[ | [AR3] (.1.11)
Asg RI R3
28




5.1.2) Calculation of the sensitivity of the circuit performance w5

s =~ P=0 1P
’ P 0% Olnx;
1
Poug= L
+/R2-R3-C1-C2
[¥] Sensitivity Calculation
R2 :=R2 R3 :=R3 Cl :=ClI C2:=C2
Cl1 0 1 R R 1
S = — simplify — ——
Clws ! aC1,/R2-R3-C1-C2 2
1/ R2-R3-C1-C2
C2 0 1 R R 1
S = — simplify — ——
C2w.5 ! 2C2/R2-R3-C1-C2 2
1/ R2-R3-C1-C2
R2 0 1 . 1
S = — simplify — ——
R2w.5 ! 0R2/R2-R3-C1-C2 2
1/ R2:R3-C1-C2
R3 0 1 R R 1
S = — simplify — ——
R3w.5 ! R3/R2-R3-C1-C2 2
1/ R2-R3-C1-C2
< _ [Awg| Scrad] cm + Scaus| \Acz s ‘.\ARI\ Sz |AR?)|
w.o ‘“"o‘ Clw.5 C2w.5 Rlw.5 Rl R2w.5 R2
[«] Sensitivity Calculation
S5 = 1(]aci] R [AC2] R |ART1] j |AR2] 5.1.2.1)
2 Cl C2 R1 R2

|AC| . |AC2|
Cl C2

|AR1|
= 2.5 —
w5 ( Rl +

29

|AR2|
R2

)

5.1.3) Calculation of the sensitivity of the circuit performance Q

e
Sx i T
’ P ox Olnx;

g R2 R3 R3 R2
C R2

in(P)

[¥] Sensitivity Calculation

1(\Ac1\ \Acz\j 1 |ART1] ‘Rl (R2 - R3)+R2R3‘ |AR2]
SQ5=7- + + +—
2 2 ¢l 2 11 R1 RI-(R2 +R3) +R2-R3| R2
l1+Rl| —+—
6w
1 1| |AR3|
n _2.
11 2| R3
R3: | —+—|+1
(Rl sz
(5.13.1)
[act] _ [ac2| _ [ARi] _ [aR2| _ |AR3
Cl 2 R1 R2 R3
el
d—=+—1]-1
1 1 1 Rl R3
SQ5= —_— | + + + 1 |-rtol
: 11 2 11 11
R3. | —+—|+1 Rl —+—|+1 2-|R2 | —+—|+1
(sivwa) )] 2ela )
Summary
AA
: As RI R3
S,s= 1_({Ac1{ R [AC2] R [AR1] R {ARz{j = 2rto (5.13.3)
2 2 «l C2 R1 R2

+1|rto

505~ 11 ot 1 ’ 11
R3:| —+—|+1 RI:{f —+—|+1 2:|R2| —+—|+1
R1 R2 R2 R3 R1 R3

30

(5.1.3.4)




Example (5.1.3.1-1)

are given: rtol := 5.0%,
RI = 0.047kQ", or R] = 120-Q
Cl = 1.70-nF,
from the definition of Agis: R3,:= —A5-R1,
from the definition of damping factor, is derived: R2 := ! R
2:Cl-C5— (— Lj

+
R1 R3

Rl R3

1 1 1 1 1 1
therefore, in order that R2>0, must be: C1 > ——| — + S ——| — +— | = 0.422-nH
2G5 2:C5 \R1 R3

namely: R2 = 37.71-Q.

1

>

From the definition of ws , is derived: 2 := 5
Cl-R2R3-wg

C2 = 0.178-pH,

W5 W5 Mrad.
> _92 2 10373225

2:Cs 2:Q5 sec

4~Q52~(‘A5‘ +1)-C2 = 1.269-nF

R3
- =220
RI

1
/e [k, [k
Cl R1 R2 R3

Geometric mean of the poles and the resulting frequency:
1 Grads Grads

— = 0.191- wg = 0.191-
v R2-R3-C1-C2

sec sec
The previous findings (R1, R2, R3), after a slight modification of one or more of them, may be used as a guess for a
new solution (not always found, also after many attempts ) of the system, as follows:

(5.13.5)
1

J/R2-R3-CI-C2

_R3

5T RI

Cl = 1.7-nF

Voltage gain:

Pole Q factor:

UJ5=

31

1
Q =
5 C2 {yR2R3 . R3 . R2
Cl R1 R2 R3
1] 1 1 1 1
CS = | —| —+ — + —
2| Cl1\Rl R2 R3

R1 > 0.0-©
R2 > 0.0-©

R3 > 0.0-22

[Rx := Find(R1,R2,R3)

120
Rx =| 3771 |.Q Cl = 1.7-0F
24%10° C2 = 0.178-pF
Ag=-20
Grad
ws = 0.191.——
sec
Grad:
2.5 = 0.021- 2
s€cC
— — 4
fig.:5.1.19
Sensitivity for the previous example
SAS = |— SAS := (rtol + rtol) rtol = 5-% (5.1.3.6)
_ 2wl 1 1
Sws= 7o St.5 = 5+(rtol + rtol + rtol + rtol) (5.13.7)
[
1
R2:| —+— 1
S = ! l + ! + Rl RS + 1 |-rtol
Q5 1 2 1 1
R3:| —+—1|+1 RIf —+—|+1 2-|R2:| —+—
R1 R2 R2 R3 3
results: Sy 5 = 10-% Sws=10% SQ.5 = 9:882:% (5.13.8)
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514 NYQUIST DIAGRAM

Op Amp open loop voltage gain: A

After the following substitution:

()

12= 10

1
substitutg Y1 = L,YZ =sCl,Y3 = L
[(Y1+Y2+Y3+Y4)Y5+Y3Y4]A R1 R2
GHs(S) = 1 -
(YI+Y2+Y3+Y4)-Y5+Y3(Y1+Y2+Y4 substitute Y4 = R73’Y5 =5(C2
results the already found relation (5.1.13), here rewritten:
2 [RI:(R2 +R3) + R2-R3] 1
ST CI-RI'‘R2-R3 's+(c1 C2-R2-R3)
GHj(s) = “Agp (5.1.13)
2 + [C2-[R1:(R2 + R3) + R2:R3] + C1-R1-R3] N R1+R3
(C1-C2-R1-R2-R3) C1-C2-R1-R2:R3
Place:
1 [R1-(R2 + R3) + R2-R3]
W5 = ——— wy =
J/R2-R3-C1-C2 C1-R1-R2-R3
R1:-(R2 +R3) + R2-R3 1 1
(.\)2 = + = (JJl + —
C1-R1:R2-R3 C2-R2 R2-C2
1
R1+R3 2 Wy = Wy +
wy = [ —ws 27 1 Roc2
R1
Grad: Grad
ws = 0.191.——— Wy = 0.021.—=
s€C s€cC
2
Grad: Grad Grad!
Wy = 148,649 g = 0.875—— wy’ = 0.765-( = S)
sec sec sec
si=s
21wy + we
sothat I can write: I 5
GH5(s) = — A, (5.1.42)
s + (AJZ‘S + LO3
Wi
2.10%w, - —
Wy Wy 10 w1 _3 Grad
- 2. 2100w — = 2075x 107 %20
10> 10 410° 10 sec
33

20-10g(|GH5(j~w)|) “

Magnitude of the Open Loop Gain GHS

¥ AT
rrr il

100

80

20
1x10 l><lO8 l><109 lxlOlO l><]011 l><1012 l><]013 l><1014
w
fig.:5.1.4.1
Phase of the Open Loop Gain GHS
w)
2 —— ool o 1 A O R B I B KAl
' i 2
GHs(j-w) !
arg 0 !
Aol )| - LU U e L il
-2 Lo S 1 imi 2
_4 ‘
x107 1x108 w10’ 110" a0t x10'? k10 1xa0™
w
fig.:5.1.4.2
, 5 2:10% Wy + 2107wy ,
w=-2-10"wy,-2-10" wy + .2:107w
2 2 5 2
10
To let see the inner loop of the Nyquist diagram it has been defined the following new interval:
» L 410010t
wy =410 “wy,—4-10 “wy+ S 410wy
10

The Nyquist diagram of the normalized open loop gain is composed by two circles, both tangent to the Origin:
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ist Di ist Di
0 Nyquist Diagram ol Nyquist Diagram 5.1.5 Nichols chart
’ : -0.092 0
3 i From the analysis of a generic Linear Time Invariant system with negative feedback, can be drawn some conclusion
0.3 0.05F - e 10.046 summarized here below:
| GHs(j-w) | GHs (j ~wx) . : O NEGATIVE FEEDBACK SYSTEM
m| ——— m| —— 2~ !
Ag) Aol | 1
-03 -0.05[ S 0046 +
! ! Vis) —m = —- G(s) V,(8)
-0.6 : -0.1 : : -
-14 -105 -07 -035 0 -0.1 -0.05 0 0.05
GHs(j-w) GHS(j . wx)
Re| — Re| —M——~
AO] AOl
H(s)
fig.:5.1.4.3
[¥] Desensitization

fig.:5.1.5.1
System transfer function with negative feedback:
G
Gg(s) = _ S 5.1.5.1
1+ G(s)-H(s)
System's parameters variation: desensitization.
Ratio of the relative gain variations with and without feedback:
AG(s)
Ge(s) | | 1 s 152
AG(s) D(s) o
G(s)
Low frequency voltage gainin dB: Wlpp = 20- log( ‘AS ‘ ) Wlpp =26.021

Openloop gain( GHs(s) = G(s)-H(s)), namely:

2 2
S +wl'S+U)5
GHa(s) = ———————.
5(s) 5 5 A
S +UJ2'S+LA)3

ol 5.1.53

The following Nichols chart, shows the magnitude in dB of the open loop gain (in purple red). The red scarlet line
T
refers to the Magnitude in dB of the open loop gain=0dB. The yellow arc is related to =+ 7

d(w) = arg(G(j-w)-H(-w)) Opehs(W) = arg(G(-w)-H(-w))  5.1.5.4

Scroll The Slider to Zoom In or Out The Nichols Chart

MmNppch =
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Nichol's chart lower left corner: my p5 = 2.0
Nichol's chart lower right corner: nyep = 0.0
Nichol's chart upper left corner: Pnch = Mpchs 10 Pnch = 20
] 2-T0 My s
Qpchs = ~TMyeps L1, =mmy 5 11+ -~ Mpchs5 T

The values of the gain margin and the phase margin canbe deduced observing the graph. Therefore I have a measure
of the degree of stability of the system with feedback.

w x =4 100-w2 GHjpj = 2010g|7 ‘GHSU»(—wix)]H GHgpq = 2010g|7 ‘GHSU(wix)]H

Grad: +
wy = 0.021- racs W= -Ww X,~Ww X+ M.. w_X
sec 10°-2
Grads Grads
Wy = 0.382- wy = 148.649- =92
test sec 2 sec Qs
Nichols Chart | GHG|AB v arg(GHGu)
40 — - 1 dB=0
GHz<(j
@G5 —+ =001
28.75 o+ M dE=-05
175 BEE d=-2
% 2 JB=2
" 6.25 | ebtr h=-3
% sk 1 dB=-6
s -5 —— h=-0.01
e -16.25 : — ML dB=-12
! e (h=0
~275 : sk 2 dB=0.5
} s MLdB=0.5
—38.75 : et =3
B , , i | | o+ M dB=210
-628 —-55 —471 -393 -3.14 -236 -1.57 -0.79 0 o 1L dBE=210
arg(GH(jw)) in radians
fig.:5.1.5.2
1
The gain margin is defined as = ————— and is calculated at the frequency w, where
g arg gmg |GH5(j~wX)| quency Wy

arg( GH( J wx)) = —mor 7. (For amplifiers it should be 8mg > 4)
The phase margin, on the other hand, is defined as phmg =T - |arg( GH5( j wy))| calculated at the frequency wy

where |GH( j~wy)| 1. (For amplifiers it should be phmg z3
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5.1.6 Four particular cases of the transfer function

la) RI=R2=R3=R,and Cl =C2 =C,

2 R2=R3=R,and Cl = C2 = C,
3a) R = R2=R,and Cl = C2 = C,

4a) R1 = R2=R3 =R

1a) RI=R2=R3=R, and C1=C2=C
1

o . RI-R2C1-C2
Substitutingin the transfer function, Wy,(s) = ,
P 2 111 1
S+s—| —+—+— |+ ——
Cl \Rl R2 R3 R2-R3-C1-C2
1
‘ R%.C?
it becomes: Wlp(s) = .
ST +s—— + 3
R%.C?
2
5 ! . 1+\/1—4.Q5 ~(‘A5‘+1)
AS‘(‘\)5=_22 R3 = =W.
. . . .w 2
R™C 55 1—\/1—4-Q5~(‘A5‘+1)
condition in order that R takes real values ‘AS‘ =1
1 1 1
— =0.354 Q5 < =
24/2 2 [JAs] +1  24/2
. . 1 1 1
Insummary, it canbe written: a) wg = = =—),
JR2R3-CI-C2 +/RR.C-C RC
b) As = RS 1 (5.1.6.4)
0) = (5.1.6.5)
c2 R2 R3 R3 R2
Cl R2 RS
11
d) —| = — s (5.1.6.6)
2 Cl R2 R3 2-R-C
Wso 1
ey — = (5.1.6.7)

2¢5 3
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(5.1.6.1)

(5.1.6.2)

(5.1.63)




2a) R2=R3=R, and CI=C2=C

1

o2
transfer function [W1 (s) = RIR-C (5.1.6.8)
P > 1(1 2 1
S s —| —+— |+
C\RI R} R2:2
2
, | | 1+/1—4~Q5 -(‘A5‘+1)
Agws® = e = oo (5.1.6.9)
. . . . . .w 2
S5 1—/1—4~Q5 ~(‘A5‘ +1)
Condition in order that R3 takes real values: |1 > 4'Q52~( ‘A5‘ + 1)‘ (5.1.6.10)
1 1
Qs ——— - =0.109
2 []As] +1 2 []As] +1
1 1 1
Insummary, it canbe written: a) wg = = = —), (5.1.6.11)
JR2R3-CI-C2 +RR.C-C RC

b) A= RB__R (5.1.6.12)
ST R ORU o
1 1 1
C) Q5 = = R = S s
C2(/RoR3 [R3 [R2 (7 +zj 5
Cl R1 R2 R3 RI1
1
that holds for Q5 < EorAs <2 (5.1.6.13)
11 (1 1 1 3
d ==t —=+—=|= , 5.1.6.14
) & 2[c1 (RI R2 R3):| 2R-C ( )
) ISR (5.1.6.15)
€ —_— = = = . .1.0.
2¢5 3 2-As
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3a) RI=R2=R, and CI=C2=C

1
R%.C?
transfer function Wlp(s) = 1 | (5.1.6.16)
S +s— (— +—j 5
C\R R3 R-R3-C
2
. 1+\/1—4.Q5 ~(‘A5‘+1)
R3 = EXer (5.1.6.17)
Oc-w >
S \/1—4-Q5 ~(‘A5‘ +1)
condition in order that R3 takes real values
1 1
Ag=-20 Qs —— — =0.109
2 [[As] +1 2 [[As] +1
Insummary, it can be written:
1 1
Q) ws= = , (5.1.6.18)
VR-R3.C-C C+/RR3
A
5 1
Aguws = = : (5.1.6.19)
(RR3CC) g2
R3
b) Ag=-——, (5.1.6.20)
R
1 1 1
C)Q5=CRR3R3 RY (/s [R) 1Y
—- == 2| —+ | — 2 [|Ag| + | —
[58 R [5) B (e [rg)
(5.1.621)
d) C'll l+l+i =L E+i (5.1.6.22)
"2 ¢c\R"R R3) 2C\R R3/
ws 1
O ST = (5.1.6.23)
R
> — +2 R3
R3 R
from b) it follows: 73 = —As As<0 73 = ‘AS‘
R R
Q5= - . (5.1.6.24)
2 A5 +
As




condition in order that R3 takes real values Q
5

4a) RI=R2=R3=R

L — 0 <Qg<

(5.1.6.25)

2 [TAs] +1 2+/2

=0.109

2
R™.Cl-C2 (5.1.6.26)

transfer function Wlp(s) =

(5.1.6.27)

condition in order that R3 takes real values:

Cl
C2

= > 405%(|ag] +1)

Cl

1
> W (5.1.628)

1

(5.1.629)

Insummary, it canbe written: a) wsg =

R3 _

==

R1

5

b) As

JRER3CI.C2  R-/CIC2

1

(5.1.6.30)

Cl
= (5.1.631)

¢ Q5=
> C2 (/R2R3
Cl\ Rl
1

wWs _ Rr./CLC2 _

1
R3 R2 3y C2
+ =+ | =
R2 R3
5 [ C2
cr _ 3

(5.1.6.32)

T 2Qs 1

condition in order that R3 takes real values Q5 < —

1 Cl

— | ——— = 10.65

2| C2(|As] +1)

2.R+/C1-C2 2:R:Cl

! cl (5.1.633)

2| C2(|As] +1)

L el = 32.537
34 C2

517 Pulse response
General case: RIZR2£R3, CI#£C2

Known values:

Voltage gain: Ag=-20
. Grad!
Pole pulsation: ws = 0.191- racs
sec
damping factor: G5 = 0.01- Grads
sec
Graph of the pulse response:
Asws®
Transfer function: Wlp(s) =15 if (5# ws
s + ZCSS + U)S
2
w
Ag——— otherwise
(S + ws)

A5:=A5 s:=s a:=a

Calculation of the pulse response as the inverse Laplace transform of the t. f.:
AS' "‘"52 invlaplace, s, t
w(t) = rewrite,exp >

52 +2-Cs s+ W
5 5 simplify, max

w(t) = A5-w52-t-sinc(t- /wszf CSZ)-e & -CIJ(t)‘

Dirac pulse response chosen:

Pulse response:
Search of the minimum:
G5 —Ws
2-atan| ———
2 2
o ws =Cs )
—w(t) = Ofort=tx2 := if (5# ws
ot w 2 - 2
5 5
1 .
— otherwise
Cs
tx2 = 7.957-ns
ini : Grad
Minimum: o) 3 515, 2120
sec
Initial value theorem: lim f(t) = lim (s-F(s)),
t—>0 s — 00
Final value theorem: lim f(t) = lim (s-F(s))
t = oo s >0
42

UJS = w5 CS =

Cs

Pole Q factor: Q5 =9.2

(.1.7.1)

(5.1.7.2)

(5.1.7.3)




Agi=Ag5 si=s a=a w5:=Wwg

C5 = C5
AS““’S2 2 2 Grads
lim T -0 ws =G5 = 0.036( )
§ —> o0 S +2'C5'S+L\)5 sec
As ::AS sI=s ai=a W5:=wWs
C5 = C5
lim s-ﬁ -0
P20 2l rws tx2 = 7.957-ns

ti= 1Ty~ 1-T +20.T5+1'TteSt 20.-T
= test> test 10000 - 5

[*]Right Lower Corner Graph Control
reor := |2:T5 if (5= wg

10- Ts otherwise

[=] Right Lower Corner Graph Control

Graph of the impulse response.

fig.:5.1.7.1

5.1.8 BODE PLOTS (Low Pass II° order):
For time harmonic signal place: s=jo and call the magnitude in dB of the frequency response as follows:

WipdB(w) = 20~log( |Wlp(j~w)|) Wlde(wS) = 45.296

now proceed to its computing:

Asi=Ag s:=s a=a Ww5:i=uWwg C5=C w=w

43

Acw 2 substitute,s = j-w '

55

Wlp (w) = 5 simplify, max — —
S H2Css s collect,w

1

W - w52 +2j-C5w

2
W = WA

ip_(@) 2 2 4 2 2 a5 s
4C57wtw —2whws + ws

Considering the poles, the transfer function can be rewritten as:

2
A ws

Wlpi(w) = |:

. 2 2 . 2 2
_]'w*( Cs *L\)S *Cs)](_]w+C5+ CS *0)5 )
Hence the magnitude of the frequency response in dB is:

/(—wz + wsz)z + (—2~Q5~w)2

w4 + w54 + wz-(4-§52 - 2-w52>

As=-|As|  WipdB(w) = 20-log [As|-ws™

The phase response is:
w w

(Cs ws Cs) (C5+ Cs “’5)

1£ Q5>0.5 the frequency response presents a overshoot at:

[ .2 2 .
wple = LOS —2CS if CS * U)S A (.05 > \/ECS

wg otherwise
Grads

sec

pg(w) := T — atan

wpick = 0.19-

and the pick amplitude is

ws’ |As]

WipdByj; = | 20-log | 1 (s # wsAws > V2:¢s
2G5 (ws =G5

20-10g( ‘AS‘ ) otherwise

pick amplitude Wldepick = 45.309
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(5.18.1)

(5.18.2)

(5.1.8.3)

(5.1.8.4)

(5.1.8.5)




Bandwidth calculation.

e . . sl
The bandwidth is given by the frequency at which the magnitude of the transfer function is T, (s=jm), namely:
2

w4 + w54 + w2~(4~Q52 - 2-w52> ﬁ

[¥] bandwidth calculation

Angular bandwidth: Buws = / wst = 2057 42 / 2657 (57~ w5”) +ws]  Bus = 0296 Grads
sec
2 2 2 2 2 4
Bandwidth: Bws = 5 (5.1.8.6)
-

Knowing the bandwidth one can determine ws vs. Qg and Bw: BwS5 = 47.1-MHz

2 2 2 2 ]
Grads (Bw5) -U4-Q5 -(2-Q5 - 1>+ 1-2:Q5” + 1J
ws = 0.191-—— ws = . (5.18.7)
sec
2-Qs
if Qs=0.5, it results. wg = Bw5+/y/2+ 1
Knowing Qs and w5, one can obtain Bw:
. V2 wsQs
Angular bandwidth: Bws = (5.1.8.8)
//4052(2.()52 - 1) +1-2.Q57+1
Numerical result:
V2wsQs
fs = 30.377-MHz Bws,: = 47.1-MHz

- 2~7r~//4~Q52~<2-Q52 - 1) F1-2.Q57+1

BwS5 = 47.1-MHz

If{5=osresults:  Bw5 = /wsz - 2-w52 + \/5-/2~w52~(w52 - w52) + w54 = ws \/E -1

V2 -1 =0.644

For ©=B®5, the voltage gain in dB takes the value: WlpdB(Bw5) = 23.01-dB

Grads ws = 0'191'Grads
sec sec

Low frequency voltage gain: Wlpp =26.021-dB (5= 0.01- Q5=92

The angular frequency for which WlpdB(w)=0dB is:

45

Wlpp - dB3gd =23.01

W5 = //4@52'(@52 - L*’52) + L*’54'( |As] )2 -2:057 + ws]

Grads
wsggo = 0.875: — Wlde(deBO) =0
]
If (5 = ws, the corresponding angular frequency for which WipdB(w)=0dBis:  wsqpq = ws-./ |As| =1
Grads Grads Grads -
=0.01- ws = 0.191- w = 0.875- WipdB(w =1.929x% 10
Cs - 5 - 5dBO - pdB(wsqpo)
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System modes.

Knowing the transfer function: Wlp(s) = 5
S + 2C5 S+ U)S

[¥] Modes calculation

modes = "Pseudoperiodics" Q5=92 (5.1.8.9)
Bode Plots
Asws” .
Wllp(s) =5 if 5 # wg (5.1.8.10)
S + ZCSS + w5
2
ASUJS .
otherwise
(S + ws)
T Grad
poles = (=0.01 +0.191j —0.01 — 0.191j)- o
sec
Grad
‘poleso‘ = 0.191'£
sec
Grad Grad
\/ |polesg| - [polesi| = 0.191- racs ws = 0.191 racs
sec sec
w
40-wg — ——
ws w5 > 1000
wi=—— ——+ —————— 40wy
1000 1000 1000

WipdB(ws) = 45.296 Wipp = 26.021-dB

Pick amplitude of the frequency response if Qs>0.5

rpeak := 20~10g[

|

2:¢s

Magnitude in dB

20- log(lwlp(j ‘W) | )

..... 20

0
1x10
w
Bw5 = 47.1-MHz fig.:5.1.8.1
Magnitude in dB
2-mBw5 W54B0

40
20- 1og( | Wip(i-w) | )

| |
| |
| |
| I
| |
| |
| |
| |
L L

I

Wipp 20

[*] Plots Control
Q 5= 9.2

47

0
1x10
w
fig.:5.1.8.1'
pick amplitude Wldepick = 45.309 Wlpp =26.021
Grads Grads
Wi = 0.19- ws = 0.191-
pick sec 5 sec

48




Magnitude in dB

40
20~10g(|Wlp(j~w)|)

Wpick

W5

[

Wlppde:; gd 20

0
1x10
w
fig.:5.1.8.1"
Grads Grads Mrads
w,ig = 0.19 we = 0.191- Wg — w.: o = 0.565-
pick sec 5 sec 5 pick sec
Wlpp_ 2-dB3gd = rpeak = 20-log ¢

Wipp = 2:dB3 g = 20

rpeak
Azw
20-log

= 45.296

> J = 45296

Phase in radians

lpoleso| [ |
T U
3 |
~ 2
3 'rr
N N R 1 A o S A ™
2
1
0 ‘
1x10° 1x107 1x10® 1x10° 1x10'° 1x10'!
w
fig.:5.1.8.2

Knowing the poles of the transfer function, it is immediate tosee the system stability:

Magnitude in dB

40
20-10g(|Wlp(j-u.>)|)

L\)S:d

Wipp~dB3gg 20

fig.:5.1.8.1"
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|stability =" System Exponentially Stable"
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5.2.1 Voltage step response - Analytical solution

ANALOG FILTER OUTPUT ANALYSIS

Step Function
””” My
For a signal definition refer to the file "Signal List.xmcd" 41073
Vpp' d(t) s
— 2x10
0 0
0 1x10°% 2x107 % 31078
t
fig.:5.2.1.1
AS = AS u)s = UJS
-3
Vpp = Vpp Vpp =5x10 "V
The evaluation is disabled because the result exceeds the page margins.

fig.:5.2.1 2 invlaplace, s '
As s Vpp simplify,, max
ysr(t) = ST plity, -
ST+ 20sstwsT S — (st
collect ,A5~Vpp €

i i Tiat = 0.016-ps. i i i
Chosen period of the test signal, Ty ps. At the corresponding frequency, the voltage gain of the filter is Step response:
20- log( ‘Wlp( iR wtest) ‘ ) = 16.455-dB. As seen the pulse response waveform is: define the function:

C sinh(t C 2 w 2) ¢

_ [[2 2 5 Vo5 s ~Gst
Waveform of the impulse response w(t) gsr(t,A5,C5,w5) T COSh(t. Cs s ) i 2 2 © -
4x10°- Cs —ws

gsr(t,AS,C5,w5)-‘1>(t) if (5 # ws L (5.2.1.1)
[ —tw

| l-e 5-(t~w5 + 1)—i~¢’(t) otherwise

Calculation of the initial and final values of the output:

210°

the output waveformis: [y, (t) = AS'Vpp'

Output
(=]

Initial value theorem: lim f(t) = lim (s-F(s)),
—2x10°

t—>0 s — 00
Final value theorem: lim f(t) = lim (s-F(s))

t > o s >0
Output's Initial value:
—ax10° A4
10 Inputsignal: ~ Vy(s) = —2 (5.2.12)
S
lim (s~v0(s)) = lim (s-W(s)-Vi(s)) = Vpp lim (W(s)
ﬁg522 S —> 0 S —> S —> 0
Grads
w(tx2) = =3.515- A=A = = = =
(6x2) sec 5 5 S=Ss a=a Ws5i=Ws G5 =G5
5.2ANALOG FILTER OUTPUT ANALYSIS

51

52




2
As’ws

Vpp' lim 5 = 0-volt
8§ > X | g +2~C5-s+w5
Output's final value:
\Y
Input signal: Vi(s) = _Pp
lim (s-VO(s)) = lim (s-W(s)-Vi(s)) = Vo lim (W(s)
s—>0 s—>0 s—>0
Asg=Ag si=s a=a Ww5:=w; C5:=2C5

[¥]- Graph's controls

2
A5~w5

Vpp' lim

s—>0 524'2'C5'S+'WS

N

1\5’\/pp if UOS *

0

undefined otherwise

II° order Low Pass Filter Step Response

0 1x10~ 2107 107
t
fig.:5.2.1.2
Mrad Mrad:
Cs = 10.373.—— ws = 190.863 ~——
sec sec
Vpp = SmV fs = 30.377-MHz Qs =92
Bode plots
Frequency Response
———f—f——ANr—-ﬁﬂi}—f
)

e 2008 Wiy oresdf)

1x10®

53

1x10'0

fig.:5.2.1.3

Phase Response

°:"5 """test
3 e Bl ek i e et Rkl k& |
s AT} C
5 | 2
! |
0 1
-1 1 1
1x10° 1x107 1x10° 1x10° 1x10'°
w
fig:5.2.1.4
At the chosen test frequency, the voltage gain assumes the following value:
A.'WS
20-log( | Wi (j-wiey)| ) = 16.455-dB 20-log )" 45.296-dB
Ag|-w
B
while for o=wmsgg, the voltage gainis 0dB, being: %CSCIO = 843.069
S5
20-log( | Wy (j-wsgpo)| ) = 0-dB
. Grads
Angular frequency for 0 dB Voltage gain: wgggo = 0.875-
sec
ki is defined in "global data" once forall. ~ k := ki
Sampling of the step response
Signal frequency: iy = 60.754-MHz,
arbitrary sampling frequency: fsstp = 10-fiogq » fsstp = 607.535-MHz  (5.2.1.3)
. Grads
sampling angular frequency: Wsmp = z'ﬂ'fsstp' Wsmp = 3.817- o
1
sampling period: TSstp =—_—, TSstp = 1.646-ns,
fsstp
generic pulse delay time: Tg = 0.4- Ty
k
sampling time step: nstpx := ——,  NOy,4q = 256 (5.2.14
f g
sstp
NO
d
£t = 128 (5.2.1.5)
fsstp
sampling time step:
vl 0 0 2 T 3 4 T s e ]




wp — 4 4 y

. . . . e
o] 0] 1646'103] 3.292:103| 4.938'103] 6.584'103| 8.23103] ]
2 Yar(t0) 52.16
NOgd— 56 ysrk .—T (5.2.1.6)
T = 0.033-ps T =5239% 107 s
Sampled Step Response
nstpg ¢
ps s
fig.:5.2.1.5
Mrad: Grad:
Cs = 10.373—— ws = 0.191.——
sec sec
Samples:
T
ysr = 0 1 2 3 4 5
0 0| -4.839-10-3 -0.019 -0.04 -0.066
sampling time step:
T
nstp = 0 1 2 3 4 s
0 0| 1.646'10-3| 3.292°103| 4.938:10-3
Fourier Transform of the test signal
f NO
1y d
fiest = 0061-GHz ~ —L =10 £ =256
test fistp Ttest
Fourier Transform: ~ Fy, := fft(ysr) (5.2.1.7)
L 0 1 2 3 4
Ysr
0 -1.595B-10-3-1.557j°10-3 p*10-3-3.171j:10-3 5 10-3-4.905j-10-3
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Magnitude spectrum

y 4

A

F 1|
[Pose 1
n |
0.5
0 i
0o x10% 210®  3xi10®
f

1]

o _SStP

Nogg

fig.:5.2.1.6

arg(Fysrk)
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N = O = N W A

Phase spectrum

0o 1x10®  2x10d
£

it

o _SStP

NO

gd
fig.:5.2.1.7

3x10
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5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.2 Short Voltage Pulse response

Description of the waveform's parameters:

Vpp

\%
VA(t,15, Tow, Vin )= VA(time, Rising Edge , Pulse Width, Dimensionless Amplitude).

Definition: Vi(t.T5. Ty Vi) = Vigreetl (6,75, 7y ), Vig = (5.2.2.1)

Pulse amplitude: Vpp =5mV Pulse width: Tow = T5-20 o

Pulse displacement from the origin: £ := 0.8, Tow = pr'(l - gsl) + gsl'pr’ (5.2.2.2)

W = 658.398-1s

Time delay from the origin: T, := f'rpw-(l - gsl) , risingedge= 75, width = Tow:

Generic pulse definition defined in "Fourier Series.xmcd":

Input signal defined in ""Test Signal.xmcd": VW(t) = V4(t,‘r5 »Tow ’Vpp) (5.2.2.3)

Consider a Short Voltage Pulse delayed 15 seconds: T5 = —0.132-ps T = 1.646-ns

sstp

4-pr

ti= *2'pr’*2'pr + 5000 " Z'pr

VW(TpW) =0 Input Waveform
0.006 7 T

0.004

Vw(®)
= 0.002

—1x1078 0 1x10~

t

6

fig.:5.2.2.1

Consider now the same signal repeated periodically, with period TVp =4 (pr +7Ts ), insucha way

that it is possible to calculate the bandwidth using the program BCSA defined in "Fourier Analysis.xmcd":

escription of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
CSAstands for ""Bandwidth Calculation and Signal Analysis"

Sbypg = BCSA[ Vyy.1tgq,50,0.0,2( Ty, + 75) | rtgg = 10% (5.2.2.4)

[+] Bandwidth Calculation

fiost = 0.061-GHz

Ei@gl bandwidth: vaO = 0.046~GH§

Averagevp0 = 2.5x 1073V | [RMSvp0 = 3.536 x 107V

Parsevalvpo =6.826x 10" 5V2 ‘

57

Sampling frequency: fsamp = > 2-f)
samp
Chosen sampling frequency (Nyquist rate): fsva = 2'va0 fsva = 0.091-GHz (5.2.2.5)
1
Tovp0 = 17— (5.2.2.6)
svp0
Nogd 1
Ngyp0 = K Tgypno+ T5 —— = 170.667
P P fsva Thest
— 3 . . '_
Vpp = 5% 1077V Pulse sampling:  uddy = Vw(nsvpok) (5.22.7)
Sampled Input
0.006
0.004
V()
uddi 0,002
L
0
Filter response:
Input signal: V() = V4(t’TS’pr’Vpp) = Vpp-rectl (t,'rs,'rpw) (5.2.2.9)
o Vy(t) = vpp-(qn(t— 75) - cb(t ~Tow ™~ 75)) (5.22.9)
67 T5's ef (1'5+pr)-
Laplace transform of the input signal: Vy(s) = Vpp' - (5.2.2.10
s S
v —TsS —Tow'S
Vy(s) = —2e ° -(1 e PV ) (5.2.2.11)
S

Laplace transform of the output signal: YVp(S) = W(s)-V4(s) where W(s)is the t. f.:

AY Azw 2
—Tg5'S —Thw 'S 5'W5
Yyps) = PR3 ~(1—e pw ) - if G #ws ,  (52.2.12)
S S +2'C5'S+UJ5
v Acwe’
—Ts'S —Tow:S :
ﬁ)-e 3 ~(1—e pw )A otherwise
S (S+LO5)
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1) First case: (5 # ws

Rewrite the Laplace transform of the response in this form:

o TS A5~w52 7(T5+TPW)'S A5-w52
Yyp(®) = Vi : Y :

§ sz+2-Q5-s+w52

PP $ sz+2-C5-s+w52
namely:

- Ts5's - (75+'r s
[~

2 e pW)'
Yyp() = VppyAsws™ - (5.2.2.13)

s~(s2 +2:Cqs+ wsz) s~(52 +2:C5s+ wsz)

1

s(s2 +2:C5s+ wsz)

andcall F(s) = (5.2.2.14)

~Tgs
[ —T5

=c O F(s)=L(f(t-
s-<52+2-C5.s+w52) ) : ( ( TS))

—<T5+T W)~s B "
and: ( 26 ’ N=e (75*7pw) ‘F(s) = L[f[t— (75 + pr)ﬂ
s +2:(55+ ws )

so that one can write as well:

results that:

T5+pr)'

Yyp(s) = Vpp~A5-w52-|:67 "SR (s) - ei( S~F(s)i| (5.2.2.15)

Now calculate the inverse Laplace transform of F(s):

callit =L (F)= L " :
s-(s2 +2:C5s+ w52>

invlaplace, s

! simplify, max —

s-(52+2~C5-s+w52) — (gt
collect,e

¢ sinh(t s wz) ¢
ssinh(t/Cs"—ws™ ) | st 1
results:  f1(t) = —cosh(t~/c52—w52)— e 41 — (5.2.2.16)
2 2
J G5 —ws Ws

—Tss —(T5+Tyw) s
The output is: va(s) = Vpp-A5~w52~[e 5 ‘F(s)—e (5 pw) ~F(S)J

whose inverse Laplace transform is:

Ylyp(D) = vpp~A5~w52~[f1(t - 75)~¢(t - 75) - fl[t - (75 + pr)}i’[t - (TS + pr)ﬂ‘ (5.2.2.17)

2) case: (5 = ws
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Rewrite the Laplace transform of the response in this form:

-T5S 2 —(T5+Tpwls 2
v Sy 57 Agwg o ( 5 PW) Ag ws (52218
wp(®) = Vppr ' 2 pp S ' 2 o
(S + UJS) (S + OJS)
- T5S - (TSM'pW)'S
ly: Yo (5) = Vo Ac-we| — _¢ (5.2.2.19)
namely: vp(s) pp A5°Ws 5 5 2.2,
s-(s+w5) s~(s+w5)
1
cal: G(s) = ——— (5.2.2.20)
s~(s + ws)
so that the first term of the second member can be also written:
—Tgs
e _ - T5'S _ B
— = -G(s) = Z(f(t 75))
s-(s + “"5)
While the second term is:
- (T5+pr)'s (
e _ - T5+pr)~S _
— = G(s) = L[1t= 75+ 7py) ]
s-(s + ""5)
The Laplace transform of the output can be written:
_ 2 [ —T5'8 - (T5+pr)'s —l
va(s) = Vpp-A5~w5 e -G(s)—e -G(s) (5.2.2.21)
To calculate the response, it is sufficient to know the inverse Laplace transform of G(s):
— 1 — 1 1
place : g1(H = L (Ges)= L -
s-(s + wS)
Calculation of the inverse Laplace transform of G(s):
s:=s G5 =G5
invlaplace, s
simplify , max
1 factor N
2
s(s+C — (st
( 5) collect,e >
1
collect,—2
Cs
—o & 1
so, the result is: o ¢ '(CS't + ) (52222
g () = ——————
Cs

Finally the inverse Laplace transform of the filter's output:

T 5+pr)- s

Y2yp(s) = Vpp'AS'wsz'[ei 69 - ei( ~G(S)]
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i ¥2,p(0) = VoprAg s g (1= 75)- ®(t-75) — 11 (75 + T ) ][t~ (5 + 7o) ] The functionreturms  three columns marix

pos. 0:  relative error,

As one can see, the two waveforms, according to which £.5=wsgg or not, are slightly different. pos. 1:  bandwidth (Dimensionless),
Grads Grads pos. 2:  the nth. harmonic number corresponding to the give relative error,
G5 = 0.01 ws = 0.191- pos. 3:  temporary variable,
see see pos. 4: Parseval,
Hence, the time response to the Short Voltage Pulse is: pos.5: signal average,
- .6: signal rms.
Ypulse( = | Ylyp(®) if 5 # ws (5.2.2.23) pos. 6 sighalrms
yzvp(t) otherwise The second column contains the coefficients ay of the Fourier series,

the third column contains the coefficients by of the Fourier series.
Taking into account the op. amp. saturation voltage, the output is truncated:

Ywsat(V) = if(7\/sat < Ypulse() = Vsat’ypulse(t)’if(ypulse(t) < O'O'VO]thsat’Vsat)) 5 g x ! o5 2 5 : 5
[¥] Graph controls 1 4.557°107| -4.089:10-3 -0.068 0
6Tpw 2 49| 3.963'104| 3.563:1073 0
ywsat(pr + 75) =-0.1V t:= —4~‘rpw,—4-'rpw + 10000 2~‘rpW AS'Vpp = —-100-mV 3 0.016 4.133-10-3 -0.027 0
4 0.029| -4.227-103| 5.013-104 0
Grads Grads _ __ 5 -0.048| 4.624'103| -9.135-1073 0
Gs = 0.01- sec Ws = 0191'? Vaar =713V 6 0.074| -8.128104| -2.27310-3 0
Sbyp =[7 0| 2742104[ -5961'103 0
Output Waveforms With and Without OPAMP Saturation 8 0 4.068'10-4| -1.766°103 0
9 0| -1.79-103| -4.287°103 0
%; 10 0| 1.823103| -9.847:104 0
= 11 0| -3.412-103| -5.384-103 0
g 12 0| 2113-103| 5.582:104 0
H 13 0| -3.12:103| -6.996:103 0
g 14 0| 1.494-10-3 1.815°10-3 0
15 0| -1.652-103| -8.033'103

7

0 5x10°
[¥]-Bandwidth Calculation

t

time as multiple of T

fig:5223 Bignal bandwidth:__][B., = 0.046-GIiJ frogt = 0.061-GHz

Parseval, ) = 0.029V? ‘ [Average,, = -0.048V | RMS,,,, = 0.074V
ywsat(t)
i i = . 1
Dimensionless Output vp(d) : v Sampling frequency: fsamp = —— >2f)
. samp
Analog filter Output sampling. )
Consider now the same signal repeated periodically, with period ”1‘:"“13’ =2 (pr +T5 ), insucha way Chosen sampling frequency: fsvp =2 va fsvp = 0.091-GHz

that it is possible to calculate the bandwidth using BCSA:

— NOgq 1 k
escription of the program's parameters: ——— = 170.667 TSVp =— Ngyp, = 7+ 75 (5.2.2.25)
BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period) fsvp Thest fsvp k fsvp
CSAstands for "Bandwidth Calculation and Signal Analysis"

Output sampling considering Op Amp saturation:
(5.2.2.24)

— .0 — .
rtgq = 10-% Sbyy, == BCSA(Vp,rtgq.50,0.0-sec, Ty ) Vo = VP(“svpk) (5.2.2.26)

Output sampling without considering Op Amp saturation:
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ypulse(“svpk)
ywing = —M= (5.2.2.27)
volt

NOgq =256 Q5=92 As=-20

Dimensionless output sampling considering Op Amp saturation:

ywsat(nsvpk)
A5V —100-mV ywingg = ———— -V

P volt sat =~V (5.2.2.28)

Sampling Of The Output Waveform With And Without OPAMP Saturation

0.1 i 7
s TPW+T5

“ il
2 0 : ‘ : ‘ H‘H‘H‘um L
§ ywinsg | 1 ‘
5L i 1
= 1 |
= | [
o S | E— arr - B B R ngat("pw” S)

-0.2897 —0.1152  0.0593 0.2337 0.4082 0.5827 0.7572 0.9316 1.1061

svp,
ps

time as multiple of T

fig.:5.2.2.4

5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.3 Sawtooth response

Vlsw(t’Ttest’vpp’NO d)

Input signal defined in "Test Signal.xmcd"': sz(t) = (5.2.3.)

volt

V. =5x10°°V

op Tiest = 16.46-ns

Bipolar Sawtooth Waveform with positive slope

5x10~
vlsw(t Trest Vpp> NOgd)
0
—5x10

fig:5.2.3.1 s

For a correct sampling one must know the signal bandwidth.
Numerical search of the signal bandwidth. All harmonics with amplitude less than rtgd = 10-% of the fundamental

one, are neglected . To do that it is used the function BCSA(...) defined in "Fourier Series.xmcd".
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escription of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
CSAstands for "Bandwidth Calculation and Signal Analysis”

Ngg = 50 Sbgy, == BCSA(V 0.0-sec, 4 Tyogy) (5.23.2)

sw’ngd’Ngd’

[*] Bandwidth Calculation
The function returns a three columns matrix.
The first column contains:
pos. 0:  relative error,
pos. 1:  bandwidth (Dimensionless),
pos. 2:  the nth. harmonic number corresponding to the give relative error,
pos. 3: temporary variable,
pos. 4:  Parseval,
pos.5: signal average,
pos. 6:  signal rms.

The second column contains the coefficients a, of the Fourier series,
the third column contains the coefficients by of the Fourier series.

0 1 2 3 4 5
0 0.1 0 0 0
1 7.29108 0| 3.736°104 0
2 49 0| -5.878'105 0
3| 3.736104 0| -3.736'104 0
4| 3.419:105 0| -3.064103 0
Sbow =[5 0 0| 3736104 0
6| 2754103 0| -1.818'104 0
7 0 0| -3.736'104 0
8 0 0| -1.342:103 0
9 0 0| 3.736'104 0
10 0 0| -3.242'104 0
11 0 0| -3.736'104
- (1 _ )
ftgq = 10:% cffaSbg,, = Sbgy, cffbShgy, := Sbgy,
ffaSh._ | = o1 |2]3]4]s
CITa sw
ol ol ol of o] o
fbSh. | = 0 1 2 3 4 5 6
¢ swoo
0 0| 3.736'104| -5.878'105| -3.736:104| -3.064'10-3| 3.736'104| -1.818:10-4
(Sbsw<0>) (o (o (o
. 1 _— 0 B 0 _ 0
Bw =—"—"" Jsw = (SbSW ) Xtempgy, = (Sb ) Parsevalg,, = (SbSW )
sec 2 4
1 = .
foom— Tiegr = 0.016-ps Averagel = (Sb <°>) RMSI = (Sbsw<0>)
Ttest 5 6
. —4
fgw = 60.754-MHz Jsw =49 Xtempgy,, = 3.736 x 10
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[+] Bandwidth Calculation

Signal frequency: fg, = 60.754-MHz Wey = 2By Signal bandwidth:
B, = 0.729-GH7
Parsevalg,, = 3.419x 10> | [Averagel-volt = 0V | |RMS1-volt =2754x10 2V |

n
j70 == 0.. rows(Sb -1 Tiest = 16.46-1s

o {3 )+ s,
j [( Sbg <1>)JSWT N [(SbSWQ))jSWT

11‘1XSWfs =

XSWfS
Mrads
= 381.726-
W sec
Sawtooth Frequency Spectrum
1 T N T
'sw Jsw i Wsw
0.8 ! 1
0.6 | |
0.4
S U A O B mmE -1 h 7|-‘ A T XSW
o 1 o s
1x10 1x10° 1x10° 1x10'° 1x10'!
fig:5.2.3.2
(Min) sampling frequency (Nyquist rate): fiow = 2:Bg fogw = 1.458-GHz Ty = 1
SSW
L k
sampling time step: Ngy = —— (5.2.3.3)
k SSW
NO
1 d 1
rows(ngyy) = 256 —— = 60.754-MHz e~ 10667
Trest fssw Ttest
<3 conal- o
RMSI = 2.754 x 10 Sampled signal: ~ ul0j := vlsw(nswk,Ttest,Vpp,NOgd) (5234
65

Sampling of the Input Waveform

Sx107 S T] est——————————Vgp
ul0 I . of10
L Ll
Vw(V) 0 Y_ﬁ‘ K
Rors1 Wl” ; WW :
- i {
_3 o
—5x10
0 1x10 8 2x10 8 3x10 8
t
nswk
fig.:5.2.3.3
Approximate signal reconstruction according to the Shannon sampling theorem:
NOgg-1
U2 =3By a3 =) Y (ulOwsine(wgyt-n)) (5.23.5)
n=0

NOgg—1 =255

Rebuilt Input Waveform Compared with the Original One

0 4.115><10_§.23><10_3 0.0123  0.0165  0.0206  0.0247  0.0288  0.0329

t

us
fig.:5.2.3.4
Search of the filter's transient response
Given the signal:
]
Vg (t Ttest’vpp Tt . Z |: Trest reCt](tfk'Ttest’O'O'Ttest’Ttest)J7vpp
es
o (5.2.3.6)
Vpp 20
st(t Ttest’Vpp) z Tiest Z ( thest) q>( thest) _Vpp
SU=0 |+ D[tk Tiog) B[t~ Tyege (k+ D]
RMSI = 2.754x 10" ° (5.23.7)
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rtgg = 10-%



RMS of the Sawtooth Waveform

5%10
Vlgwo (t s Tiests Vpp)
RMS1
—5x10

[¥] Laplace Transform calculation of the Output Signal .

Hence, the compact laplace transform of the (21) is:

PP L1 T STtest - ’
e e U A R YR iy

£ (150(t e Vo) =

T s|s
test k=0
or
A% TiaatS
pp 2 test
L (V1gw(t Tyest- Vpp)) = - [T - —coth{ > j (5.2.3.10)
test
Search of the corresponding output waveform of the filter.
Given the transfer function: Win(s) = 5 if (5# ws (5.2.3.11)
S + 2C5S + u)5
2
ws
Ag————— otherwise
(S + WS)
the Laplace transform of the filter's output is: V g, (s) = Wlp( 5)- &L (vlsw(t > Thests Vpp))

2
V. Asw Tiagrs
. pp 55 1 2 test
Firstcase|(c # w A% = - — coth 523.12
s +2:C58 + ws test
2
V. -Asw Tiacts
pp 5SS 1 2 test
Second case (s = wq \% = - — coth 5.2.3.13
e et o 52
s+w5) test
Now apply the following theorems:
Initial value theorem: lim f(t) = lim (s-F(s)),
t—>0 s — 00
Final value theorem: lim f(t) = lim (s-F(s))

t > oo s >0

Tiest = Ttest w5 = Ws Cs:=C5 Ag:=Ag Vpp = Vpp s:=s

Final value of the output voltage:

CS * (.\)5
67

Tiact'S
test
2 |2 —T,.4scoth
Vpp'AS"*’S ( test ( ) D

assume, (Ttest > 0.0)

it results that: Vofin

Transient response calculation:
As seen, the filter output is:

\% = lim -
ofin . .
-0 Trest 52-(52 +2:C5s+ wsz) simplify
(5 = ws
TiactS
test
2 | 2 =T, scoth
o Vpp A5-w5 [ test ( 5 D assume,(Ttest > 0.0)
Voﬁnl T lim T ’ 2 2 . .
s—>0 test s ~(s + wS) simplify
Initial value of the output voltage:
Ttest = Ttest UJS = WS AS = A5 Vpp = Vpp
Cs * UJS
M | |
2 | 2 = T;,oss-coth Trest's

) Vpp A5-w5 test D) assume,(Ttest > 0.0)
lim . ) ] —
§ > 00 Trest 52-(52 +2:C5s+ w52) simplify

Cs = ws

q 1
2 — T, s coth Trest's
i Vpp A5 “"5 test’ ) assume,(Ttest > 0.0)
im o —
s — 00 Tiest sz~(s + w5)2 simplify
=0V

-0

TiactS
test
2 — T, scoth ——
. pp A5 lJJS 1 test [ 2 j
Firstcase (5 # ws: Voow(t) = :
oswW T 2(2 2
test s+ 255+ wg
Tiact'S
test
2 — T, s-coth
_ pp A5 UJS -1 test [ J
Second case (5 = ws;: Vo (1) = Z
osw Tt ¢ 2 2
es s -(s + WS)
V. Acwe
A5Ws _4 V
PP - 2213x 10742
Ttest n53

(5.2.3.14)

(5.2.3.15)

[¥] Calculation of the Sawtooth time response

First case C5 # ws:
Rewrite the laplace transform of the input signal (sawtooth)
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V (o]
= pp
Vgwo(t Trest Vpp) = Z.Tt. Z (1 =k Tiog) ®(t — Kk Tyegy) - -V
es
k=0 |+ (71)-[(t - k-Ttest)@[t ~ Tiesr(k + 1)]]
as anendless sum :
~ Thest's
Voo | kTl 1-¢ -(T -s+1) \Y%
= pp test test jusl
L (Vigw(t Trest: Vpp)) = 2 Z e : -
test e s
k=0
The laplace transform of the output is:
2 ~ Trest's 0
v = Vpp'AS'wS . 2 . 1-e '(Ttest's+ 1). Z efk'Ttest'si l
0sW
s +2~Q5-s+w52 Tiest §* K=o s
multiplying the factors of the previous relation one obtains:
~ Test's
o0
—kTews| 1—¢ (Tiests + 1
Vosw(®) = V- Ag-ws - e (s + 1)
osSw pp Tt " 2 2 ) 2
est =0 s +2:(55+ ws
-1
* 2 2
s-(s +2:C5s+ wg )
~ Thest's
o _ 1-e (Tyeses + 1)
To simplify the calculation expand the argument of the sum: as follows:

sz-(s2 +2:C5s + ws )

—Tiaets
test
1 Teste

sz(s2 +2:C5s+ wsz) s(s2 +2:C5s+ wsz) s2~(s2 +2:C5s+ w52)

and rewrite the Laplace transform of the output:

~ Trest's
&

2 [ —kTes| 1 ]
_ 2 % test”
Vosw(®) = VpprAsws ™| —— Z e =73 ~ -
test T s 8T +2: (58t wg
~ Thests
~Tiest©
s(s2 +2:C5s+ wsz)
~ Tiests
—e
* 2(2 2
s -(s +2:C5s+ wg )
-1 -
* 2 2
i s~(s +2~C5-s+w5) ]

Since the Laplace transform is linear, proceed in this way:
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— ke Tiegys
c

-1
1) Inverse Laplace transform calculation of the first term of the sum &z

52(52 +2:Cgs+ w52)

1 invlaplace, s

’Vsz-(sz +2:Cgss+ wszﬂ

L —
simplify, max

Cs # ws
glsw(p) := s "_t(cs+m) _ e[t-(@—csﬂ (1)
z! s2-(s2+z-;-s+w52) = glsw()
o o FTtests
&z s2-(52+2~C5'S+w52) = glsw(t—k Teg)

= (k+1)-Tyege's
Tiest®

s-(s2 +2:Cys+ wsz)

eics.t' stmh(t Csz—WSZ)

+ cosh(t-/QSZ - wsz)‘/gsz - w52

-1
2) Inverse Laplace transform calculation of the second term of the sum %

g—l 1 -

1
— |1-
s-(s2+2-C5-s+w52) w52 /C52—w52
CS ES UJS
. 2 2
1 Q5~smh(t~ CS —U)S ) ,C -t
@sw() = — 1- cosh(t- ¢ - wsz) + e e

[[2 2

wS CS - ws

1
= g2sw(t)
s-(s2 +2:C5s+ wszﬂ

— (k1) Tyege's |
Tiest®

s-(s2 +2:Cgs+ wsz)
70

o

&

= g25w|:t —(k+ 1)'Ttest]




3) Inverse Laplace transform calculation of the third term of the sum:

= Tegt s (k+1)
e

e

73 | = glsw[t= (k+ 1) Ty
S (s +2:C58+ wg )

1

-1
4) Inverse Laplace transform calculation of the fourth term of the sum &

—1 1
&z > N 22sw(t
s(s +2:C58+ ws )

The resulting output, calculated for (5 # ws:,is

oo

2
Veggw(®) = Vo Agws™ = > [alsw(i-k Tygg) -
test 70 | + (-1 )-Ttest-gZSWI:t —(k+ 1)-Ttest]

+—1-glsw|:t* (k+ 1)'Ttest]

+—1-g2sw(t)
2 6 mV
us
For the first 20 terms, gives:
20
2

@ glsw(t—k-TteSt)
k=0 | +(-1) Tyeqre2sw[t=(k+ 1) Ty -
+-lglswlt=(k+ 1) Tiey|
+(=g2sw ()

2
VlOSW(t) = VppAst .

Second case (5 = ws.

Laplace transform of the output:

2
AswsT | o

v © Vpp > . . -
s) =/ —- e . _—
T (svws)? | Teest 2 2

multiplying the factors of the previous relation one obtains:

71

s-(s2 +2:Css + w52) I

~ Teests

2 i — k- Tiegt's l-e ’(Ttest'5+1)
. e .

k=0 s2~(s+w5)2

the Laplace transform of the output is:
oo [ kTigs
= 2| 2
V205w(8) = VpprAsws | - Z -
test = | s (s+ ws)
=~ Tiegt (k+1)-s
“Treste
+

S'(S + UJS)Z
= Tiest (kt1)-s
—e
+

Sz'(S + w5)2
_ 1t
S'(S + w5)2

Since the Laplace transform is linear, proceed in this way:

+

~k Tiegt's
[ (s + ws)?]

—twg —twg
2-e +t'b.)5+t'u)5'e -2

1) Inverse Laplace transform calculation of the first term of the sum

invlaplace, s

1 simplify, max
|:52-(s + ""5)2] factor w53
—tw
collect, e
—tw
(t-w5+2)-e 5+t-w5—2
flsw(t) := 3 @ (1)
ws

z! % = flsw(t)

Sz'(S + ws)

4 e_ Kk Tiegys
< m = flsw(t—k~TteSt)
’ 5

= Tegt (k+1)-s

2) Inverse Laplace transform calculation of the second term of the sum 5
s ( s+ “"5)
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1 1 t%ds +1 —tw 1
0% { }: S L

-1 1
&z |:S(S+W5)2:| = 2sw(t)

B e—(k+1)»thst-s
&z W = 25w t— (k+ 1) Ty

= Tiegrt(k+1)-s
3) Inverse Laplace transform calculation of the third term of the sum 5 3
s -(s + ws)

. = (k+1)-Tyoqt's
— €

L | = st (e 1) Ty
N -(S+ ws)

4) Inverse Laplace transform calculation of the third term of the sum 5
S ~(s + ws)

—1 1
L ————— | = flsw(t

(s ws)?

(5= w3

21 2
ogw(V) 1= VppAsws | — flsw(t =k Tyegy) -

NS0 |+ (1) Tiege2sw] t= (k+ 1) Tyege] -

=L Alsw t= (k+ 1) Tag|
+(=1)-f2sw(1)
2 -3V
VppAsws” = -3.643x 10" —
ns
For a limited sum (k=0...10), the output is:
) 10
2
Vosw(®) = VpprAsws ™| - flsw(t—k Tyeg)
U K=0 |+ (1) Tyggp 25w t= (k + 1) Tyege] -
+ (D flswlt= (k+ 1) Ty |
+(—1)-2sw(t)

73

T
test -3
VZOSW(loj =3.732x10 °V

Vosw(D) = | Vlpgw(® if (5 # wg

V2,ew(t) otherwise

Mrad Mrad
Cs = 10373 —— ws = 190.863 ~——
sec sec

[&] Calculation of the Sawtooth time response

2O'Ttest - O'Ttest
1000

Ngd = 50

ti= 0-Tyogs 0 Tregt + 220 Tyegt Ag =20

Sawtooth Response Waveform

0 206 41.1 617 823 1029 1234 144 164.6
t

ﬁg.:S.fT.sjﬁ
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Convolution:
The second method is to calculate the time domain convolution product between the signal and the impulse response.

Sawtooth function. The number of sawtooth is limited to forty one. The functionrect! is defined in "Signal list.xmed".

2.V 40
. pp
1 () = —— Z [(t= ke Tyegy) rect] (t.k Tieg. Tregt) | = Vpp (5.23.16)
test
k=0
t t
Convolution: Vosw(® = J Vew(T)w(t-T)dr = J Vw(t=T)w(T)dr
0 0
t
Output: Vosweonv(D = { w(t—o)-fsl (o) do (5.2.3.17)
0
5Tg+ 1-Tieqt
ti=—1-T =Tyt —————— 5T
test test 100 5
6x107°
fs1(t) 21073 Vosweony(V)
A 4l Vi (t
_S‘_’V() _ox107 3k Yow®
—6x107° e s — _
0 0% 4x10”8 —5x10 0 5%10 1x10 1.5x10
t t
fig.:5.2.3.7 fig.:5.2.3.8

Now the output signal will be sampled. To do that correctly, one must know the signal bandwidth. The following program
(BCSA) will do that calculation.

. . . Vosw(?)
Dimensionless output signal: Vosw® = v (5.2.3.18)
escription of the program's parameters:
BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
CS A stands for "Bandwidth Calculation and Signal Analysis”
Ngg =50 Sbosw = BCSA( Vg Tteq-Ngg. 0-0-see, Tyog) (5.2.3.19)

7

The second column contains the coefficients a; of the Fourier series,

[*] Bandwidth Calculation
The function returns a three columns matrix.
The first column contains:

pos. 0:  relative error,

pos. 1:  bandwidth (Dimensionless),

pos. 2:  the nth. harmonic number corresponding to the give relative error,
pos. 3: temporary variable,

pos.4: Parseval,

pos.5: signal average,

pos. 6:  signal rms.
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the third column contains the coefficients by, of the Fourier series.
0 1 2 3
0 0.1 0.075 0 0
1 2.855-10° -0.026 -0.018 0
2 48| -5.019:10-3 -1.51510-3 0
3 6.708:104| -2.137:10-3 -2.7°104 0
4 0.011 -1.185°10-3 -1.667:10-5 0
5 0.037| -7.532°104 5.435'10-5 0
6 0.044| -5.212:104 7.568:10-5 0
Sbosw = [ 7 0| -3.821-104| 8.051'10° 0
8 0| -2.921-10% 7.93:10-5 0
9 0| -2.306'104 7.587:10-5 0
10 0 8.646°10-5 7.175:10-5 0
11 0| -1.542-104 6.755'10-5 0
12 0| -1.295'104 6.354'10-5 0
13 0| -1.103:104 5.981:10-5 0
14 0 -9.52:10-5 5.642:10-5 0
15 0| -8.314'10°5 5.36°10-5
g = 10:% cffaSby, = Sbyg " cffbSbyg,, = Sbygy
cffaSbyg,, = 0 ! 2 3 4
0 0.075 -0.026 -5.019°10-3 -2.137°10-3
T _ 0 1 2 3 4
cfSPosuy 0 0 -0.018| -1515103|  -2.7-10
(Sbosw<0>) I (o) (o)
Bosw = Josw = (SbOSW ) Xtempggy, = (SbOSW ) Parseval g
sec 2 3
f = ! T =0.016-ps Averagelo = (Sb <0>) RMSlo = (Sb
0SW Trest test osw )5
fogw = 60.754-MHz Josw = 48 Xtemp,g,, = 6.708 x 10~
[=] Bandwidth Calculation
Outputsignal frequency: fq,, = 60.754-MHz

Output signal pulsation: wqgy, =

Parsevalosw =0.011 |

j70 :=0.. rows(Sb

21 fogw

Output signal bandwidth: B ¢, = 2.855-GHz

|Averagelo~volt = 0.037V |

[RMS1o-volt = 0.044V

<1>) B

osw

1
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Ttest = 16.46-ns




XsWegg = max|:j(Sbosw<1>)2 + (Sbosw<2>)2:|

j [( Sb05w<1>)j0SWT + [(SbOSW@)J_OgWT

XswfSO

mxswfso =

Mrad
Wogy = 381.726———

sec

Output Frequency Spectrum (in black) Compared with the Input (red)

1 T —
Wsw ‘ JswiWsw

0.8 ; ‘ |
0.6 | | |
0.4
02f i Lidh ——

o ¢ [§- Ll XS
1x10 110 1x10° 1x10'° 1x10'!

¢ Output
L Input
fig.:5.2.3.9
. . . 1
(Min) sampling frequency (Nyquist rate): fsswo = 2'Bog fiswo = 5-711-GHz Togwo = —
SSWO
. k
sampling time step: Ngwo, = T (5.2.3.20)
k foswo
Tiest = 164605 rows(ngyo) =256 |As V| =01V
= 60.754-MHz Nogd 1 _ .00
Thest f T..
Sswo - test
VOSWk 1= Vosw(nswok) (5.2.3.21)

Sampled Output Voltage Compared wit the Input Waveform

S 0 il
voswk L | ,,,L,‘J,‘J,‘,‘,,‘J,‘,‘,‘,,‘IP?‘,‘,‘,,‘J,‘,‘,‘,‘,,‘J,‘,‘,‘,,‘J,‘ ,,,,,,,
L i 1 0
Wiy |
—-0.1 1 :
0 4.1 8.2 12.3 16.5 20.6 24.7 28.8 32.9
5wy &

)

ns ns
fig.:5.2.3.10

7

Approximate output signal reconstruction according to the Shannon sampling theorem:

NOgg-1
Wgpg = 2By sh3o(t) = Z (voswn-sinc(wszo~t— n~‘rr)) (5.2.3.22)
n=0
NO, 4—1=255
ed rtyq = 10:%
Rebuilt Input Waveform Compared with the Original One
0.1
0.05
sh3o(t)
0
Vosw(D)
== -005
-0.1
t
ns
fig.:5.2.3.11
Fourier Transform of the Test signal
f. NO
d
fiest = 0.061-GHz S — 04 £ = 2723
f, f T
test sswo  test
Osw := fft(vosw) (5.2.3.23)
Magnitude spectrum Phase spectrum
Y E—— x| [Osw] |
|Oswy| 0.2
L
0.1
ol
0 1x100  2x10° 5 5
£ 0 1x10 2x10
. SSwo c
NOgd k- SSWo
fig.:48 NOgq
fig.:49
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5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.4 Bipolar Square Wave response.

Signal Bandwidth calculation using the Fourier series' harmonics. Are excluded all harmonics with amplitude less than
Ttgg = 10-% of the fundamental.

Vsqw(t’ Trest> Vpp »NO d)
Vpp =5mV Vsqwb(t) = —n (5.2.4.1)
—8
Tiest = 1.646x 10 s
Signal bandwidth:
Description of the program's parameters:
BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
BCSAstands for "Bandwidth Calculation and Signal Analysis"
rtgg = 10:%  Sbygy, = BCSA(Vqyh-Tigd: 50,0.0-sec, Tyegy) (5242)

[¥] Bandwidth Calculation

The function returns a three columns matrix.

The first column contains:

pos. 0:  relative error,

pos. 1:  bandwidth (Dimensionless),

pos. 2:  the nth. harmonic number corresponding to the give relative error,
pos.3: temporary variable,

pos.4: Parseval,

pos. 5:  signal average,

pos. 6:  signal rms.

The second column contains the coefficients a, of the Fourier series,
the third column contains the coefficients by of the Fourier series.

Signal bandwidth: Bsqw = 2.916-GH7

Average2 = 0V

[RMS2 = 2754 1072V

Parsevalg,p, = 1.34 x 10 4v?

sqw!
ling f ist rate): : Girads 5243
sampling frequency (Nyquist rate): fssqw = 2-Bsqw fssqw = 5.832. oo (5.2.43)
k 1

nSqwk = . Tssqw = . (5.2.4.4)

ssqw SsqQW

. NO

SqWk 1= Vsqwb(nsqwk) —ed L o667 (5245

fssqw test

79

Sampled Input

|\I 1< )'

‘I\Il \I I\ I\ ||| |||
Vsqw(t’Ttest’Vpp’NOgd 0. 0028 ffffffffffffffff RMS2
sqwi
L \ \ \ |I
o ~0.0028
123 165 206 247 288 329

4.1 8.2

¢ sawg

>

ns

fig.:5.2.4.1

Approximate signal reconstruction according to the Shannon sampling theorem:
NOgg-1
Wggq = 2+ Bsqw sh4(t) := z (sqwn~ sinc(ws4~t - 1’1'7\')) (5.2.4.0)
n=0
5 Thegt = 0-Tregt

t:= 0-Tyegrs 0-Tregr + 1000 3 Thegt rtgd =10-%

Rebuilt Waveform Compared to the Original One

5107 Pr— ‘
S
lsfv (t s Ttests Vpp» Nogd) o———f4————
—5¢10~ 3
0 62 123

fig.:5.2.4.2

Output calculation using the Laplace transform of the input and the filter's transfer function.

A% Tiect's
_ 'pp test
Input L.t =g(Vi(t,TteSt,\/pp)) = T-tanh(Tj (5247)

Firstcase (5 # ws:

Output inverse L. t..:

2
v Tests)  Agw
—1 test 55
Vopt) = & ﬁmanh( = j - - (5.2.48)
$ S +2'C5'S+£&)5

Second case (5 = ws:

2

Vv T s\ Azw

. — 1 test’ 5%5
Outputinverse L.t.: V()= & PPia h[ e ]— (5.2.4.9)

(s+w5)2
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Output final value:

Firstcase (5 # wsg:

Second case (5 = ws:

2
Agw
55
-0

V.. P
test
lim PP -tanh( e )

s—>0 § sz+2-C5~s+w52

-0

lim

2

V_ s Tinet'S) Asw

juy) ‘tanh( test j 55
s—>0

§ (s+ ws)z

How to calculate the Laplace transform of the input signal:

Filter's output signal

Firstcase (5 # ws:

Second case (5 = ws:

Shift theorem L (f(t—a)) = e > “F(s)

v Nad [ 2l }
—Kk-TyoerS 5 ltest’ — (k+1)-Tyuess
P test 2 test
Vi(s) = —- e +e 5.2.4.10
== (52.4.10)
k=0
- F(s)
ft-kT)|= —2
&z Z ( ) ——
k=0 —¢
calculation:
Agws®
Vo(®) = Vi(s)— 5 (5.2.4.11)
s + ZCSS + UJS
Agws®
Vol(s) = Vi(s}i2 (5.2.4.12)
(S + (.05)

First case (5 # ws.

[*] First case: Output calculation

To simplify the calculation of the inverse Laplace transform it is used the following form of the output:

2-k+1

Ngd s
g [ k- Tiest's 7 Ttest's —(k+1)-Ttest~s:|
. e -2 +e

2
Agws

V() = Vpp'

2

s2 + 2-@5-s + w52

s.(s2 +2:C5s+ wsz) k=0

invlaplace, s

simplify , max

. [ 2 2) ~t€s
2 7\ —tls C5~smh(t- G5 —ws )-e
- —Ag cosh(t- /CS - Wwg )-e + -1
2 2
NSRS

@ | —

collect ,A5

_C‘ .t
collect, e 3
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2
Asw
-1 55 1
£ — =A5.
S

52 + 2CSS + (JJ52

[&] First case: Output calculation

Once defined the function:

—e C5'1. cosh(t- C52 - wsz) + CS'Sin;(:/EZWSZ) ‘(1) (5.24.13)
Cs"—ws

—_

flgq(®) = As-

the output is given by the sum:

R 2k+1
Vo (0 = Vp Z flgq(t =K Tiegt) = 2-flsq(t - Tmtest) + flgg[t=(k+ 1)~Ttestﬂ
k=0 ~
(5.2.4.13)
Second case (5 = ws:
[*] Second case:Output calculation
2 [N 2-k+1
AsWs 2y —kTyegt's - T.TteSt.s — (k1) Tyeg-s
V()= V- . e -2e +e
o pp 2
s-(s + ‘*’5) k=0
invlaplace, s
2
Asws™ 1 |simplify, max - tw;s —tw 3\
72‘7 *)—As'ke +t‘(.05'e —1)
(s + wS) s |collect,Ag
,C -t
collect, e 3
Asoss | T 7
~1 55 —tw
L =22 = Ag1-e (14tws)|
s-(s + w5)
[*] Second case:Output calculation
[ rws 7
2q(0 = Ag| 1 e 4(1 +t~w5) &0 (5.2.4.14)

N
ed
2.k+1
Voo (0 = Vpr Z |:f28q(t— ke Tiegy) - 24f25q(t— — ~Ttest) + 2t (ke + 1)~Ttestﬂ
k=0

Grads L = 0.061-GHz

C5 = 0.01-
sec test
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(5.2.4.15)



Output signal

Vosqw(t) = V1O if G5 # wg

Voo (D) otherwise

T
test
VoSqW[wj = -0.097V

Graph of the bipolar Square Wave response considering the Op Amp saturation:

Vosqw(® = 1 (Vg £ Vogqu () < Var, Vogqy (0,1 (Vogqy (0 < 0.0-volt, =V, V)

-02

Ag=-20 Tiest = 16.46-1s
Bipolar Square Wave response.
Transient Output Waveform

0.2
Vosqw(t) 0.1
VSqW(t’ Ttest> Vpp- Nogd) 0 ‘
- \
0-vV |
——-- -0.1 ;

0 82 165 247 329 41.1 494 576 658

t

ns

fig.:5.2.4.3

vosqwyg = Vosqw(nsqwk)

Approximate output signal reconstruction according to the Shannon sampling theorem:

NOgg-1

Wg5 = 2~7T~Bsqw sh5(t) := Z (vosqwn~sinc(w55~t—n~7'\'))
n=0

83

(5.2.4.16)

(5.2.4.17)

frogt = 0.061-GHz

(5.2.4.18)

(5.2.4.19)

rtgg = 10-%

Reconstructed Waveform Compared To the Output One

0.2
LS(O 0.1
Vogqw(®
3-

-0.2 ’
0 41 82 123 165 20.6 247 288 329 37 41.1 453 494

t

fig:5.2.45
voptk =V n (5.2.4.20)
Plk osqw( sqwk)
Approximate reconstruction of the output signal (with Op Amp saturation) according to the
Shannon sampling theorem:
NOgg-1
Hes, = Z'ﬂ'Bsqw She( = Z (voptn-sinc(wss-t— n~7r)) (5.2.4.21)
n=0
Reconstructed Waveform Compared To the Output One
0.2
sh5(t) 0.1
Vosqw(t) 0
OV o
-02
0 34 69 103 137 17.1 206 24 274 309 343 37.7 4l1.1
L
ns
fig.:5.2.4.6
Nogd 1
—— = 2.667 Opt = fft(vopt) (5.2.422)
fssqw test
Magnitude spectrum Phase spectrum
st ﬁfa’X{IlO—btﬂ :est
0.4 2
Optk
ll | - frg(Optk) 0]||||||||||||||Illlllllllmnm...‘..ﬁ
-2
[V !
0 1x10° 210 -4 5 5
£ 0 1x10 2x10
_ssqw £
Nogq o 55qW
fig:5.2.4.7 NOgq
fig.:5.2.4.8
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Convolution:

The second method is to calculate the time domain convolution product between the signal and the impulse response:

4 Tiegt + 1 Teegt

ti= — L Tyegp, =1 Tyegt + 100 A Teegt
t
Vosqeonv(t) = J W(t=0)Vgqu (T Tiess Vpp:NOgq) do (5.2.4.23)
0
0.2 :0
0.1 i
Vosqconv(t) |
Vsqwb (D i
-0.1 i
-02 1
21078 1461077 2.202x107% 4.438x107 % 6.584x1078
t
fig.:5.2.4.9
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5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.5 (single tone) AM Signal response.

w w
c 1 1 mam
Al :=10-volt  w = 1-Weeet fo= ﬁ T = ?C Wham = ;ws fham = -
Bl = 5.5-volt
AMsignal:  v2;(t,wlp, Wl AlBI) = Al-cos(wl 1) ... (5.2.5.1)
B1
+7~cos|:(w1c + wlm)~t] J.
B1
+ 7-005[(0.:10 - wlm)-t]
Vammax ‘= Al + Bl Vammin = Al — Bl Al = Vimmax * Vammin Bl ® Vammax ~ Vammin
Vammax = 19-5-volt Vammin = 4-3-volt
v -V :
my, = _ammax ammin m,, = 0.55 (5.2.5.2)
Vammax T Yammin
1 ..
fC =60.754-MHz T, = fi fmam = 6.075-MHz modulation index: m, = 55%
mam
Grads Grads
w = 0.038- w, = 0.382-
mam sec ¢ sec
BWSam = fo + 2-fnan] (52.5.3)

sampling frequency (Nyquistrate): g, == 2-Bw5,,,, fo,, = 145.808-MHz

Grads
sampling angular frequency: wWg,, == 2-m-fgp0.. Wgany = 0.916- R
sec
1 _
samplingperiod: Ty, = ——, Tgapy = 6.858x 10 3-},LS,
sam
. k
sampling time step: namg = —,
sam
T
NO, g — = 106.667
g
test
T
nam = 0 1 2 3 4 -ps
0 0| 6.858'10-3 0.014 0.021
we
=10 V2i(t) = v2§(t. Wam. W ALLBI) (5.2.5.4)
“mam
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V2i(namk)

u Tk (5.2.5.5)
- volt
20-T, NOgd 1
t:=0T,,0-T,+ .20-T, ——— = 106.667
1000 fsam Trest
(Single Tone) AM Signal Sampled input Waveform
20 T
C
i n Wi
u_7x !
MDA A Naaaf )
V2t WVWVW VVWJJWWVWVV VVWV\'
— 10| Y1
-20 :
0 8.23x10° ° 1.646x10° 7 24691071 3202x10°
namy, t
fig.:5.2.5.1
Approximate input signal reconstruction according to the Shannon sampling theorem:
NOgg-1
Wehg = 2T BwS, sh6(t) := Z (u_7n-sinc(wsh6-t— n-ﬂ)) (5.2.5.6)
n=0
rtgd =10-%

(single tone) AM Rebuilt Waveform

10
sh6(t) 0
~10

0 1x10~ 21077 3107/

t
fig:5.2.5.2

Spec_7 := fft(u_7)

87

v

Amplitude Spectrum
-t £t

~~~~~~ gl

4.86x1075.468x106.075x106.683x1077.29x 10
f

. sam
fig.:5.2.5.3
-3
pp = 5x10 °V
t
Exactoutput: v . (t) = J w(t—0)-V2;(0)do (5.25.7)
0
¢ t [ ¢
—Ce-t .o
thatis: v, (1) = A5~w52-e i t-J sinc’r(t—cr) w52—C52—‘~e 3 -vi(o) do ... (5.2.5.8)
0
t ¢
e
+J fc-sinc[(tfcr)- /wszfgsz]-e > vi(0) do
0
q [ [ q ]
— -t g
Voam( = A5~w52-e S t sinc|:(t—0)~ wsz—csz}e S Al-cos(wc-o) do ...
Bl
+ T-COS[(QJC + wmam)"’]
Bl
+ 7~cos(( W, — wmam)";l
0
t [ ¢
N
+ 7cr-sinc|:(t7cr)- wsszSZ}e > -Al-cos(wc-o) do
Bl
+7'°°SR% + wmam)‘cr-l
Bl
+7~cos|:(wc - wmam)v]
L “0 i
2 181
Al =10V Bl =55V A5-w5 ‘Al = -7.286 % 10 —2-V

S

40-T

C
t:=0T.,0T.+ 40T T. = 0.016-ps
€7 7C 1000 ¢ W

m, . = 55% ¢
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Input Waveform

Output Voltage Waveform

Test
Vzi(t) b/
—7
! t
fig:5.254 fig:5.2.5.5
Output sampling Vamyg = Voam(namk) (5.25.9)

Sampled output signal

Fourier Transform of the output signal

f, = 0.061-GHz

Spec,y, = fft(Vam)

Output Spectrum

””””””””””””” fetiam - 1fnax(]‘Spéc’ ml )1

1x10° o man !
|Specamk| 10t 3 ‘ 3
0.I|||||ul|.| |||.| |||:
5x107  5.286x107 5.573x107 5.859x107 6.145%107 6.432x107 6.718x107 7.004x10’ 7.29x10°
k. fsaln
fig.:5.2.5.7
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Phase Spectrum

e
F

arg(Specamk) ory ‘ ‘

‘ \ \‘ \‘ ‘ \ ‘ \‘ \ L
L
_2 |
_4 | L
0 2107 4x10’ 6x107
k. fsam
Nogg
fig.:5.2.5.8
Bode Plots
Magnitude of W(jw) in dB
20~10g(|Wlp(j~w)|) "
ipp
0
1x10° 1x107 1x10% 1x10° 1x10'°
w
fig.:5.2.5.9
Phase of W(jw)
. lRO%QSmJ ,,,,,,,,,,,,,,,,,,, il
2
N A 1 o A 1 A A1 A A e ™
5 El
1
. | |
1x10° 1x10° 1x107 1x10® 1x10° 1x10'° 1x10'!
w
fig.:5.2.5.10
9%




5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.6 (single tone) Frequency Modulated carrier response.

Wefm
o= 1" West f = 5 fefm = 60.754-MHz
-
1 Yefm
T fon = fi W = ;0 Wefim - 20
cfm wfmm
) Wfmm ) 1
Smm. = o Tinfm = £ Tfmm = 6.667-ps
fmm
Tefy = 16.46:ns
2-Kst-m-B
frequency modulation index: mg = ZRstmB mg =8 (5.2.6.1)
“m
. Grads
Carson bandwidth: Carsl := Z'mem'(mf + l) Carsl = 0.344- (5.2.62)
sec
sampling frequency (Nyquistrate):  fyg, = 2-Carsl (5.2.6.3)
fyfm = 0.687-GHz
Grad:
sampling angular frequency: wgp, = 2-7-fi..  Wepy = 4317 e S,
sec
1
samplingperiod: Tggy = ——, Tgpy = 1.455-ms,
sfm
L k
sampling time step: nfimy == —, (5.2.6.4)
fSfm
NO
1
s pess
fsfm  Trest
T
nfm = 0 1 2 3 4 5 6 ps
0 0| 1.455'10-3| 2.911°103| 4.366°103| 5.822:103| 7.277'10-3
Wefm
=20 Vi (® = Veingi(tfofin  Timm A i s M - 40) (5.2.6.5)
Yfmm
Ve (nfm
fm( k) _3
Agn =02V uy = BT Vpp =5x10 "V (5.2.6.6)

Approximate signal reconstruction according to the Shannon sampling theorem:

91

Tiest = 0.016-ps

me(tfm) 0

NOgg-1

sh7(t) := Z (u8n-sinc(wsh7-tf n-ﬁ)) (5.2.6.7)
n=0

Weh7 = 2-7t-Carsl

rtyq = 10:%

Reconstructed (Single Tone) Frequency Modulated carrier Waveform

0.3
0.2

0.1

sh7() 0
- _o01
-02

-03

0 4.115x107 8.23x107 81.234x107 1.646x1072.057x10™ 2.469x10™ 2.88x10™ '3.292x10"
t

fig.:5.2.6.1
t
Vofm(V) = J w(t=0)- V(o) do (5.2.6.8)
0
5.2.6.9
) LTt~ Timfm0 ( )
ttm = T 0> Tmfm 0 + 200 I Tinfm
Input Waveform Output Waveform
026 i 10—
i [éfm
o1t 5
Vofm(tfm) U
-0.1 u -5
-02 — 104
x1077 21077 3x107 7 0 8.23x10 P.646x102469x103292x10"
tm tn
fig.:5.2.6.2 fig.:5.2.6.3
Vofin(nfmigo) = -3.873V Outputsampling: ~ Ofmy = vy g (nfimy) (5.2.6.10)
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Sampled Output Signal

10
5
Ofmg 0
L
-5
-10
0 1x10” 21077 %1077
nfmy
fig.:5.2.6.4
Fourier Transform of the Test signal
f, NO
fi d 1
g f, = 0.061-GHz SEons B —2635
f f fsfm  Trest
Grad!
ey = 0-019-——— OSpecfim := ffi(Ofm) (5.2.6.11)
sec
FM Test Signal spectrum Phase spectrum
4
naX(OS‘pecfm)" f
15 1
2 ]
OSpecfmy | 10 arg(OSpecfmk) 0 3
L L !
5 -2 |
0 -4 :
1x107 1x10° 1x10° 1x107 1x10° 1x10°
) fsfim ) fsfim
NOgg NOgg
fig.:5.2.6.5 fig.:5.2.6.6
| Onthe other hand if the carrier frequency s located in the passing band, which is the filter response?
w3 B Wefim w3 B Wfmm 2w 2w f _ 1
cfm - 100 fmm - 100 cfm - Wi fmm - WBnm fmm - T3fmm
bandwidth: : Mrads 26,12
Carson bandwidth: Cars3 := 2~w3fmm-(mf+ 1) Cars3 = 3.436- oo (5.2.6.12)
w3 fi
Carrier frequency: 3.4, == 20 m’ 3 g = 6.075 x 10 4~GHz
T

sampling frequency (Nyquistrate): 3¢p, = 2-Cars3, 344, = 6.871x 1073~GHZ
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Grad:
sampling angular frequency: w3 = 227 Bep,. w3ep, = 0'043.%05’

1
samplingperiod: T3¢y = ——, T3¢p, = 0.146-ps,

sfm
L k
sampling time step: n3fimy = ——,
Bstm
NO
d 1
& = 2264x10°
B Trest
Afp =02V Vg (® = Vingl(t Befims Bimm: Afim:Mpm40)  (5:2.6.13)
2-T3 -T3 -0
fmm fmm
t3fm = T3fmm'0 7T3fmm'0 + 3000 . 2'T3fmm
Input Waveform
0.12 T
0.1
Vlfm(tsfm) 0 s i
-0.1 u
02" : —
0 21070 4x107° 6x107°
Gfm
V1 n3fm
fin(n3fmi)
uSby = — (5.2.6.14)
volt
Approximate signal reconstruction according to the Shannon sampling theorem:
NOgg-1
wg7 = 2-7-Carsl sh7b(t) = z (u8bn~sinc(ws7~t— n~‘rr)) (5.2.6.15)
0 n=0
Ttgd = 10-%
Rebuilt Filter's Input Waveform
02 ' ' ' T fim
0.1 ‘
sh7b(t) Of TIrY1IvrYyrYyr\YyoIry n | 1
-0.1 ‘
-0.2 1 1 1
0 8.23x10°° 1.646x10" ' 2469107 3.292x10°
t
fig.:5.2.6.7
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3

V. =5x10 "V

pp

Tiest = 0.016-ps

t
Exactoutput:  v2 5. (1) = J w(t—0)-Vlg, (o) do (5.2.6.16)
0

(5.2.6.17)

1
T3y = 1.646-ps o = 145538

sfm
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1/0 Voltage Waveform Output Voltage Waveform
0. T T ? : T T T
0.1 4
2
Vlfm(Bfm) 0 | ] Vzofm(t3 fm) 0
-0.1
~02 H ; 1 1 1
0 1x107° 2x107° 3x107° - -5 -5 -5
0 2x10 4x10 6x10
t3fm t3fm
fig.:5.2.6.8 fig.:5.2.6.9
k .
n3fmy = anmm Output sampling: ~ Ofim3y := V2, (n3fmy) (5.2.6.18)
ed
Sampled Output Signal
6
4
2
Ofm3y 0
L2
-4
-6
0 823x107 1.646x1073.469x10” 3.292x107°
n3fmy
fig.:5.2.6.10
. . Bsfin
Fourier Transform of the Test signal 3. = 0.608-MHz = 1131 myp = 8
cfim
Grads
Wemm = 0.019-—— o OSpecfm3 := fft(Ofm3) (5.2.6.19)
FM Test Signal spectrum Phase spectrum
4
wof “3dipspectm3| ) B¢ tfin
24r 3 !
OSpectfm3y i arg(OSpecfm3k) i
L 3 ) L !
\ il | |
ok il || i || ......... 0 : I||||||m
5x10° 1x10° 5%10° 1x10°
Bsfm Bsfm
NO4 NOgq
fig.:5.2.6.11 fig.:5.2.6.12
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ws

ws

ws
wsU -
20-U

W= , + >
20-U 20-U U

- 10-U-ws

Wdbuw3,, = 20-log( |Wyp(j-w3cfim)|) (5.2.6.20)
Wdbw3, = 26.024-dB
Magnitude of W(w)
,,,,,,,, Jo o leoteso[ _ |
40 :

P N - Wi—dB3,
20-log(| Wi (- w)| ) 20 ; Ipp~“F ed
20-log(|Wip(j- [poleso| )| ) o TN T o]

~20
—40 :
1x10° 1x107 1x10° 1x10° 1x10'°
w
fig.:5.2.6.13
97

5.2 ANALOG FILTER OUTPUT ANALYSIS
5.2.7 (single tone) Phase Modulated carrier response.

=4 pooCepm L (5.2.7.1)
Hopmn= T Wtest  AopmvT 2 mepRy T & el
cpm
Wepm “mpm 1
Whpm = fhpm = Topm = 7 (5.2.7.2)
P 20 P 2w P fpm
-3
Tcpm =4.115x 10 ~-ps Tmprn = 0.082-ps
my, = 8
Carson bandwidth:
Cars4 = Z'mem'(mp + 1) (5.2.7.3)
sampling frequency (Nyquist rate): fspm = 2-Cars4 , fspm = 2.748-GHz (5.2.74)
Grads
sampling angular frequency: w =2 W, = 17.269- R
plng angu quency: Wepm spm Sspm e
. . 1 _4
sampling period: Tspm = P TSpm =3.638x 10 -ps,
spm
N k
sampling time step: npmg = ——, (5.2.7.5)
fspm
NOgsq 1
8 — 565 (5.2.7.6)
fspm test
T
ppm’ = 0 1 2 3 4 s
0 0| 3.638:104| 7.277:104| 1.092:10-3
Apm =20V Vom(® = Vpm(t-@epm: @mpm: Apm-Mp-40) (5.2.7.7)
\% (nprnk)
Wy = P T (5.2.7.8)
volt
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Filter Input Waveform
“H Il ““ \ HM !
il ” MO ” |
| |
0 1x10” 8 21078 EMTO ax10” 8
Bpm
Sampled PM Waveform
20
10
W o .IH‘IIHH‘IIH‘I. HH‘IIH‘L .I ‘ I ‘H .I I ‘H H .IH‘I. HH‘ .IH‘IIHH‘I
L ||||| LR |||| MM |||| II I |||| M |||| NI |||| M |I |||| LG
-10
—20
31.875 63.75 95.625 127.5 159.375 191.25 223.125 255
k
fig.:5.2.7.1
Approximate signal reconstruction according to the Shannon sampling theorem:
NOgd—l
Wieg = 2-7-Carsd sh8(t) := Z (u9n-sinc(wt58-t—n-ﬁ)) (5.2.1.9)
n=0
=0T, 0T, + *0 Topm 40-T
tom * cpm> ¥ epm T T 0000 cpm Ieq =
Waveform of The Rebuilt Input Signal
20 Tebo; T T "
10 l l |
sh8(tpm) ol [‘ _\l (il ‘|\H‘.X l\‘ \l ‘ \\l, ] filhinn ” “ ‘ I i " \“! \ I l | mi
-10 I
201 | 1 L
0 21078 41078 6x107 8 8x10~®
tpm
fig.:5.2.7.2
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10-%

t
_ -3 . . .
Vpp = 5x10 ~V Exactoutput: vopm(t) = J w(t— o) me(cr) do (5.2.7.10)
0
[
Magnitude of W(w)
|plﬂeﬂhIBw5|
40 \ |
N o e e s SN T T T W B,
20-log(| Wi (- w)| ) 20 . pp~4Ped
Wlpp [0 Y T:":r ””””””””” 0
20 —
—40 -
1x10° 1x10 1x108 1x10° 1x10'°
w
fig:5.2.7.7
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5.3
Analog-Equivalent Digital Low Pass II°order Filter

5.3.1 Z-tranform of the transfer function of the II° Order Low Pass Digital Filter.

Now the previous analog results will be compared with the digital one
—1

1 -
Consider the first order approximation with the change of variable: s = z

(5.3.1.1)
s

(see file" 1)DIGITALFILTERS EQUIVALENT TO LINEAR CLASSICS - BASICS.xmced, § 1.1.1)

From Laplace transform to Z transform),

and the following substitution into the transfer function

A5 = A5 ws = Wg CS = CS TS = Ts s=5s X = x
If o
. 1-z
Cs # Ws 2 substitute s =
ASUJS s
Hlp(Z) = 5 3 N
s +2:(58+ ws collect,z
assume, Tg > 0
w52 ' | x AS'TSZ'WSZ
otherwisex=z': A5 ————— |substitute,s = N S
2 T 2
(s+ws) s (Tws—x+1)
collect, x
the result is: factor
AT ws’
Hip?) = iff (5 # ws (5.3.1.2)
P ~2_ ot N 42T 120241
T rgs ) T e
2 2
AsTg ws

otherwise

-1
(—z + Tgws + 1)

To simplify define the following parameters:

Place the sampling period Ty := Tsstpwhjch is the one defined for the step function. In addition define the constants:

2.2 2
A0 = Agws Ty B0 =2(1+¢5T)  CO:= Ts(ws Tg+ 2~c5> +1 DO = Tgws + 1

whose numerical values are:

A0 = -1.97392088 B0 = 2.0341477462 CO0 = 1.1328437902 DO = 1314

6

I get the following result for the transfer function as a function of z: Tg = 1.646x 10 “ms

101

A0
= 1 if 5 # wsg
z “=B0-z +C0

A0

(5.3.13)

otherwise

(po—21)

Agws

2'C5

|

Wllpp = 20~10g[

BODE PLOTS (Low Pass (II° order)):

dB

P(w)

-20

—40

Magnitude in dB of Wlp compared with Hlp

60 ‘ :
iﬂm‘BwS wSmp
40 o 1
o NG — Wipg
1 N \
| ‘ I
RS
! T
i | N
1x10° 1x107 ix10% 1x10° 1x10'°
w
fig.:5.3.1.1
Phase
2
okttt L L
-2
1x10° 1x107 1x10® 1x10° 1x10'°
w
fig.:5.3.1.2
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5.3 Equivalent Digital Low Pass II°order Filter
5.3.2 Difference equations Low Pass II°rder filter. Canonical form.

. . A0
Given the transfer function: Hlp(z) = 5 " if G5 # ws
z “-B0-z +C0
A0
otherwise
(po—21)

Multiply and divide its definition for the same function G(z), so that

b= X0 T 60 X0
Y(2) = AO
G(2)

Y(z) = A0-G(2)

G2 _ 1
X(2)

- — if G5 # ws
z ~—-B0-z +C0

1 .
otherwise

(DO -z ])
x( = |[(72-Boz '+ c0)62)] i Cs # ws

(DO -z 1)2-G(z) otherwise

x@ = |(coG@ -Boz LG +7 26w) i Cs # ws

G(2)D0° —2.G(2):D0-z ' +G(2)7 > otherwise

x(v) = | (CO-g(v) -BO-g(v—-1)+g(v-2)) if CS # Ws

g(v)-D0% — 2-g(v — 1)-D0 + g(v — 2) otherwise

The corresponding set of difference equations is:

x(v)+B0-g(v-1)-g(v-2)

Il g(v) = Co if (5 # ws
x(v) + 2~D0~g(v2— )-gv-2) otherwise
DO
103

(5.3.2.1)

(5.3.2.2)

(5.3.2.3)

(5.3.2.4)

(5.3.2.5)

(5.3.2.6)

(5.3.2.7)

(5.3.2.8)

2) y(v) = AO-g(v)

A0 := A0 BO := B0 C0 :=C0
Z T.Initial value theorem: lim L A0
z>o\z 2-Boz '+co) €0

. A0
Z T. Final value theorem: lim T -0
z>0\z “-B0-z +C0

- =8, W,

104
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Recurrence relations:

Vectorized:

)

2)

Glpg :=0

g(v) =

y) =

ifv>1

vi(v) +BO-g(v—-1) - g(v-2)
Co

vi(v) +2-D0-g(v - 1) —g(v -2)

Do>

ifv=20

v;(0)
Co

v;(0)

otherwise

ifv=1

vi(1) + B0-g(0)
—w
vi(1) +2-D0-g(0)

Do>

otherwise

AO-g(v) ifv>0 "

0 otherwise

rows(Glp) = 256

105

otherwise

(5.3.2.11)

(5.3.2.12)

(5.3.2.10)

To save space when applying the previous algorithm, it is convenient to call the following program

Glpg :=

Y22y =

if k> 1

vi(k) + BO-Glpk_1 — Glp_2
Co

vi(k) +2-DO0-Glpg_1 — Glpk_2

Do*

if G5 # ws

otherwise

v;(0)
CO
v;(0)
po*
if k=1
vi(1) + BO-Glpg
—
vi(1) +2:D0-Glpg

otherwise

otherwise

Do*

AO-Glpy if k>0 "

0 otherwise

fig.:5.3.2.2

rows(Y22) = ¢

Block diagram of the difference equation algorithm for a second order system

(5.3.2.13)

(5.3.2.14)

CANONIC2LP (it is the acronym of: Canonical Form Second Order Low Pass) stored in "programs.xmed":

[*] CANONIC2LP
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5.3 Equivalent Digital Low Pass Filter (II°0rder)
5.3.2.1 Sequence of the voltage Step response.

Given the filter's input signal: ulg = VStpSl(HStpk ’Vpp)
and the filter's z transfer function, it will be calculated the output.

Unit Pulses Sequence.

Vpp =5mV 6x10”3 5 ‘
ax10”°
R
0 "’""’3"""1’ ****************
- 10 0 10 20 30
k
fig.:5.3.2.1.1
Transfer function coefficients:
A0 := A0 B0 := B0 C0 :=Co0
.. . A0 z
Output's Ztransform Initial value lim . -0
theorem: 20| 7 2_Boz '+C0 (z— 1)2
uly -3
Yalv) = ~ vj(0) = 2.5x 10

Numerical calculation of the filter's response to the input step function

svst := CANONIC2LP(v, A5, (s, ws. Tggn N0 gq)
svsr = (—1.974 2.034 1.133 {256,1} {256,1} 1.314)

Calculated transfer function coefficients:

A0l :=svsrg 9 BO1 :=svsrg | CO1 :=svsrg 2 DO1 := svsrg, 5

A01 = -1.97392088 BO1 = 2.0341477462

Sequences of the state function and of the output:
Glp0 := svsrg,3 Y00 := svsrg 4
Sequence of the voltage Step response.
20-Tg+ 1-Tyeg

ti=—1-Ti,—1-Traes +
test test 10000

20-T;

107

(5.32.1.1)

rows(ul) = 256

(5.3.2.1.2)

(5.32.1.3)

C01 = 1.1328437902

Sequence of the state function

Sequence of the response

0.08
0.06 ‘
Glp0y 0.04
ovos 224 AR INERHL R
AR SOy
0 6.584x101317x101075x102.634x10"
nstpg
fig.:5.3.2.1.2 fig.:5.3.2.1.3
SpecOx := FFT(Y00)
Amplitude Spectrum Phase spectrum
%10~ 4
1.5%1072 3
2
|SpecOxk| 1x1073
1 arg(SpecOxk) 1
I
sx10” % OMWWMW
0 -1
0 s<10”  1x10®  15x10° -2 ; ; )
£ 0 1x10 2x10 3x10
sstp
"NO i fsstp
o P
NO.
fig:5.3.2.1.4 fig.:5.3%8.1.5
Bode plots of the Z transfer function:
A0l .
Hlp(z) = - " if (5 # ws (5.3.2.14)
z “—-B0l-z +CO01
A01 .
otherwise
(po1 -7
Frequency Responses for sampling period Ty,
Magnitude in dB of Wlp compared with Hlp
60 2-miBw5 wS‘mp
40 N 1
00 NG - Wi, 1
2 | |
= [ R e e e s X
| See |
—-20 1 \.~‘
: )
—40 i L Sey
1x10° 1x107 1x10° 1x10° 1x10'°
w
fig.:5.3.2.1.6
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P(w)

Phase of Wilp compared with Hlp
a3 3’? ST A 5.3 Equivalent Digital Low Pass Filter (II°0rder)
2 5.3.2.2 Sequence of the Short Voltage Pulse-train response.
L3
i e In this paragraph, given the second order low pass filter difference equations, it will be calculated numerically
L I O R O N R using the program "CANONIC2LP", the filter's response to a very short time duration voltage pulse:
! 2-(T5 +2-T )
: =5 = , - . pW .
s : Vpp =5mV ti= (1'5 +2 pr) s (T5 +2 pr) + 10000 ~T5+2 Tpw
1x10° 1x10 1x10°8 1x10° 1x10'° Input Waveform
0.006
w
fig.:5.3.2.1.7
0.004
V()
uddc 0,002
1
0 ‘ '
~5.926x10 '~ 1.481x107 | 2.963x107 | 7.407x10" " 1.185x10" °
t, Tsvp0,
fig:5.3.2.2.1
Sampling period of the short pulse defined earlier (5.2.2.25): o= Tsvp
The first parameter of the program is the time discrete input function: Yiv) = udd,
The calculation's results will be stored into the following vector:
svsrl := CANONIC2LP(vj, A5, G5, ws, Tg. NOyq) (5.32.2.1)
svsrl = (—87.73 2.228 5.614 {256,1} {256,1} 3.094)
Calculated transfer function coefficients:
ag = svsrlg o bl = svsrlg, | cl = svsrlg 2 d01 := svsrlp, 5
a5 = —87.7298169 bl = 2.2276516416 cl = 5.6141424865 dol = 3.094
Sequences of the state function and of the output:
Glpl := svsrlp 3 YOI := svsrlg 4
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Block diagram of the difference equation algorithm for a second order system

IJD
%n ¥
A WA W A byw,  +bow, o
Iy
|
A, W, o bW
fig.:5.3.2.2.2
T5+ 8-(pr + T5) +0.1-75
t:=-0.1'7¢,-0.1-T¢ + LT+ 8T +T
3 5 20000 5+ 8(Tpw * 73)
State function sequence Output Sequence
1.5x10~ p L
N o PV
1x10 [ : : 7 YO]k
Giple 5074 | 1 ¢
L 1 Ywsat ()
0 1 : —
—s5x10” 4 : '
—5x107 <107 6
Dsvp, nsvpk’t
fig:5.3.2.2.3 fig.:5.3.2.2.4
Sampled signal: Speclx = fft(Y01) (53.2.2.2)
Amplitude Spectrum Phase spectrum
””””””” max(|Specix]) 0 i
0.3
spectn x
pecixk| 0.2
1 frg(SPeCIXk)
0.1 ‘ -2
0 |||||.||||I|.|| AL
2x10% 4x10% 6x10° 8x10° -3 7 7
£ 0 1x10 2x10
ke —YP £
NO svVp
gd :
fig.:5.3.2.2.5 NOgg
fig.:5.3.2.2.6
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Hlp(z) == - if 5 # wsg (5.3.2.2.3)
-blz " +cl
As
otherwise
(d01- 7!
Frequency Responses for sampling period Ty,
Magnitude in dB of WIp compared with Hlp
40 ]
AR
camomm e o
el ol o ot o O I W —dB3 .y
( (j-w»Ts>\ 20 ;ﬁn’ii i
20-log| |Hyp\e ) |
T e— w’ N\
2oawpio]) L AN
_20 L
1x10° 1x10 1x108 1x10°
w
w
fig.:5.3.2.2.7
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5.3 Equivalent Digital Low Pass Filter (II°0rder)
5.3.2.3 Sequence of the Sawtooth response

_4 2.7
Place Tg:= Ty Ty =6.858x10 "-ps Wsmpa= T
s

svsr2 = CANONIC2LP(vi,A5,C_,5,wS,Ts,NOgd) (53.2.3.

svsr2 = (—0.343 2.014 1.031 {256,1} {256,1} 1.131)

Ag=svst2g,0 Bgi=svsr2g,1 Cp:=svsr2g, 2 Glp2 := svsr2g 3

1)

Y2 :=svsr29 4 Dg:=svsr2g 5

Ag = -0.3426946 By = 2.0142282276 Cp = 1.0313629575 Dy = 1.131
you get the following result for the t. f. as a function of z:
_4 A .
Ty =6.858x10 “-ps Hlp(Z) =l if 5 # ws (53.23.2)
z - B()Z + CO
A
0
—— otherwise
-1 2
(po-7")
Asws
Wlh]@ = 20-log ¢
BODE PLOTS (Low Pass (II° order)): gmp = 91612
sec

Frequency Responses for sampling period T,

113

Magnitude in dB of Wlp compared with Hlp

50 ¥s Y

20- 10g(| Hy, (ej wTS) ) ””””””””””””””””” N A b -

T 0
20-log(|Wlp(j-w)|)

-50
1x10° 1x10 1x10° 1x10° 1x10° 1x10'!
w
fig.:5.3.2.3.1
Phase
,tb,s ,,,,,,,
2
( jrwTg \ ‘
5 M ) A 1 N
g = :
ar, (Wlp(_]-w)) !
_2 i
1x10° 1x10 1x108 1x10° 1x10'° 1x10'!
w
w
fig:5.3.2.3.2
Digital first order Low pass filter difference equations:
Vpp = SmV S5y = Vlsw(nswk,Ttest,Vpp,NOgd) (532.33)
Signal Waveform
O e ~ Vo
u55k |||||||| 3 |||||||”Fﬂ
~ e
~5x107° :
0 x10°8 21078 31078
5wy
fig.:5.3.2.3.3
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(5.32.3.4)
svst3 := CANONIC2LP(v3;, A5, (5, ws, Tg, N0gq) (5.323.5)
svsr3 = (-0.343 2.014 1.031 {256,1} {256,1} 1.131)

a3 :=svsr3g 9 b3 :=svsr3p | c3:=svsr3p 2 Glp3 := svsr3¢ 3 Y3 :=svst3p 4 d3:=svsr3p 5

a3 = —0.3426946 b3 = 2.0142282276 c3 = 1.0313629575 d3 = 1.131
you get the following result for the t. f. as a function of z:
_4 a3 .
T.=6.858x10 "-ps Hj,(2) = if (5 # ws (5.3.2.3.6)
§ p -2 -1
z "-b3z +c3
3
a otherwise

(i3-771)

Block diagram of the difference equation algorithm for a second order system

bl
fig.:5.3.2.3.4
20-Tioqi — 0T
test test
ti=0Taet, 0Ty + —————— .. 20-T
test test 1000 test
Sequence of the state function Output Sequence
Y3 0.051
L
Glp3y ﬂ(t) oudlLL
* Vaw(®
-0.051
0
Ny >t
k
Dsw
fig.:5.3.2.3.5 fig.:5.3.2.3.6
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Spec3x := FFT(Y3) (5.3.2.3.7)

Amplitude Spectrum Phase spectrum

4——
_ffest m éx(’\sbéésx\’) ftbstx ‘ ‘
8x10 . 5 ‘
ala 0 DL
L‘Spec3xk‘ 1™ arg(Spec3x.) 0 w H‘H“‘ l“{l” H ”‘H | ‘
L |
21073 2 H‘ H\ ‘
ol
8 8 8 _4 L 1 1
0 2x10° 4x10°  6x10
. 0 ixt0® 2x10® 310}
SSW
NO fSSW
ed k-
fig.:5.3.2.3.7 NOgq
fig.:5.3.2.3.8
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5.3 Equivalent Digital Low Pass Filter (II°0rder)
5.3.2.4 Sequence of the Bipolar Square Wave response.

u66y = vsqwb(nsqwk) (5.3.24.0)
) 4 Tiest = 0 Test
= 0-Tpogt, 0-Trogy + 1000 “Thest
Sampled Signal
u66y
L
Vsqwb(t)
fig.:5.3.2.4.1
. 2.7
Place T = Tssqw Ty =0.171-ns Wompa'= T
s
v4i(v) = u66y (5.3.242)
svsr4 := CANONIC2LP(v4i,A5,QS,wS,TS,NOgd) (5.3.243)

svsrd = (—0.021 2.004 1.005 {256,1} {256,1} 1.033)

a4 :=svsrdg o bd:=svsrdg | cd:=svstdg o Glpd :=svsrdg 3 Y4 :=svsrdg 4 d4:=svsrdg 5

a4 = —-0.02141841 b4 = 2.0035570569 c4 = 1.0046279775 d4 =1.033
you get the following result for the t. f. as a function of z:
_7 a4 .
Tg=1.715x10 "-ms Hlp(Z) = 3 N if 5 # wsg (5.3.2.44)
z “-bdz +cd
4
2 otherwise
(ga-7!
W1y = 20-1 As s
/wvwv](pp\'_ -10g ZCS
117

BODE PLOTS (Low Pass (II° order)):

Frequency Responses for sampling period Ty

Magnitude in dB of Wip compared with Hlp

40 :
20 !
- ofF— 11— (R
= i
-20
— 40
1x10° 1x107 1x108 1x10° 1x10'° ix10!!
w
fig.:5.3.2.4.2
Phase

3 ol ARINA
5 0 !
5 |
1x10° 1x107 1x10 1x10° 1x10'0 1x10M!
w
fig.:5.3.2.4.3

Block diagram of the difference equation algorithm for a second order system

Xn
'y

A AW

fig.:5.3.2.44
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Sequence of the state function

6 T T T
4k i
ok i
Glp4x 0
L o i
_4F 4
_6 I I I
0 x10°8  2x107%  3x107®
sqw,,
fig.:5.3.2.4.5
Specdx := FFT(Y4)
Amplitude Spectrum
ftbst
0.03[ [ 1 max ’Ispéézbzl’)

| Specdxi| 0.02
L 1

0.01
0 : |I||I--
x107  1x10®  1x10°  ix10'°
L fssqw
Nogg
fig.:5.3.2.4.7

Sequence of the response

Y4y
L
u66) |
-0.1 i
0 1x10°% 2x107 ¥ 3x1078
n
SqW)
fig.:5.3.2.4.6
Phase spectrum
3 T
1Ctk:s
2 ;
1 |
arg(Spec4xk) 0 i
L | “_
-1 :
I
-2 i
-3 L
x10”  1x10®  1x10”  1x10'°
f,
k. ssqwW
NOgq
fig.:5.3.2.4.8
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5.3 Equivalent Digital Low Pass Filter (I[°0rder)
5.3.2.5 (single tone) Sequence of the AM Signal response.

u77k = v24(nami, Wiy, W ALLBI) (5.32.5.1)
Grad Grad w NOgq 1
Wmam = 0038 = @ = 0.382.—— € ~10 — 80— 53333
sec sec Wnam fam Ts
Spec77 := fft(u77) (5.3.2.42)
3T
mam
t:=0T0ms O Tam + ———— - 3T
mam mam 1000 mam

Sampled Signal

20,

. lzrﬁMMMMMMMM' il
( )
¢k | 2 kb 1

-20
0 Ix1077 21077 3x1077 4x107’
namy, t
fig.:5.3.2.5.1
Amplitude Spectrum
fcfﬂ‘kmam fc ﬁmafﬁ—)
el Y max !Sp’e’c77|’)

k- fsam
NOgg
fig.:5.3.2.5.2
— 2w
Place Ts := Tgay Ty = 6.858-ns Wempa= T
S
u77y
v5i(V) = — (5.32.43)
svsrS := CANONIC2LP(v5;, A5, G5, ws, T, NOyq) (5.3.2.44)
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svsrS = (—34.269 2.142 2.856 {256,1} {256,1} 2.309)

a5 :=svsr59, 0 bS:=svsrSg 1 ¢5:=svsr5 2 Glp5 := svst5g,3 Y5 :=svsr5g 4 d5:=svsr5g 5
a5 = —34.26945973 b5 = 2.142282276 c5 = 2.8557552623 d5 =2.309
you get the following result for the t. f. as a function of z:
—_6 as .
T, =6.858x 10 "-ms Hlp(z) = - — if (5# ws (5.3.2.45)
z “—=b5z +c5
5
a otherwise
-1
(d5 -z )
Wl :=20-lo Ases

BODE PLOTS (Low Pass (I11° order)):

Frequency Responses for sampling period Tgyy,

Magnitude in dB of Wlp compared with Hlp

40

20

-20

—40

1x10° 1x107

fig.:5.3.2.5.3
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Phase
2
( jwTg)) ;
N Che) B | 1 . AT |
S — . ;
arg(Wlp(J-w)) 3
- I
1x10° 1x10 1x10° 1x10°
w
w
fig.:5.3.2.5.4
Block diagram of the difference equation algorithm for a second order system
fig.:5.3.2.5.5
Sequence of the state function Sequence of the response
6p 100 T
fham
: e ol
e . u ‘lll u ‘lll
9 -50 1
-4 ~100 e e
0 l><1077 2><1077 3><1077 0 2><1077 4><1077
namy namy
fig.:5.3.2.5.6 fig.:5.3.2.5.7

E—
Spec5x := FFT(Y5) max( |Spe05x|) =25.138
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Amplitude Spectrum

20

;Spe‘:Sxkl
10

2

Spec5 0N
:rg( pec. xk)

-2

-4

6x107

fSEll’l’l

NOgg
fig.:5.3.2.5.8

k

Phase spectrum

4x10’

f,

sam
NOgg
fig.:5.3.2.5.9
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5.3 Equivalent Digital Low Pass Filter (II°order)
5.3.2.6 Sequence of the (single tone) Frequency Modulated carrier response.

4 krads Grads
Ar =02V me =8 w =1909%x 10" —— w. = 0.382-
fm f fmm sec (¢ sec
% nfmy, w.,w LAg,me, 40
u o = fmsl( ¢’ *fmm> m> f ) (532.6.1)
- volt
Spec 9 := fft(u_9) (5.3.2.6.2)

Sampled Signal
0.2 hd A J

o (w: [r; mL “r: ﬂ Jn
I BRI

|

R
£U3)

—LY

s
-

~02
0 110~ 21077 3x107 7
nfmy
fig.5.3.2.6.1
Place T.:= T T. = 1.455 ape = 2w
ace L= 'sfm ¢ = 1.455-ns ®) = T_S
V6i(v) = u_9y (53.2.63)
svst6 = CANONIC2LP(v6;, A, Cs w5, T, Nogg) (5.32.64)

svsr6 = (~1.543 2.03 1.107 {256,1} {256,1} 1.278)

a6 :=svsr6g o b6 :=svsrbg | ¢6:=svsrbg 2  Glpb :=svsrbg 3 Y6 :=svsr6g 4  db = svst6g 5

a6 = —1.54320988 b6 = 2.0301932367 c6 = 1.1073537305 d6 = 1.278
you get the following result for the t. f. as a function of z:

T, = 1455% 10~ ®ms

Hyp(@) = |— a6 1 if Cg # ws (5.3.2.6.5)
z “—b6z +cb
6
& otherwise
_1 2

(d6 -z )
Wil = 20-lo Ases
Mm\dpp\' g 2'@5
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BODE PLOTS (Low Pass (II° order)):

Frequency Responses for sampling period Tgs,,

Magnitude in dB of Wlp compared with Hlp

50
= ) W O A I,
~50 :
1x10° 1x10” 1x10®
w
fig.:5.3.2.6.2
Phase
> W
2
3
3 0
-2
1x10° 1x107 1x108 1x10° 1x10'°
w
fig.:5.3.2.6.3

Block diagram of the difference equation algorithm for a second order system

A, g-3,W,

fig.:5.3.2.6.4
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Sequence of the state function

Sequence of the response

0.4
0.2
Glp6x 0

L

—02
—04

0 1x1077 2x1077 3x1077 4x1

nfmy
fig.:5.3.2.6.5

Spec6x := FFT(Y6)

 —
max( ‘Spec6x‘ ) = 0.025

0.4
0.2
Yo 0
i -0.2
~04
~06

o’ 0 Ix107 7 2x107 73x107 " 4x10"

nfmy
fig.:5.3.2.6.6

(5.3.2.6.6)

Amplitude Spectrum

0.02
;Spec6xk|
0.01 TT
R I A
1x10° 1x107 1x10° 1x10°
" fsfm
NOgg
fig.:5.3.2.6.7
Phase spectrum
4

2

f

\C
|

oms

arg(Spechk) 0
L]

-2
—4
1x10° 1x107 1x10° 1x10°

f5fim

NOgg

fig.:5.3.2.6.8

Frequency Responses for sampling period Tz,
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dB

Magnitude in dB of Wlp compared with Hlp

5.3 Equivalent Digital Low Pass Filter (II°0rder)
5.3.2.7 Sequence of the (single tone) Phase Modulated carrier response.

77777777777 Grads
B Mrads A =20V 2.1m-f. = 0.382- _ Grads
Cmpm = 76.345-—— pm ¢ sec we = 0.382——
\% npmyg, w, ,w, LA, m 40
my =8 u 10y = pr e+ Smpm: Apm- - 40) (5.3.2.7.1)
1x10° 1x107 ix10® 1x10° 1x10'? 1x10'! volt
w
fig.5.3.2.6.9 Sampled input Signal
20 Trnpm
10
u l0g o
L
- 10
-20
0 21078 4x1078 6107 810
npmy
fig.:5.3.2.7.1
- ) 21
Place T = Tspm Tg = 0.364-ns wim]@ = T—
S
v7;(k) = u_10k (53.2.72)
svsi7 := CANONIC2LP(v7;, A5, (5. ws, T, NOgq) (532.73)

svst7 = (—=0.096 2.008 1.012 {256,1} {256,1} 1.069)

a7 :=svst7g 0 b7 :=svsr7g 1 cT:=svst7g 2 Glp7 :=svsr7g 3 Y7 :=svst7g 4 d7 := svst7p, 5

a7 = —0.09645062 b7 = 2.0075483092 c7 = 1.01237084 d7 = 1.069

you get the following result for the t. f. as a function of z:

a7 .
Tg = 0.364-ns Hlp(Z) = - - if G5 # ws (5.3.2.7.4)
z “=-b7z +c7
7
a otherwise
-1
(d7 -z )
AsWs

|

2:¢s

Wlinp = 20~10g[
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BODE PLOTS (Low Pass (II° order)):

Frequency Responses for sampling period Ty,

Magnitude in dB of Wlp compared with Hlp

50 2. Bws .
2 oL L LI |
—-50 ;
1x10° 1x107 1x10° 1x10° 1x10'° 1x10'!
W
fig.:5.3.2.7.2
Phase of Wilp compared with Hlp
2
3
3 1]
-2
1x10°
w
fig.:5.3.2.7.3
Sequence of the state function Sequence of the response
150
500 100
50
Glp7k Y7k
L - 500 L 0
-50
3
- 1.5x10 - 100
0 25x107 8 5x107 % 7.5x107 % 1x1077 0 2.5x107 ¥ 5x10787.5x10" ¥ 1x10”
npmy npmy
fig.:5.3.2.7.4 fig.:5.3.2.7.5

Block diagram of the difference equation algorithm for a second order system
129

7

¥n

N

- W, AW,

=k

Frequency Responses for the sampling period Tgym,

130

=AW, w2 bW,
fig:5.3.2.7.6
m—
Spec7x = FFT(Y7) max( \Spec7x\) =17.531 (5.3.2.7.5)
Amplitude Spectrum
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Il f, (—>)
Cpm’ ‘max |Spec7x|
15
$Spec7xk| 10 3
5 111 ?
. t e
1x10° 1x107 1x10° 1x10°
fspm
NOgg
fig:5.3.2.7.7
Phase spectrum
4 o
test ‘
2 i
S, 7 ® L] e
;rg( pec xk) 0 l ll Jll
2 | ‘
_4 1
1x10° 1x107 1x10° 1x10° 1x10'?
fspm
Nogg
fig.:5.3.2.7.8




dB

50

Magnitude in dB of Wlp compared with Hlp

2 m:BWS ws‘mp
| S
| .
10° 1x107 ix10® 1x10° 1x10'° ix10'!
w
fig.:5.3.2.7.9
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5.4
Synthetic Division Algorithm To Generate The Transfer
Function Sequence. Output Produced By A Discrete

Convolution
Given the Z transform of the system's transfer function
A

1 .

Hlp(Z) = - 1 if CS * ws (541)
z -B 12 + Cl
A
otherwise

(o —Zflf

it is possible to obtain the sequence of the pulse response by a synthetic division of the z transfer function. Once defined the
orders of the Numerator N, . := Oand of the Denominator of the t. f.: Mg, := 2, then proceed with the calculation of

the coefficients corresponding to the chosen sampling frequency:
2.2 2
Ay = Agws T B, = 2.(1 + C5~TS) Cp = Ts-(ws Ty + 2~g5) +1 D = Tyws+ 1
N1 := Nnum + Mden vi=1. Nogd -1 (5.42)

Define two vectors with NO rows, namely: "b" for the coefficients of the numerator and "a" for the coefficients of the
denominator:

Numerator Coeffs. Denominator Co eff.
by :=0.0 ay = 0.0
bo = Aq ag = [Cy if (5 # ws ag = 1.012
2 (5.4.3)
D" otherwise
by :=0 aj = |-By if (5 # ws a] = —2.008
5.44
-2-Dy otherwise ( )
by =0 a =1 a) =1 (5.4.5)
Then write the algorithm for the synthetic division:
1]
] v
b 1
(] 0
NI =2 hg =0 hp:=— hy = —|by— hy_j-aj 5.4.6
k 0 a0 v 20 v Z ( v—i 1) ( )
i=1
The output as a response to an input signal can be obtained by a convolution integral as follows:
y ]
y30, = z (if (v -k 2 0,huly,0)) (5.47)
k=0

Now, to save space when applying the previous algorithm, it is convenient to call the following program ("SYNDIVC"
acronym of: Synthetic Division and Convolution ), it calculates the coefficient of the Z t. f. with the correct sampling period
linked to the signal bandwidth:

[H SYNDIVC
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5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.1 Sequence of the voltage Step response.

uljp=5x%10 3v Unit Pulses Sequence.

6x107° : :
,3 77777777 TO ] I
4x10
U
ofF—— 3"""1* ****************
-10 0 10 20
k
fig.:5.4.1.1
ul
Tsstp = 1.646-ns convl := SYNDIVC(V ’AS’CS’wS’Tsstp’NOgdj

convl = (-1.974 2.034 1.133 {256,1} {256,1} {256,1} {256,1} 63.583 152.109)

a0 := convlp 3 b0 :=convlp 4 h:=convly 5 yl0:=convlg ¢

T. F. Numerator coefficients:

SO :=convlg, 7  EO:=convlp g

T
a0 = 0 1 2 3 4 5 6

0 1.133| -2.034 1 0 0 0 0

T. F. Denominator coefficients:

bo = 0 1 2 3 4 5 6

Energy of the sequence h3:  E0 = 152.109

20-T5— 0-Tieqt

t:=0T.;,0 T o +
test test 1000

20T

Step response of the I1° order Low Pass Filter

0

-1.974 0

Impulse response sequence

W 0 1 2 3 4

0 -1.742 -3.129 -4.08 -4.564

Transfer Function Sequence

4
2
0 H‘HH“MT I TR AT —
X
L -2
-4
-6
0 20 40 60
k
fig.:5.4.1.2
Stability (S3<): SO = 63.583
133

134

7

on
—-0.05
Ysr(D) !
— ()] :
0 i
""" —0.15[1
-02"

-8 —7 _7 —7 —7 -

0 5.487x10 1.097x10 1.646x10 2.195x10 2.743x10 3.292x10

t
fig.:5.4.1.3
V. =5x10°V
pp
Input Sequence Sequence of the convolution
T
P
4x107° ]
ulk

Loa07?
0

0 1020 30 40 30 0 x10°% 1x1077 1.5x10”

k
nstpg, t
fig:5.4.1.4
fig.:5.4.1.5




5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.2 Sequence of the Short Voltage Pulse response.

conv2 := SYNDIVC(u44 A5,C5,Ws ’Tsvp’NOgd) (5.42.1)
conv2 = (—87.73 2.228 5.614 {256,1} {256,1} {256,1} {256,1} 24.004 284.459)
a2 = conv2q 3 b2 :=conv2p 4 h2:=conv2y s yll = conv2q ¢

T. F. Numerator coefficients:

- 0 1 2 3 4 5 6 7
0| 5614] -2.228 1 0 0 0 0

T. F. Denominator coefficients:

bl = 0 1 2 3 4 5 6 7
0| -87.713 0 0 0 0 0 0

Impulse response sequence

hol = 0 1 2 3 4
0 -15.627 -6.201 0.323 1.233

Transfer Function Sequence

0
h2y
T
-20
0 2 4 6 8 10
k
fig.:5.4.2.1
4-T
—__D. =). pw .
t:=-2 pr, 2 pr+ 5000 L2 pr
Input Sequence. Sequence

yllg
1

Ywsat (D)
-0.1

~02
_7 7 -
—3x10 0 10 110 —2.634x1076.584x10” 83.95x107 77.242x10” 1.053x1
Ngvp n t
K VP,
fig.:5.4.2.2 fig.:5.4.2.3
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Specllx = fft(yl1l)

Amplitude Spectrum

”””””” max|[SpeclIx])
0.3
Specllxg| 0.2
L
0.1
0 “HMHHWH i
l><105 l><106 1>(107 1><108
Towp
NO d
fig.:5.4.2.4
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Phase spectrum

0
arg(Specl lxk)_ 1
L

-2

-3
1x10°

x10®  1x107  1x10®

fsvp

NOgg
fig.:5.4.2.5




fig.:5.4.3.2 fig.:5.43.3
5.4 Transfer Function Sequence Obtained by The Synthetic Division.

5.4.3 Sequence of the Sawtooth response: Specl2x := fft(y12)
us5s Amplitude Spectrum Phase spectrum
conv3 = SYNDIVC(T >A5’C5>‘*’5’Tssw’N0gd] (543.) 4
2

conv3 = (—0.343 2.014 1.031 {256,1} {256,1} {256,1} {256,1} 105.761 109.69)

0.15F - f‘t:bst “max fﬁ’)
0.1
Spec12xk‘
L
[ ‘

arg(Specl2xk) 0
|

a03 := convlp 3 b03 := convlg 4 h3 :=convlg s y12 := conv3g ¢ 0.05
l -2
T. F. Numerator coefficients: 0 1‘\\” ds
7 8 9 _4
T 1x10 Ix10 Ix10
a03 = 0 1 2 3 4 5 6 7 . 1x10°  1x107  1x10®  1x10°
0 1.133| -2.034 1 0 0 0 0 K SswW
’ fssw
. . NOgq4 k-
T. F. Denominator coefficients: Nog d
T
b03 = 0 1 2 3 4 5 6 U fig.:5.4.3.4 fig.:5.4.3.5
0 -1.974 0 0 0 0 0 0

Impulse response sequence

ml = 0 1 2 3 4
0 -1.742 -3.129 -4.08 -4.564

Transfer Function Sequence

4
15 ‘ H
‘\“ H‘\‘ f i
e 1 ‘\ i
L
-35
-6
0 10 20 30 40
k
fig.:5.4.3.1
Input Sequence. Output Sequence
5.5x10" p 0.072
””””” Ao Vi
2.875x107° y12, 0036
i L
! t
S5k 2.5%10° 4 - T o Vosw() =S
: Fqr ot
~2375x10"° 1 Tt - 0036
—s5x107° : -0 25 125 1 2
0 0.625 125 1875 25 0 0.625 25 875 3
n,
Nswy Wit
Teost T
Ttest test test
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5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.4 Sequence of the Bipolar Square Wave response.

v11;(k) = sqwk (5.44.1)

conv4 := SYNDIVC(sqw, A5, (5. ws, Tegqy+NOgq) (5.442)

convd = (—0.021 2.004 1.005 {256,1} {256,1} {256,1} {256,1} 82.381 32.876)

a04 := convdg 3 b04 := convdg 4 h4 :=convdy 5 y13 := convdy ¢

T. F. Numerator coefficients:

204" = 0 1 2 3 4 5 6 7
0| 1005 -2.004 1 0 0 0 0

T. F. Denominator coefficients:

b04 = 0 1 2 3 4 5 6 7
0] -0.021 0 0 0 0 0 0

Impulse response sequence

hal = 0 1 2 3 4
0 -0.021 -0.043 -0.064 -0.084

Transfer Function Sequence

0.5
0
h4y
Lo—os
-1
0 50 100 150 200
k
fig.:5.4.4.1
Input Output Sequence
P T T T
0.005 T 01
Vsqwb(t) 3/131(
SqWK 0 Vosqw (V) 0
I L
0 Vsqwb(t)
—0.005 ‘ -0d
0 Ix10° % 21078 3x107® 0 1x107% 2107 3x1078
t, nsqwk nsqwk ,t
fig.:5.4.4.2 fig.:5.4.4.3
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Specl3x = fft(yl13)

Amplitude Spectrum
_ —>

_— ——)
fibst max|\ [SpecI3x][]
0.4 |
03 |
Spec13xg |
L 0.2 |
0.1
0 | “HMHH
x10” 1x10° 1x10”°  1x10'
fssqw
NOgg
fig.:5.4.4.4
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Phase spectrum

3
2
1

]

arg(Specl3xk) 0
- -1
-2

-3
l><107

l><108 l><109 l><1010

K fssqw

NOgq
fig.:5.4.4.5




5.4 Transfer Function Sequence Obtained by The Synthetic Division.

5.4.5 Sequence of the AM (single tone) Signal response.

convs := SYNDIVC(u_7,A5,C5,ws, Tgam N0gg)

(5.4.5.1)

convs = (—34.269 2.142 2.856 {256,1} {256,1} {256,1} {256,1} 28.312 237.42)

a05 := conv5 3

T. F. Numerator coefficients:

b05 := conv5g 4 hS :=conv5g s

yl4 ;= conv5g ¢

05" = 0 1 2 3 4 5 6 7
0| 2856 -2.142 1 0 0 0 0

T. F. Denominator coefficients:

b05' = 0 1 2 3 4 5 6
0| -34.269 0 0 0 0 0

Impulse response sequence

hs! = 0 1 2 3 4
0 -12 -9.002 -2.551 1.239

My, = 5%

Transfer Function Sequence

5
0 | Ll
hsy -5
L
~10
-15
0 10 20 30
k
fig.:5.4.5.1
Input Sequence. Output Sequence
205 100
S R S At+B1
10| 50
P P R 1| M
* 'llf ol lﬁ 'qf i il ¢ 4 l ll‘* l *l l
—-10 3 =50
_ ool ~100
0 Ix1077 2x1077 3x107 7 0 x107 2x107 7 3x107
) B384, 5.3
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Sampled signal:

Amplitude Spectrum
oo+,
400~ I a&(l‘sﬁe&mxl’)
0

30 1
JSpec 14xy | |
20! |

0

100
0
5x107 6x107 7107
fSam
Nogq
fig.:5.45.4
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Specldx = fft(yl4) (5452
Phase spectrum
4 T
gﬁx@iﬂ:f}ﬁc
2 |
arg(Specl4xk) 0
L
-2
_4 ik
1><105 l><106 l><107 1><108
k- fsam
O
fig.:5.4.5.5




5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.6 Sequence of the (single tone) Frequency Modulated carrier response.

v13;(k) = u8 (5.46.1)

conv6 := SYNDIVC(u8,As. (s, ws, Tgfi NOgg) (5.462)

convé = (—1.543 2.03 1.107 {256,1} {256,1} {256,1} {256,1} 68.943 146.431)

Input Sequence.

a06 := convéq 3 b06 := conv6y 4 h6 := convéy 5 y15 = convég ¢
T. F. Numerator coeflicients:
T
06" — 0 1 2 3 4 5 6 7 8
0 1.107| -2.03 1 0 0 0 0 0
T. F. Denominator coefficients:
T
bo6 = 0 1 2 3 4 5 6 7
0| -1.543 0 0 0 0 0 0
Impulse response sequence
T
he! = 0 1 2 3 4
0 -1.394 -2.555 -3.426 -3.973
Transfer Function Sequence
4 T T
il [
0 -l ‘ ‘ ‘ ‘ in ‘
héy ‘ \ TTTTT
Loo-2F A
_4F
_6 I I
0 10 20 30
k
fig.:5.4.6.1
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0.2 T
I 1L |
S o \‘ \‘
L
—0.1F d
-0.2 : :
0 s<10” 8 1x107 7
nfimg
fig.:5.4.6.2
mf =8
Amplitude Spectrum
fr——
””” T ’fc’ ~ max\[SpecI5x[]
8- ! .
6r ! A
Speclek‘ |
L 4t ! .
= |
0 HmH Lx L
0 5><107 1><108 1‘5><10g
fsfm
fig.:5.4.6.4
AfnAs = -4V Wmm = 0-019-

Specl5x := fft(y15)

sec

144

Output Sequence

T T

<1008 1x107
nfimy
fig.:5.4.6.3
(5.4.63)

Phase spectrum

4 T T T
fe
2 : ‘ |
arg(Speclek) 0 1] NI,
L |
_4 L I I
0 510" 1x10% 1.5x10®
fsfm
N
fig.:5.4.6.5
Grads
Ag=-20 mp = 8




5.4 Transfer Function Sequence Obtained by The Synthetic Division.
5.4.7 Sequence of the (single tone) Phase Modulated carrier response.

v14(k) = ud

conv7 := SYNDIVC(u9,As. (5. ws, Tgpm . NOgg)

(5.4.7.1)

(5.47.2)

conv7 = (—0.096 2.008 1.012 {256,1} {256,1} {256,1} {256,1} 114.622 74.901)

a07 := conv7q,3 b07 := conv7q 4

T. F. Numerator coefficients:

h7 :=conv7q 5 yl16 = conv7q ¢

07 = 0 1 2 3 4 5 6 7
0| 1012] -2.008 1 0 0 0 0
T. F. Denominator coefficients:
bo7' = 0 1 2 3 4 5 6 7
0| -0.09 0 0 0 0 0 0
Impulse response sequence
W= 0 1 2 3 4
0 -0.095 -0.189 -0.281 -0.37

Transfer Function Sequence

1 T T
0
h7y
L 1k
_2 1 1
0 100 200
k
fig.:5.4.7.1
Sampled signal: ~ Spec16x := fft(y16)
Input Sequence. Sequence
0.2 T T T 2 T T T
0.1r 1 r 7
H H Il H H Il H H | 16, 0
N (TR "
~0.1 -1r i
1 1 1
—02 1 I 1 -2 g 5 ~
0 5)(10—8 1><10_7 1.5“0—7 0 5x10 1x10 1.5x10
nfiny nfmy
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7

fig.:5.4.7.2

Amplitude Spectrum

T T T

2r a
Spec16xk‘ |
L |

=

“ [ttt il \HIM\“‘HH‘ Lt
4x10®

S

0o 2108 6x10°

) lcspm
NOgg
fig.:5.4.7.4

Grads

S€cC

Grads

S€C

we = 0.382- m = 0.076-

mp!
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arg(Specléxk) 0 ‘
L

fig.:5.4.7.3

Phase spectrum

C

2

4 7 T T T

ull ”‘HH H‘HHHA
+

—2H -
—4
0 2><108 4><lO8 6><108
fspm
NOgy
fig.:5.4.7.5
Ag=-20 my, = 8




5.5
Search of the discrete time output sequence by a discrete convolution

X8 = Tssw

2.2 2
Ap= Agws T Bo=2(1+¢sTy)  Coo= TS-(wS Ty + 2-@5) +1

Do.=Tgws +1
The sequence corresponding to the transfer function

A9

Hlp(Z) = ﬁ if CS * UJS (551)
z - B()Z + CO

A

can be found using the "invztrans" MATHCAD's operator as follows:

otherwise

AO = AO BO = BO k==k CO = CO

First case: (5 # ws

A

hly = —— invztrans,z,k — (5.5.2)
-2 —1

z - B0Z + CO

i k-1 7 1

2
B,-./By —-4C k A
0 0 0 2 2 1 0
hi =[] —F——— ~(2~C0—B0 +By /By —4Co) o || (—
C

C 2 2 2
0 . o /Bo —44c0)
2
By+ By -4-C
0 0 0 2 [ 2

Second case: (5 = ws

AO = AO DO = DO k:=k

A

hly = 70 invztrans,z,k —
g2V
07Z
T
1 k
Ay e “(k+1)
0
hlg = -,
Do

147

ln 2
Kl = —————

K2 = (2~c0 ~By +By /By - 4~CO)
By + By’ - 4-C
o+{Bo —4Co
K3 = | = K4 = (B02—2~C0+B04 /B02—4~C0)
0

Ag
K5 := if] CJS * ws,—,O
2 2
(CO By —4-c0)
k k Nk
= (k15K + k35 k). (E) K5 | if 5 % ws (5.5.3)

AgDy FP(k+ 1) otherwise

The result is the sequence of the impulse response, here depicted:

Sequence of the Impulse Response.
2 T T

fig.:5.5.1

The Output of the Digital System is given by the discrete convolution betweenthe discrete time input signal (the
discrete time sequence of the sawtooth wave for this example) and the discrete impulse response of the System:

v
. u55,-
V= 1. N0y~ 1 15y = z (1f(v—k20,hlk- v oj] (5.5.4)
k=0
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Input Sequence.

5}107 7 g’e’sf ”””” Vor|

- rmr H‘
L |
—s5x107° - ‘
0 21078 4x1078
5wy
fig.:5.5.2
Response Output Sequence
T TS '
° 0.05 0.05 i
=
£
=
0
g y15k 0
] L
& I
= —-0.05
o I
i -0.05
-0.1
0 :x10°8 4x1078 0 21078 ax1078
time as multiple of T 5wy
fig.:5.5.3 fig:5.5.4

Knowing the sequences of any input uly, and that of the impulse response h1y, , one can obtain

N1-1 NOgq-1
the relative Z transforms namely : X (2) := Z (ulu-z_u) and Hyp(2) = Z (hlu-z_ ") . The
v=_0 v=0

z-inverse transform of the product Ylp(z) = Hlps(z)'le(Z)’ which corresponds to the convolution of the two

givensequences uly, hly, ,provides the sought output.
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Example 1: voltage ramp as input::
Since the t. f. is already known, you just have to calculate the input's Z transform as follows:

Vpp =5mV
Input Sequence
T T
0.4
Vpp-u
L 0.2+
Ll
20 40 60 80
1%
fig.:5.5.5
Vpp-z
Vpp = Vpp' vVi=v, Vpp-u ztrans,v — ( 1)2
7 —

-Z

results: z (Vpp’v) = Vpp

(5.5.5)
(z— 1)

Output sequence corresponding to the z-inverse transform of the product H(z) Vi(z):
Vpp = Vpp AO = AO BO = BO CO = CO zZ=7Z
Firstcase:(5 # wg

invztrans,z,k

A V. .-z
0
yl6y := - 7 PP 2 simplify , max—>
z "=Bgz +Cy (z-1) combine
To simplify place:
2
By-2 By+ By —4C
0 0 0 0
K6i=——— KJ=— K88 := By” — 2:B(” + (1-3-Cg) By + 4:Cg
(Co-Bo+1)° Co
0 0
2
By-.[By —4C
0 0 0
K8 := [(BOZ— 2.By-Cy+ 1). IBy —4-C0+K88J K9=— Vv = 7

Co

— . _ 2 — . 27 .
K10 := |:(2 By-By +Cp 1) IBO 4C0+K88J K11 = Cq B02—4~C0v(C0—B0+1)2
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Resulting sequence:

Second case: (5 = ws

Vpp = Vpp AO = AO

yl6g := (A0~V

| ——— K6 .. 5.5.
PP) Co-Bp+1 639

Dg =Dy CO::CO zZ:=2

invztrans,z,k '
Ag Vpp'z simplify , max
ylék = 5 3 kK ™
(D —1) (z-1) 1 1
-z collect,
0 Dy
collect,AO-Vpp
[ |
k
1
(Doj -(DO— 1)-k+2~D0 (AO'Vpp)
y16y = 5 7[71(-(1)07 1) +2] — (5.5.7)
0 (Do-1)"v
General result:
k
1 _ _
. (E) (k7% k8 - ko* "k 10)
= |(Ag Vo) + —K6 if Cs #* w 5.5.8
o, = | (A0 Vip) Co-Bg+1 Ki1 Grws | G39
1 k
— | (Dy-1)k+2D
[Doj (%= ’ A0Vpp
—[—k-(DO— 1) +2] 5 otherwise
Do (D 1)
Grad! Grad!
Cs = 00172 ws = 0.19].—— Q=92
sec sec
Yo, = if(—vsat < Yo, < Vsat,yok,if(yok < o.ov,-vsat,vsat)) (5.5.9)
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Sequenctial response of the filter to the ramp
10? T T i
Yo 0 e
L | -
Yok - 10
| K 20r
-30c | L |
0 100 200
k
fig.:5.5.6
Example 2: Sinusoidal input:
2-T
test
AT = — AT = 0.129-ns
Nogd - Grads
Z transform of the input signal: W = Wiegt w = 0.382:
sec
— — _ -3
AT = AT wi=w Vpp*SXIO \Y
Vpp~z~sin(w-AT)
v=v V__ =V V_ -sin(w-v-AT) ztrans,v —

pp - pp pp
2- 2-cos(w-AT)-z+ 1

cos(AT-w) = / 1 — K22 J1-K2% = 0.999
/ 2 .
_ _ 1-K2" + K2-
K2 := K2 polesl :=1—-24/1- K22zl 2 solve,z — !

J1-K22 - K2

Place: K2 = sin(AT-w)

pl = polesly pl = 0.999 + 0.049j
p2 = polesl p2 = 0.999 — 0.049j
Vpp~z~K2 K2~Vpp-z K2-Vpp-z

224 1-K22z+1 ) o1-2(p1-p1) (p1-p1)(z—p1)

p! }.<K2-Vpp>

pp _
' (z-pD) (ﬁ —pl)

K2-V_ -z [
(pl —Z)~(p1 —E)

K2-Vpyz {1 pl } K2V,
—— == 1+ — =
(pl—p1)~(z—p1) (Z—pl) pl-pl
Ag _ Ag
) -1
z “-Bgz +Cq By + | By’ —4C By -/ By —4C

2:C 2:C
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2 2
l=— q2 - v _

q
2:C 2:C

ql = 0.976 + 0.127j q2 = 0.976 — 0.127j

Ag - [ (S } Ag
(z-qD)-(z=q2) | (z-ql) (z-q2)] (ql -q2)
First case: (5 # wg

AgK2:Vy [ ) ! } ;
y17k = — - .
(ql —q2)~(pl —pl) (z—-ql) (z-q2)]| (pl-2)

—Z

simplify

"l )

Computing the corresponding sequence the result returned for the symbolic operation is too large to be
displayed.

ql :=ql pl:=pl zZ:=1z
1 1" —q1"
[7#} invztrans — —2—— 94
(z=ql) (pl -2 pl-ql
ql :=ql pl:=pl zZ:=2z
—\n
1 - 1) —q1"
. Zﬁ invztrans — (p)iiq
(z=a1) (7-p1) ql-pl
qQ2:=q2 pl:=pl zZ=z n:=n k:=k
1 1"— 2"
|: ;} invztrans — L
(z-q2) (pl -2 pl-q2
qQ2:=q2 pl:=pl zZ:=2z
—)\n
1) —q2"
! . Zi invztrans — 7([))77q
(z-=a2) (-p1) q2-pl

L]
AgK2Vpy 1ttt (b)) -a* - () -

(a1 —q)(p1 —p1) | al-p! ql -pl 2 -pl q2-pl

invztrans,z,using,v = k

—

Proof:  Firstcase:(5 # wg

ql:=ql q2:=q2 pl :=pl pl:=pl

153

- -22471
ztrans, k — z(ql - q2) (pl 22+p)_

(p1 - 2)(ql - 2)-(q2 - 2)-(z— p1)

p1*—q1* N (;)k—_qlk 3 p1* - 2" B (E)k—_q2k

ql -pl ql —pl q2-pl q2 - pl

z-(ql - q2)‘(p1 -2z+ E)

P p1*—q1* N (;)k— q1* B p1*— 2" B (E)k— q2"
(p1 - 2)(ql - 2)-(q2 ~ 2)-{z— p1)

al=pl  qi-p1 @-pl  q2-p1

{ z-(ql - q2)-(p1 -2z+ 1;) }

(p = 2)-(ql - 2)(q2 - 2)-(z— p1)

parfrac,z_> z(ql 7q2)-(p] 72-z+1;)
simplify (p1 -2)-(ql —2)-(q2 - z)‘(z - ri)

pfat® (1) -t pif o (1) et pl(al - 42)
al-pl  gqr-pt  @-Pl  @-pl a1 -p1)-{a2 - p1)-(z-p1)

pl-(ql —q2)~(p1 —-pl
(01 - q1)-(p1 - q2)-(p1 - 2)-(p1 - p1)
+(=1). ql-\pl —2:q1 +pl -
~(p1 - ab)-(a1 - (a1 -p1)
q2-(al - 2)-(p1 —2-q2 + p1)
(01 - 42)-(ql - 42)-(a2 ~ 2)-(q2 - p1)

+(=1)-

[=] Proof

Second case case: (5 = wg

invztrans,z,using,n = k

AgK2:Vyp ) , k

yl7g = — .
' (pto-plo) (Do—zfl)z (plo-7)

=
(z-p10)

Computing the corresponding sequence the result returned for the symbolic operation is too large to be
displayed.

simplify

1 . .
) invztrans,using,n = k —

(DO - 27

1)2' (plo-z

1
1 -z . .
. ) invztrans,using,n = k —

2
(DO S 1) (z -plo
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K2 . pl —k-— k k+2
T 2 2 | D 2
(p1 —p1) Dy™(Dgpl - 1) 0) (Dypl-1)
- —\ k+2
pl-(k+2):Dy— (k+1) [ | jk (p1) +
+ o —— —
— 2 D — 2
Do>(Pyp1 - 1) ) (pyp1-1)
[¥] Proof
Proof: Second case: (5 = ws
3
K2. . .l —k-— k k+2 K2. 7. 9.
AOKZVpp. Dg(k+2)-pl -k 1.(1) ) (pH< sk AOKZVppZ (pl 2-7+
- 2 2 2 ’ 2 -
(pl —pl) Dy -(Do-pl - 1) 0 (Do-pl - 1) (Do-zf 1) -(pl 72)-(p1 7pl)
- —\ k+2
pl:(k+2)Dg—(k+1) /| \k (pl) +
+ o —— —
N — 2 (D — 32
_ _ 3 _
. AgK2:Vp, | Dy (k+2)plo—k-1 (1jk (plo)k+2 _ AgK2:V 7 -(pl —22+4p
1 2 2 2 2 -
(plofplo) Dy -(Do-p10—1) 0 (D0~p10— 1) (D0~z—1) ~(p1—Z)~(p1—pl)-(2
- —\k+2
plo-(k+2)Dg - (k+ 1) ( 1 jk (plo)
n P
2 —_— 2 D, —_— 2
I Dy -(Do-plo— 1) 0 (Do-plof 1) |
[«] Proof
General result:
K2- k k
o 20K Ve |1 D - .
yl/gx = — " . 1 CS * (.US
(p1-p1) |G@l-ga2| qi-pl
—\k  k kK .k () ok
+(p1) -ql° (®H"-q2 _(pl) -q2
ql —pl q2-pl q2 - pl
. ]l —k- k k+2
Dy (12<+2)p1 k Zl(Dlj _% _—
Dy~ (Dgpl - 1) 0) (Dgpl-1)
" —\ k+2
pl-(k+2)-Dy—(k+1) ( | jk (pl) +
+ o —— —
2 — 2 | Dy — \2
(5.5.10)

y17 = 0 1 2 3 4 5 v
0 0 0| -1.713j10-3| -5.058j:10-3| -9.921j-10-3 .
Sequence of the sinusoidal response compared with the input
0.2 T T
Im(yl7k) 011
L Ot
Vpp:sin(w-k-AT) ' "
-0.11
-0.2 ! !
0 100 200
k
fig.:5.5.7
Bode plots:
A9
MZ) = if (5 # wg (5.5.11)
-2 B -1 Ie
z - O'Z + 0
A
0
otherwise
-1 2
(Dg-7")
Ay K2V
0 _
11— PP 9 4245107V
(pl - pl)
As=-20  20log(|Wip(ir /w5 wgmp)|) = -13.014
( ( j'w'Ts) )
Hlde(w) = 20~10gk Hlp e )
w
ws-10-U ~ 0
ws ws U-10
W= ™= m + 3 . 10~U-w5
U-100" U-10 4.U
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Hjpgp(w)

Hlde('\/ w5 ‘*’smp)

ip(EB(wtest)

20-10g(|Wlp(j-w)|)

BODE Plots of H(z) compared with that of W(jw)

50

L.
e B i e o
il N,
i s,
{ N
1 N,
| .
-50 I Sea \
1x107 1x10® 1x10° 1x10'° 1x1o!! 1x10'2
w
fig.:5.5.8
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5.6
The bilinear transformation

5.6.1 Z-transfer function of the I1° Order Low Pass Digital Filter.

17!

2
On the other hand, using the bilinear transformation: s = —- ! (5.6.1)
Ts\1+2
I getanewt. f. for the given system, in the z domain.
Grad
A5 = A5 UJS = w5 CS = CS TS = TS L\)S =0.191- racs
sec
[
, 2 (1-7"
substitute,s = T— —
AS"“JSZ s\l+z
H4(z) = S5 |collect,z - (5.6.2)
S +2'C5'S+(.L)5
2
collect,A5~(Ts~w5)
2 2 2
-1 AT w
+1 5 5
Hi() = 2(2Z ) 2 2 2 2S
2 1 2TS (.LJS -8 4.TS.€5+TS LA)S +4 TS u)s —4'C5'TS+4
z "4z - T + > 5
TS UJS —4'C5'TS+4 TS WS —4'C5'TS+4
2 2 2
-1 AsT w
+1 5 5
H4(z) = (2 2) : — s (5.6.3)
> -1 2TS (JJS -8 TS UJS —4'C5'TS+4
z "4z

2 2
TS (JJS *4'C5'TS+4

2 2
4TSC5 + TS (JJS +4

2 2
Ty ws — 45T+ 4

Parameters necessary for the design of the digital filter:

4

Consider the sampling time Ty = 6.858x 10 "-ps

2T ws -8
Br=—F— V1=
TS (.\JS —4'C5'TS+4

2.2
0L1 = 3 2
TS LOS —4'C5'TS+4

oy = —0.085916831 B) = —1.997085248 N =
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2 2
TS UJS + 4C5TS +4

2 2
TS (.\)5 - 4C5TS +4

1.0142686139




Grads

. I _ )
result for the t. f. as a function of z1: wsmp = 17.269 7scc
2
—1
Grad: 1
ws = 0.191.—— Ha(7) = QI~M (5.64)
sec Z_ +BI‘Z_ +"{1
, 2 (1 - x) '
substitute ,s = —-
» ws TS 1+x
= H =Ay—mm—
x=z IP(X) 5 ( 2 |collect,x -
S+ WS
factor
2 2 _ 2
. (AS'TS "Ws ) (Z Ty 1)
z transfer function: Hlp(z) = 5 5 (5.6.5)
(TSWS—z) 1 TS'U.’S"'Z
z +—
(Ts-ws - 2)
(AsTles))
. 5s UJS T WS +2
1= 2 By =
(Ts-ws - 2) (Ts-ws - 2)
_ ~ 5 _
(z + 1) .
27 +Bl'27 +"‘{1
2
(z_ ! + 1) .
0‘11'72 otherwise
—1
(Z + 622>

Now compare the Bode diagrams of H4(z) with those of Hy(z) . To do that, the coefficients of Hi(z) must be redefined
with the given sampling time Tg. Therefore they are rewritten here below:

2.2 2
AQ= Asws™ T BO=2(1+¢5T) Q= Ts(ws ~TS+2~C5> +1 DO, = Tews + 1
A0 = -0.3426946 BO = 2.0142282276 C0 = 1.0313629575 DO = 1.131
A0 ‘
Hip(@) = | — - if G5 # ws (5.6.7)
z “—-B0-z +C0
A0
otherwise
-1
(DO -z )
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BODE PLOTS (Low Pass (II° order)):

w .U_i

w5 ws ST 20U

Wis o
20-U°20-U U

jwTg 50
20-log\ [H4\e

20-10g(|W1p(j-w)|) 0

(Hlp(ej-w-Ts))H ~50

dB

20- log{

~100
1x10° 1x107 1x10® 1x10° 1x10'0

w
fig.:5.6.1

Phase Response of the II° order Low Pass Filter

1x10!!

|
i}
I

|

i

|

|

T

T

]

'

T

|

|

|

|

|

i
<
b

-|
......

W,

:?:

1x10° 1x107 1x108 1x10°
w
w
fig.:5.6.2
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5.6 The bilinear transformation
5.6.2 Difference equations (II°order Low Pass filter). Canonical form.

(27 Ly 1)2

z T+ 61'271 +"‘{1
Y2(2) _ Y2(2) Wi(2)

H4(2) = o

Hi() = X(2) Wi(z) X(z)
Y2(2) = 0c1~(1 +27 1y 272)
Wi(z)

Y2(z) = a1~(1 27 v ) Wi

V2(v) = o (Wl (V) + 22 wl(v - 1) + wl(v - z)))|

Wi() _ 1
X(z)

Z72+ BI'Z71+'\{1

X(2) = (z’z +8p2 ! +"‘{1)~W1(Z)

X(2) = N WI@) + 817 "WI(2)+7 2Wi(2)

X(V) = 4 wI() + Bp-wl(v - 1) +w1(v72)‘

The corresponding set of difference equations is:

B1 1

) _ —wlv-1)-—wl(v-2)
oM 1

wl(v) =

Y2(0) = (Wl () +2-wl (U= 1) + wl (v - 2))
oy =0y By =8 1=

1 -2

1+272 !
Z T.Initial value theorem: lim 0‘1'% - —
Z —> 00 Z_ +61.Z_ +r\{1 ’Yl
1427 1472
Z T.Final value theorem: lim |op—F———| 2>
-2 —1
z—>0 z + Bll + "‘{1
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(5.6.2.1)

(5.6.2.2)

(5.6.2.3)

(5.6.2.4)

(5.6.2.5)

(5.6.2.6)

(5.6.2.7)

(5.6.2.8)

(5.6.2.9)

(5.6.2.10)

(5.6.2.11)

[¥] BILINEAR

5.6 The bilinear transformation
5.6.2.1 Sequence of the voltage Step response.

Recurrence relations:
Yi(v) =uly
viv) =B wlv-1)-wl(v-2)
) wl):= ifv>1
1
il
—vi(v) if v=10
1
vi(1) = B1-w1(0)
— | ifv=1
1

(5.62.1.1)

(5.62.1.2)

2) y2() = |oap (Wl +2wl(v-1D+wl(v-2))) if v> " (5.6.2.1.3)

ap-(Wi(1) +2-w1(0))) if v=1

ay-wl(0) otherwise

Same relations but vectorized: W1, :=0.0

uly

-~ B]'Wlufl -Wly2

volt .

) Wi, = ifv>1
1

——— otherwise

2 Y2y = |og (Wl + 22 Wy + Wiy) if v > 1"

a;-Wlp if v=10

al-(Wll + 2~W10) otherwise

(5.6.2.1.4)

(5.6.2.1.5)

Block diagram of the difference equation algorithm for a second order system
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fig.:5.6.2.1.1

Input signal sequence

T T T -
41073 !

uly
L a0l f

0
0 20 40 60 80
fig..5.62.1.2 Vv
ul
As =20 bll = BILINEAR(V ,AS,QS,wS,Tsstp,NOgdj (5.62.1.6)

bll = (-0.49 -1.936 1.034 {256,1} {256,1})

a00 :=bllg,g  b00 :=bllg,;  ¢00 = bllg 7 W00 := bllg 3 Y11 :=bllg 4

a5 = —34.26945973 bS5 = 2.142282276 c5 = 2.8557552623

Sequence of the state function Output Sequence
0.1 T T T T
0.08
0.06
W00y
L 0.04 ||
0.02 ||
0
0 20 40 60 80 100 0 1><1077 2><1077 3><1077
k
nstpg , t
fig.:5.6.2.1.3 (056,14
1g.:5.6.2.1.
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5.6 The bilinear transformation
5.6.2.2 Sequence of the Short Voltage Pulse response.

-3
Tiest = 16.46:ns TSVp =10973-ns T =5239%x10 "-ps
1
Chosen Test signal period, Tieqq = 16.46-ns —— =0.061-GHz
test
Short pulse sequence of amplitude V;:
Pulse Sequence.
6><1073 T A T
5 TS5 Tpw
77777777 | 1””””\/@5
41073 1 | .
uddy
L I
2x1073F | 1
0 ‘ g
—5x107 ! 0 s<1077 1x107°
svp0,
fig.:5.6.2.2.1
bl2 := BILINEAR (ud4, A5, G5, ws, Ty, NOgg) (5.62.2.1)
bl2 = (-11.061 0.097 1.115 {256,1} {256,1})
Agp:=bl2g 0 bll:=bl2g | cll :=bl2g > WI1 :=bl2g 3 Y22 :=bl2g 4
A5 =-11.06137211 bll = 0.0974610276 cll = 1.1148133945

Block diagram of the difference equation algorithm for a second order system

fig.:5.6.2.2.2
Sequence of the voltage Step response.
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Spec18xk| 0.2
L

Sequence of w

4x10

—5x10 0 5%10 1x10~

fig.:5.6.2.2.3

Specl8x = fft(Y22)

Amplitude Spectrum

0.3

0.1

0
7

0 l><107 2><107 3><107 4x10

fsvp

k-

fig.:5.6.2.2.5

6

Sequence of the response

Y224 0
L

Ywsat (D 0.1

-0.2

fig.:5.62.2.4

Phase spectrum

1

arg(Spec 1 8xk)_ 1 | H

L
_2 i
-3 L L
0 1x107 210’
s
Nogq
fig.:5.6.2.2.6

5.6 The bilinear transformation
5.6.2.3 Sequence of the Sawtooth Response

Sampled test signal
I e S T b T
uS5k
L 0 TS — 2
Vw(V) Ttest
—5x107° : i :
0 1x10 % 21078 1078
nSWk,t
fig.:5.6.2.3.1
Mrad: . .
ws = 190863 ———  Signal bandwidth:  [By, = 729.042-MH fisaw = 2By
sec
3
fygaw = 1458 x 10"-MHz Wegaw = 2T fggaw
Parseval ., = 3.419 x 1075 |Averagel~volt = O-VI |RMSl~V01t =2 754-mV|
sw :
_8 Grads 1 Grads
Tt = 1.646x 10 s =0.01- T =— W =9.161-
test Cs sec ssaw fesaw ssaw sec
CsTg=7.114x 107> Ty = 6:858x 107 '%s A5 =20 Q5=92
fssaw
Tg = 0.033-ps =24 Tiest = 0.016-pus
frest
ul0
As=-20 bl3 = BILINEAR(T,A5,Q5,w5,TssaW,N0gd) (5.62.3.1)
bl3 = (-0.086 —1.997 1.014 {256,1} {256,1})
a22 = bl3g b22 = bl3g, €22 :=bl3g 2 W22 :=bl3g, 3 Y33 :=bl3g 4

a22 = —0.08591683

b22 = -1.9970852477

c22 = 1.0142686139

Block diagram of the difference equation algorithm for a second order system
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Xn
4

- B W

fig.:5.6.2.3.2

Ag=-20 Sequence of the Sawtooth response.
Tiet = 0.016-ps

Sequence of w

Sequence of the response

Amplitude Spectrum

0.2 T T — ‘
0.1 0.05- [ test .
: e Dl
-0.2 L !
03 | | -0.051 !
—U. L 1
0 100 200 . 0" T
x10 4x10
fig.:5.6.2.3.3 Dsw
fig.:5.62.3.4
Sawtooth Response
‘ 1'Tl‘test ‘ ‘
0.1F .
i ATy
L 0 uHHH lLTH ‘Swt%sé_é%
T
70] = i -
1 : 1 1
0 1x10~ 8 21078 x10~%
sw
fig.:5.6.2.3.5
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T T

—
max("SpeC”O();( D

Il Il

2><108 4><lO8 6><108

fS SW

NOgy
fig.:5.6.2.3.6

SpeCpy = ft(Y33)

Phase spectrum

4 T T T
2

arg(SpeCOOxk) 0
L

2
—4 L L L
0 2x10% ax10® ex10®
: fSSW
N0y
fig.5.6.2.3.7

IS 1
max(‘SpeCOOx‘) = 02392V
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5.6 The bilinear transformation
5.6.2.4 Sequence of the Bipolar Square Wave response.

Test signal Sampled test signal
%1073 - . 51073 7
SqWK
Vsqwb () oF - : L 0
— Vequb ()
—5x107° _5x10°° ! !
0 5x10° % 1x1077 0 2x10°% ax1078
t nsqwk,t
fig.:5.6.2.4.1
fig.:5.6.2.4.2
bl4 = BILINEAR(sqw,A5,QS,wS,TSSqW,Nogd) (5.62.4.1)
bl4 = (—5.363 x 1073 22,002 1.004 {256,1} {256,1})
a33 = bldg o b33 :=bldg | €33 :=bldg 2 W33 = bldg 3 Y44 :=bldg 4

a33 = -0.00536271 b33 = -2.002489898 ¢33 = 1.003562439

Block diagram of the difference equation algorithm for a second order system

=W g W, R byw, + bW, ,

fig.:5.6.2.4.3
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Sequence of the Bipolar Square Wave response.

Sequence of w Sequence of the response

10 T T 0.2 T T
0.1
Yy
L
SqW§
L -0.1
-0.2
k k
fig.:5.6.2.4.4 fig.:5.6.2.4.5
SpeCyy 1y = fft(Y44) (5.6.2.4.2)
Amplitude Spectrum Phase spectrum
T 4
| 27 7
0.4 b i
secorg | w5Cors) ¢ A
. 02ff . L
| —2HH 4
0 E‘HHHHHW i i i ) )
0 5x10%  1x10° 740 510® 110
. fssqw fssqw
NOgq k'ng
fig:5.62.4.6 fig:5.62.4.7

S
max(‘SpeCle‘) =0.521
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5.6 The bilinear transformation

Sequence of the AM (single tone) Signal response.
5.6.2.5 Sequence of the (single tone) AM Signal response.

Sequence of w Sequence of the response
20 T 200 T
Test signal Sampled test signal 100- |
20 T 101 b ‘ ‘ ‘ ‘
Wikdy | H | vsse bl {”‘{
101 T L Ot [ . MIMHMH 1‘1 L ‘ H ‘
e IR _ 100k 4
I T | 100
u7x 0 | ‘ T : T : T ‘ | 1 1
L -10 —200
—10" " 0 1077 ax107] 0 1x107 7
-20 L namy namy
—7
0 1x10 fig.:5.6.2.5.4 fig.:5.6.2.5.5
t namy
fig.:5.6.2.5.1 fig:5.62.5.2 SpeCoix. = ft(YS5S)
blS := BILINEAR(HJ’AS’QS=w5’Tsam’N0gd) (5.62.5.1) Amplitude Spectrum Phase spectrum
T T 4 T T T
bl5 = (-6.312 -0.842 1.105 {256,1} {256,1}) }
100- x|
a44 = bl5q o bd4 :=bl5g | c44 = bl5) 2 W44 = bl5) 3 Y55 :=bl5g 4 ‘SPCCOIX ‘ arg(Spemek)
50 L
a44 = —6.31240334 b44 = —-0.842352396 c44 = 1.1048330637 -
Block diagram of the difference equation algorithm for a second order system 0
0 2x107 4x10” 6x10 o ae10” w107 6x10”
b
Xn W Vo n - ¥a k- fsam fsam
. W+ . NO,
=AW AW, . bW, bW, p fig.:5.6.2.5.6 ﬁg5625’?

—
max(‘SpeCOlX‘) = 110.273

-8, Wa W2 by W,.o
fig.:5.6.2.5.3
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5.6 The bilinear transformation Sequence of the Frequency (single tone) Modulated carrier response.

5.6.2.6 Sequence of the (single tone) Frequency Modulated carrier response . Sequence of W Sequence of the response
10 T
sk 4
Test signal Sampled test signal ol ﬁ i
0. 0.2 . ATy | " fre
0.1 0.1f -0 ]
me(t) 0 uk 0 -10 1 _7 _7 _7 _7
—_— L 0 2x10 0 1x10 2x10 3x10
-0.1 -0.1 1
—02 | | —02 I fig.:5.6.2.6.4 fig.:5.6.2.6.5
0 21077 0 1x107
t nfmy SpeCpy = f(Y66)
fig:5.62.61 fig:5.62.62
Amplitude Spectrum Phase spectrum
***** *mavc@’Spe%sz 4 s ‘
bl6 = BlLlNEAR(u8,A5,Qs,wS,Tsfm,NOgd) (5.6.2.6.1) ; ! |
101 | . 1
bl6 = (—0.384 —1.953 1.03 {256,1} {256,1}) i o ‘ L
51 | N ‘1
a55 = bl6g o b55 :=bl6g | c55 = bl6g 2 W5 = bl6g 3 Y66 = bl6g 4 ‘ ‘ | ) | .
0 u“ HH‘HMM} 11 1 1
a55 = -0.38419136 b55 = —1.9532288778 ¢55 = 1.03006715 0 sx10’ 1x10° _40 56107 1x10° 1.5x10°
Block diagram of the difference equation algorithm for a second order system fie.:5.6.2.6.7
- fig.:5.6.2.6.6 g:2:0.2.0.
Wy W 10 .
Xn ® ¥ SN
-8 Wy AW nat bW,y max(‘SpeCOzx‘) = 14.731

fig.:5.6.2.6.3
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5.6 The bilinear transformation
5.6.2.7 Sequence of the (single tone) Phase Modulated carrier response.

Test signal Sampled test signal
20 T
10
wg 0
L
- 10 ‘
~20 1 |
0 4x10” 8
t npmy
fig.:5.6.2.7.2
fig.:5.6.2.7.1
bl7 := BILINEAR (u9,A5. s, ws. Tgpm . N0gg) (5.62.7.1)

bl7 = (—0.024 —2.003 1.008 {256,1} {256,1})

a66 = bl7g o b66 :=bl7p, | €66 = bl7y 2 W66 := bl7g 3 Y77 :=bl7g,4

a66 = —0.02417475 b66 = -2.0027327976 c66 = 1.0075677471

Block diagram of the difference equation algorithm for a second order system

- =8, W,

fig.:5.6.2.7.3

Sequence of w Sequence of the response
20 T T 1 T T

~1 1 L

0 50 100 0 4x1078 810"
K
npmy
fig.:5.6.2.7.4 fig.:5.6.2.7.5
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Amplitude Spectrum

T

(i)

T

‘SPeCo3xk‘ 1
L

0.5 N
0 ‘Mn Lot s AHHAH”“H
0 w0 axied

fspm
N0q
fig.:5.6.2.7.6

SpeC3y = ft(Y77)

Phase spectrum

4
fipst

%]

frg(SpeC()j,'xk) 0 w‘ml‘w MHHH ‘MHHHH il

,2 —
_4 L L L
0 210° 4x10® ex10®
.fspm
Nogg
fig.:5.6.2.7.7

e e
max(‘SpeCOOx‘) =0.239
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5.7

Synthetic Division algorithm (considering the bilinear

transformation).

Search of the sequence corresponding to the z t. f. knowing its numerator and denominator coefficients:

2.2 2 2
o = Ass Ts if Co# we LBy = Plsws 78 if Ce#w
U r2ed caceTora T tkelsaceTad
s W5 —4CsTg+ s W5 —4CsTg+
A5TSZUJ52 TSZUJSZ -4
3 otherwise 2- 5 otherwise
(TS- ws — 2) (Ts- ws — 2)
2 2
TS UJS + 4C5TS +4 )
’\{2 = 5 5 if CS * (.05
TS L\)S - 4C~'5TS +4
(Tews +2)°
5 otherwise
(TSUJS — 2)
Mrad:
Cs—ws = ~180.49-°=  q, = ~0.086 By = ~1.997 vy = 1.014
sec
The zt. £, is: Hy(7) = 127 vs? 5.7.1
ezt f is: (2) =y - — X (5.7.1)
Z + BzZ + ’\12
Numerator N &= 2 Denominator M:=2
NL=Ngg +M
Numerator Coeffs. Denominator Coeffs.
by = 0.0" ay = 0.0" h3y = O
] [ [
bo =y ag ="y ag =1
] [ [
by =20y a] =0 aj =1
by = 0L2I ay = 1l a = '
I
bo' | v
NI =4 h3g = — h3y, = —| by — (h3yj-aj) (5.72)
a0 a0
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In this worksheet will be used the following program:

[¥] SYNDIVBL

5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.1 Sequence of the voltage Step response.

T.:=T

ul
T sstp syndbl := SYNDIVBL(V As,C5,ws ’Tsstp’NOgd) (5.7.1.1)

syndbl = (=049 —1.936 1.034 {256,1} {256,1})
a3 = syndblg ¢

a5 = —-0.48975799 b5 = -1.9359385779 c5 = 1.0338901762

Pulse Response Sequence
T T

0 100 200
k
fig.:5.7.1.1
[ ]
407 ' d
t:=01,——..40-T 24, = if(v—k > 0,h3xuly_,0 5.7.1.2
o = 3 (i @il 671
k=0

-3
Vpp75><10 \%

Digital Filter Input Sequence

T
4x1073F
uly _
1L 2x10 3’
0 | o
0 50 100
k
fig.:5.7.1.2
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b5,:=syndblp | ¢3 = syndblg 2 h3 = syndblg 3 Y24 := syndblg 4



Step Response
0 T

—-0.05

-0.1

-0.15

-0.2

fig.:5.7.1.3

Digital Filter Output Sequence

Y24y
(D
-02 . .
_7 _
0 1x10 2x10
nstpg , t
fig.:5.7.1.4
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5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.2 Sequence of the Short Voltage Pulse response.

syndbl1 := SYNDIVBL (u44, A5, (5, ws. Ty, NOgq) (5.7.2.1)
syndbll = (-11.061 0.097 1.115 {256,1} {256,1})
h4 = syndbllg 3 Y25 = syndbllg 4 (5.72.2)
Transfer Function Sequence
20 T T T T
10 ‘ 1
bt ool ] [T M E—
L
~20 I I I I
0 10 20 30 40 50
k
fig.:5.7.2.1
]
T5+8(Tyw +T5) — 1'T5
Ts = -131.68:ns t:= 1-1'5, ( pwls ) ..75+8-(pr+75)
10
Filter Input Sequence Response

time as multiple of T
fig.:5.7.2.3

0.006 T T V‘
77777 5 1S ~ Vop| o
1 v i
0004 1(f . £
uddy i i § Yyysat(t)
L 0.002F 1 A 2
e =
it °©
0 ! 1 1 1
0 s<107 1x107°
svp,
fig.:5.7.2.2
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Y25
L

Ywsat (V)

-0.1

-0.2

Filter Output Sequence

s Touf TS
T : S AsVop|
: 1 l: 1
0 5x1077 1x10”°
nsvpk,t
fig.:5.7.2.4
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5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.3 Sequence of the Sawtooth response:

5x107°

uS5k
L

=3

—5x10"

55
syndbl2 := sm\IDIVBL(“7 ,As,CsWs ,TSSW,NOgdj (5.73.1)
syndbl2 = (~0.086 —1.997 1.014 {256,1} {256,1})
h3,:= syndbl2g 3 Y27 = syndbl2g 4 (5.73.2)
Transfer Function Sequence
3
= test
1
! ‘HHHH
_1 \ \
I 1
_3 ‘ ‘
0 2x10’8 4x1078
Tsw)
fig.:5.7.3.1
Filter Input Sequence Filter Output Sequence
””””” T téét"”"i’]bt’estbif Tiest Tiest
| °l i i
1 1 Y27k 0 “HH M - “‘H
’ I .
21078 4x1078 0 2x10’8 4x10*8
5wy Tsw
fig.:5.7.3.2 fig.:5.7.3.3
AsVpp = 0.1V
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5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.4 Sequence of the Bipolar Square Wave response.

syndbl3 := SYNDIVBL(sqw ,A5,C5,ws, Tssqw’NOgd) (5.7.4.1)

3

syndbl3 =(—5.363x10’ ~2.002 1.004 {256,1} {256,1})

h6 ;= syndbl3g 3 Y26 := syndbl3g 4 (5.74.2)

Transfer Function Sequence

5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.5 Sequence of the (single tone) AM Signal response.

syndbl4 := SYNDIVBL (u_7,A5.(5.ws, Tgm Ngg) (5.7.5.1)
syndbl4 = (-6.312 -0.842 1.105 {256,1} {256,1})

h7,:= syndbldg 3

MWW

Y28 := syndbldg 4 (5.75.2)

Transfer Function Sequence

1 T T
0.5 B
héy 0
L
—-0.51 b
1 I I
0 100 200 300
k
fig.:5.7.4.1
PR Filter Input Sequence Filter Output Sequence
X T T T T
Ty I v T T T
41073 l | pp o1k T?est Tt,:est i
o | 2
2x10 ! | |
I ‘ Y26, o
e ‘ ] P 11111 '
L | 0 d v
“4x1073 1 1 1
_3 1 —0.1F ! ! .
—6x10 L — L L L I
0 Ix10°% 2x107% 3x1078 0 1a0-® 2a0°® 30-
n,
SqW nsqwk
fig.:5.7.4.2 fig.:5.7.4.3
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20 T T T T
10 ‘ T
h7g 0 ‘ l \
" ‘ ‘ ‘
— 10 B
_ 20 1 1 1 1
0 2 4 6 8 10
k
fig.:5.7.5.1
Filter Output Sequence
200 T T
1001H] b
Y28 0
L
— 1007 b
_ 20 1 1 1 _ 200 1 1
0 21077 41077 6x107’ 0 100 200
namg k
fig.:5.7.5.2 fig.:5.7.5.3
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5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.6 Sequence of the (single tone) Frequency Modulated carrier response.

syndbl5 := SYNDIVBL (u8,As.Cs.,ws, Tgfin NOgg) (5.7.6.1)
syndblS = (-0.384 —1.953 1.03 {256,1} {256,1})
h8 := syndbl5¢ 3 Y29 = syndbl5¢ 4 (5.7.6.2)

Transfer Function Sequence

6 T T T
4k 4
)l |
‘ ! I
R 1 111 L
-2 -
—4F -
~6 I I I
0 10 20 30 40
k
fig.:5.7.6.1
Digital Filter Input Sequence Digital Filter Output Sequence
0.2 T
U8y OxH I‘HLI “ l‘a
L
~0.10 j i e el Ll S
~02 1 1
0 51078 1x107 7 0 1x107 7 2x107 7 3107/
nfmy nfmy
fig.:5.7.6.2 fig.:5.7.6.3

185

5.7 Synthetic Division algorithm (considering the bilinear transformation).
5.7.7 Sequence of the (single tone) Phase Modulated carrier response.

syndbl6 := SYNDIVBL (u_9,As5.(5,ws, Tgpm NOgq) (5.7.7.1)
mp =8 syndbl6 = (-0.024 —2.003 1.008 {256,1} {256,1})
Afn =02V h9 := syndbl6g 3 Y30 := syndbl6g 4 (5.7.7.2)

Transfer Function Sequence

2 T T
1k 4
h9 o
L
—1r -
_2 1 1
0 100 200
k
fig.:5.7.7.1
Digital Filter Input Sequence Digital Filter Output Sequence
0.2f ‘ . 02 2-Tyegt ‘
0.} . 0.1 } 1
u_9 04: Y30k 0 : 0
L | 1 |
—0.1§; B —0.1F | .
-0.21 1 | _02 L L
0 sx10~ 8 0 4x1078 8x10~ %
npmy npmyg
fig.:5.7.7.2 fig.:5.7.7.3

As:Apy = —400V
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5.8

Analytical search of the output sequence by means of the
residues method (considering the bilinear transformation)

Search of the sequence corresponding to the filter's t. f. using the residues method.

Numerator and denominator's coefficients of the z t. f.:
T; = Tsst_ 1

Aswsszz ZTSZWSZ -8
A%:: 2 2 if CS F LOS ,/@&:: 2 2 if CS * UJS y
TS U)S *4'C5'TS+4 TS UJS 74.C5.TS+4
2 2 2 2

ASTS UJS ) TS UJS -4 .

— otherwise 2-72 otherwise

(Tsws — 2) (TSUJS - 2)

Tl ws” + 4Ty +4

MAZ= 2 2 if CS * ws

TS UJS - 4C5TS +4

(Tews +2)°

S otherwise

(Tews —2)

Mrads
C5— wg = —180.49- o oy =-0.49 By = -1.936 Yo = 1.034
—1 -2
1+2- +
The zt. £, is: Hy(?) = az-#, (5.8.1)
Z_ + Bz'Z_ + ’\{2
First case .Deﬁne the function: F10(z,n) = Zn_l-Hlp(z) (5.82)
n 2
(z+1
namely:  F10(z,n) = ayo—— (z )2 (5.8.3)
YoZ +By7Z +z
Grad: Grad
G5 = 0.01.—= ws = 0,191~
sec sec
z:=z By =By Yo ="p
187

2
By B2 =4y
—_ + R —
2
Poles calculation: polesl = (ﬁ{z-z3 + Bz~zz + z) solve,z — G5 =G5 (5.84)
2
By N By =4,
2 2
"2
z:=z pO := p0 pl :=pl p2 :=p2
Qs # ws pO := poleslg pl := polesly p2 := polesly
2 2
Byt B2 — 472 By — B2~ 42
pli=- —m—WM— pR=]—
29y 27,
p0=0 pl =0.936 - 0.301j p2 = 0.936 + 0.301j
ti=t ri= ceil(max( ‘polesl‘ ))~1,0 r=2
£(t) == r-cos(t)
P(t) := r-sin(t)
(D) = (1) +j- ()
. ) ) tjn — ¢
to.:() tﬁn.:2"ﬂ t.:to,to"'m..tﬁn n=u
z plane Gauss plane, Hlp(z) , F10(z)
: 0 0
| 4 |
I | |
2 |
I les1 | ®
.nl(go esl) ) — T o Im| Hlp(d)(t)))
Im($ (1) | ° — of - S
— : Im(F10(&(t) ,n))
- i = 1
- : -4
-2 -1 0 1 2 |
Re(polesl) ,Re(¢p(t)) -4 -3 -2 —1 0
Re(Hyp(0(1))), Re(F10(o(1) ,m)

fig.:5.8.1

Knowing the poles of the function F10(z,n), it canbe written too:
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fig.:5.8.2




) Mz +1)°

F10(z,n) = —
Yo (z—p0)-(z—pl)-(z-p2)
The corresponding sequence is given by:
2
h10, = z lim  [(z-pj)-F10(2)]
P z—> pj
j=0
hence: g 2 Kz +1)?
enee: h10g = — lim | (z-pj)-
Yy 7 pi (z-p0)-(z—pl)-(z-p2)
j=0 g
o[ K2+ 1)? ]
or: hl0g = —| lim |:(z—p0)- z(z+1)
Y2 | z— po (z-p0)-(z-pl)(z—p2)
Kz+1)?
+ lim (z-pl)-
z— pl (z-p0)-(z-pl)(z—p2)
k 2
+ lim | (z-p2) z(z+1) }
z-p2 (z—=p0)-(z—pl)-(z-p2)
o | k. 2 T
simplifying: h10y = 2. lim |:Z(Z+1):|
Y2 | z— po (z—pD)-(z—-p2)
k 2
v im {zu+w}m
z— pl L(z—p0)-(z-p2)
k 2
+ lim {Z (z+1) }
z - p2 L(z=p0)-(z—pl)
M po=0
3 2] 0 2
. +1 .
Calculationof lim |:Z(Z) If lim |: z-(z+1) } = 1
7z 0L(z-pl)(z-p2) ] k=0 720 L(Z-pD)(z-p2) pl-p2
zZ=Z 62 = 62 '\{2 = A{Z
k 2]
fork > 0 fim {Z(Z”) =0 (5.8.10)
z— 0 L(z-pl)-(z-p2) ]
1 1 1
Iy = -8(k,0) = — (5.8.11)
pl-p2 pl-p2  vp
2 po=0
k 2 k 2
. 1 17+ (pl +1
Calculationof  lim |: z-(z+1) :| =P (p1+1)
z — pl L(z—p0)-(z—p2) pl-(pl —p2)
K 2
1, = M (5.8.12)
pl-(pl —p2)
3 po=0
189

(5.8.5)

(5.8.6)

(5.8.7)

(5.8.8)

(5.8.9)

k 2 k 2
Calculationof lim |: z-(z+1) :| = p2-(p2 +1)

z - p2 L(z=p0)-(z—pl) p2-(p2 —pl)
k 2
12 = M (5.8.13)
p2-(p2 —pl)
The sequence is:
| 1+ 1)?
10y = 2 — (k.04 PLPLEDT (5.8.14)
Yy | pl-p2 pl-(pl —p2)
P22+ 1)
p2-(p2 —pl)

[=] Proof (5.8.14)
Proof of (5.8.14):
the z transform of (5.8.14) should be the given z transfer function here rewritten:
1427 Y472 9 (e’ O (24 1)
Hlp(z) = O‘Z'ﬁ = . = —.
724 By7 hyy M2 2 By 1 " (z—pD(z-p2)
-z

z transform of each term of (5.8.14)

pl =pl p2 = p2

1 1
——-3(k,0) ztrans, k - ——

pl-p2 pl-p2
k 2 2
LIRS (3 B
pl-(pl -p2) pl-(pl —p2)-(pl —2)
k 2 2
PN 2
p2-(p2 —pl) p2-(pl —p2)-(p2 - 2)
(o7 k. 2 Q . 2 . 2
2ozl sk,0) 4 RLRIED =2_{ 1 z(pl+]) L z@2+]) }
Yo pl-p2 pl-(pl —p2) Yo Lpl'p2  pl-(pl -p2)-(pl -2) p2-(pl —p2)-(p2 -2)
k 2
p2-(p2+1)
p2-(p2 —pl)
1 z(pl +1)° L 2+ D2 @+)?

pl'p2  pl(pl—-p2)(pl—2) p2:(pl-p2)(p2-2) (pl—-2)(p2-2)
ge.d.
[«] Proof (5.8.14)

Secondcase: ;1:&:: 2~TSstp
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(z_l + 1)2

—1 2
(Z + 621)
By, = —1.9161289188

H4(z) == oy

| = —4.1964609796

2=z om0y Pypi= Py

Define the function:  F20(z,k) = zk_1~H4(z)
OLZIZk(Z + 1)2
F20(z,k) = —
z-(621~z + 1)

a2z + 1)

(5.8.15)

(5.8.16)

(5.8.17)

Poles of F20(z,k) = (5.8.18)
2
Z(BZIZ + 1)
Grad! Grad!
(5= 0.0 ws = 0.191.———
sec sec
CS = UJS zZ.=Z a2l = a2l 621 = 621 CS = CS
0
b
poles := 24(621'z+ 1)2 solve,z — P21
L
Ba1
0
poles = | 0.522 p00 := polesg p01 := poles]
0.522
. 1
First order pole: ~ p00 := 0 Second orderpole:  p01 := —B—
21

I= ceil(max( ‘poles‘ ))- 1.0

£(D) = r-cos(t)

(D) = r-sin(t)
B0 = &0 +J-P(D)

191

Il
—

T

0.5

Im(poles)
[ X X ]

Im($ (1))

-0.5

tin — o

o= 0 L= 2.7 ti=1ty,tg+ —— ..t
100
z plane Hlp(z) plane
i ? P
10 .
,,,,,,,,,,,, g
| Im(H4(6 () 0f 0
K/ - 10,
-20 ‘
-1 -05 0 05 -30 -20 -10 0 10
Re(poles),Re(d (1)) Re(H4(d (1))
fig.:5.8.3 fig.:5.8.4
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Oézlzk(Z + 1)2
F20(z,k) =

By (2 - p00)-(z - p01)*

h20k = Res(F20(z,k),p00) + Res(F20(z,k),p01)

21 K ye )2
p00 =0 h20 = ——| lim (Z—pOO)-Z(Z—+)2
21| z— p00 (2= p00)-(z — pO1)
k 2
+ lim 9 (Z*p01)2- z-(z+1) -
z — p0l 62_ (2= p00)-(z— pO1)
o k 2
namely,simplifying ~ [n20x = —| fim | Z—ZF 1
B21 z—>0 _(Z—’p(_)l)z_
k 2
¢ iim |2 Z(Z“)}
z - po1 | 8z (z—p00)

() Res(F20(z,k),p00)  p00 =0

0 2]
For k=0and p01 # 0 lim |2 (z+ D)7 _ (k0
220 z—poy’ | por’
k 2 k 2
For k>0 fim | 2D o [ 2EEDT 2
250 (z-pol)’ | 20| (z-po1)’
21 §(k,0
Res(F20(2,k),p00) = —. 2 2)
Ba1 por
k 2
(z+1
(@ Res(F20(z,k),p01) lim 6%(“)}
z — p0l | 0z (z - p00)
k 2
1 (z+1 _
pol = —— 5{““)} =@+ Dk +z4kez— 1)
B2 oz

For k=0and p01 # 0

, {a |:ZO.(Z+ 1)2ﬂ , {a {(z + 1)2ﬂ
lim - = |lim Z =7
z — p0l | 0z z z — p0l | 0z z

2
9 e+l simplify, max — 1 - 1
0z z 2
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(5.8.19)

(5.8.20)

(5.821)

(5.8.22)

(5.8.23)

(5.8.24)

(5.8.25)

(5.8.26)

2
. H(l)ﬂ - Vo
z—> p0l | 0z z p012

(a7
Res(F20(2,K),p01) = — lim | 222+ D)-(k+ 2+ kz—1)| (5.827)
21 z— p0l
91 k2
Res(F20(z,k),p01) = B—~p01 -(pO1 + 1)-[k + p01-(1 +k) — 1] (5.8.28)
21
21 [ §(k,0) 1 k=2
h20g = = = - — -8(k,0) + p01° “(p01 + 1)-[k + p01-(1 +k) — 1]
B21 | pot p01
%1 k-2
h20y = B—-[a(k,O) +p01 . (pO1 + 1)-[k + pO1-(1 + k) — 1]] (5.8.29)
21
[*] Proof (5.8.29)
Proof of (5.8.29):
the z transform of (5.8.29) should be the given z transfer function here rewritten:
2 2
(7 '4+1) app(z+1)
H4(Z) = OL21 =
-1 2 (Bypz+1)?
2
(B = 1) [ By (k=D —k=1] /| \k ztrans, k a2+ 1)
2 . €] +0n1°8(k.0) simplify max_> 2
B21 . (Bz+1)
[&] Proof (5.8.29)
Finally, the result considering both cases: (5 # wgand (5 = ws, is:
o k-1 2
20y = |2 8(k,0)+ PL_®LEDT g Cs # ws (5.8.30)
By (p1 -p2)
2 L2+ 1)?
(r2-pl)
M1 _
6—-[6(k,0) + 0172 (p01 + 1)-[k + p01-(1 + k) — 1]] otherwise
21
d d
ws = 0.191. 928 ¢s = 001928
sec sec
Grads Grads
¢5 = 0.01- ws = 0.191-——
sec sec
h2o! = 0 1 2 3 4 5 6
0 -0.458 -1.834 -3.45 -4.687 -5.438 -5.65
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Digital Pulse Response Sequence

Digital Pulse Response Sequence

5 T T T T 5 T T T
IH MI rﬂmhr. |||| ||| I|||||I|.
) e sl | L
h3 h3y
R . L5 =sE a
_ 10 1 1 1 1 _ 10 1 1 1 1
0 10 20 30 40 50 0 10 20 30 40 50
k k
fig.:5.8.5
rows(hl)—1
Stability (S31<x): S31 := Z [h20¢] S31 = 231.479
k=0
rows(hl)-1
Energy of the sequence h1: E31 = Z (|n20i)*  E31 = 564228
k=0
Ts = 3.292:ns Tsstp = 1.646-ns
NOgg-1
Y3y = Z (if (v -k > 0,h20,-uly—k,0)) (5.831)
k=0
Redefine the output waveform :
Ner(D) = As Vo |e(t.As.Cs.ws) - @(0) if G5 # ws (5:2.1.1)
i—l - e_ t~w5.(t.w5 + 1)—E~<I’(t) otherwise
20-Ts —0-T
o= 0-T g 0 Tyogy + 51000 S 20T Vpp=5x107°V
Input Sequence Output Sequence

i

| D

1077 l
we sl !||
L 2x10 3L | N
o— , ¢
0 50 100

k
fig.:5.8.6
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Output Sequence Details

0
-0.05F
¥3k
i —01 ]
Yer(t)
— —0.15F \J
_02 1 1
0 ax1078 8x10~ 5
nstpy, t
y3T _ 0 1 2 3 4 5 6 7
0 0| -6.874-103 -0.02 -0.04 -0.066 -0.093 -0.121 -(
Calculation of the filter output as the inverse 7 transform of H(z)V (z)
_ . 1427 Y4722 (gi1)?
Filter's z transfer function Hy(z) = - = —. (5.8.32)
P 224 Byz Ly, 2 o B 1
2 2 7 +—z+—
T2 M
Grads Grads
# W =0.01- ws = 0.191-
CS 5 CS sec 5 sec
zi=z By =By 2= Cs=GCs
2
Ba— By —4m
2 1 |solve,z 29,
poles2 :=z" + —-z+— | | l'f_>
simplify 2
2 By+ B2 =4,
" 0.936 + 0.301;j 0 o2 | o2
oles2 = = poles2g = poles2;
P 0.936 — 0.301j P P P P
By By 4 By+ By 4
pom 2 V2 T2 =22 7B (5.833)
p0 = 0.936 + 0.301; pl = 0.936 — 0.301j
Step response: Y3(z) = Hlp(Z)'X(Z) (5.834)

of the L. p. filter:
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Vop? V. .z
Vop = Vop Vipp 2rans = ———=; ransform of the input: ~ X (2) = —P— (5.8.35)
7 —
a2 =2 B2 := 32 N2:=~2 p0:=p0 pl:=pl
p0 = 0.936 + 0.301j pl = 0.936 - 0.301j
First case
invztrans,z,k
02 @+’ Vppr |
y330g = —- : simplify -
Yo (z=p0)(z-pl) z-1
factor
2k k 2 !
2 0+ 1)"-p0 1™ (pl+1 4
y330k = Vpp-a{ (pO+ D>p0” __pLeI+ D7 } (5.8.36)
V2 L(PO-pD)-(p0—-1)  (pO-pD)-(pl =1) (p0—1D)-(pl = 1)
[*] Proof
Proof of (5.8.36):
the z transform of (5.8.36) should be the given z transform of the response here rewritten:
2
Yit = v, 00
Yy (z-p0)-(z—pl) z-1
p0 := p0 pl :==pl
2 .k 2
1™ - 1
(p0+ 1)"-p0 ztrans , k — 20+ 1)

(p0—pl)-(p0—1)

(p0—p1)-(p0 —2)-(p0 — 1)

{ (p0 + 1)%po* } i} 2(p0 + 1)
(p0—pD)-(p0—1) (p0 = p1)-(p0 — 2)-(p0 — 1)
pO := p0 pl :=pl

—plk-(pl A 1)2 ztrans,k — z(pl + 1)2
(PO —pD)-(p1 = 1) | (PO - p1)-(pl - 2)-(p1 - 1)

2,[ p1(p1 + 1) }_ z(pl + 1)
(p0—pl)-(pl = 1) (p0—pD)-(pl =2)-(p1 = 1)

dl
(p0 -

2(p0 + 1)?

4 :|= 4.7
D-(pl-DJ (P0-1D-(pl-D-(z-1

2(pl + 1) 47

Y3(z) =V
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()
PPy, { (0~ p)-(p0—2-(p0—1)  (p0—pD)-(pl —2)-(p1 — 1)  (pO— D-(pl - (z— 1)

|

p0 = p0 pl :=pl

2(p0 + 1)° o 2(z+1)°
... | simplify —
(p0 —p1)-(p0 - 2)-(p0 - 1) (P0-2)-(pl —2)(z- 1)
2
z-(pl+1)
(PO —pl)-(pl = 2)-(p1 = 1)
N 4.7
L L(PO-1)-(pl-1)(z-1)

a2 2(z+ 1)
oy =-0.49 Y3(z) = Vpp-—- Yo = 1.034
Y2 (P0—-2)-(pl —2)-(z— 1)
ge.d.
[%] Proof
Second case: |5 = wyg
AgTows T ws +2
A =-20 Oy = —— =
5 2 2 2 o
(Tyws—2) (Tyws—2)
oy = -4.196 Yo = -1.916
. 1
invztrans,z,k
2 . .
-1 lify
331y = | oy 2 +l) Vppz ey -
Y22l =10 ) 2| z—1 [factor
z +’\{2) . k
collect,| —
2
X ]
1
— | T (=) -+ = (3w -2« 1|
2 pp' 2 (5.837)
y331lg =4+ 5 . 5
ap) (’Yz+ 1)
[*] Proof
Proof of (5.8.37):

the z transform of (5.8.37) should be the given z transform of the response for {.5=cs, here rewritten:

2 2
—1 . Qn-Z
(Z +1) .Vppz= Vppazz(z+1)

(Z— I, 72)2 z-1 ('\(z-z + 1)2-(2 -1)

y331(2) = oy

OL2 = 0L2 \% =V

2= pp = Vpp
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() [y )

4+ 5 . 5
72 (72'+1)

ztrans,k — 5
('\{2-z+ 1) (z-1)

k
[ “flzj . k{yz{qz(qu - 1]+ 1] ,
Vpp 2 2as +1-p(31p-2 _ Vppooz(z+ D)

(,\{2+ 1)2 ’\{22

(a2 + 1)2-(2— 1

g.e.d.

[&] Proof

2

Finally, the result, considering both cases: (5 # wsand (5 = ws, is:

Q5=92 ¢ = 0‘OllGrads ws = 0-191'Grads
SeC SecC
o 1)%po* 1K (pl + 1) 4
Y33k = Vo { 0+ D7p0” __ple(eI+ D7 if G5 # ws
(PO-pl)-(p0—-1 (pO-pl)-(p1-1) (p0O—1)-(pl-1)

2

2] e A |

4+ otherwise
2 2
2 (v2+1)
Grads Grads
Vpp g = ~0.021V G5 = 0.01-—— ws = 0.191-=— Qs =92

Sequence of the step response.
T T T T

o
)

—
L

y33k

-
e 2o 2
[ =)
S — —

1

(=]

0 Ix107 7 2x107 ' 3x10” " dx1077

nstp
fig.:5.8.8
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(5.837)

Sinusoidal response:

Y ou(2) = Hyp(2)-X(2) (5.8.39)
Signal amplitude: V= Vpp‘
Signal frequency: oy = 60.754-MHz,
arbitrary sampling frequency: fg := 10-fio,, fg = 607.535-MHz (5.8)
Grad:
samplingangular frequency:  wg = 2-7f;.  wg = 3.817- e S,
sec
1
sampling period: T := R T = 1.646-ns,
s
L k
sampling time step: ny := o Nogd =256 (5.8)
s
NO
gd
f—s-fS =128 NOgd =256 .
(5.8)
L. p. filter Input: X2 := V sin( wtest~nk) (5.8.39)
or 0 1 2 3 4 5 6 \
0 0| 1.646'109| 3.292°10°9| 4.938'10°| 6.584:109 8.23'109
ol - 0 1 2 3 4 5 \
0 0 2.939-10-3 4.755°10-3 4.755°10-3 2.939-10-3
Input Sequence.
6><1073 T T T T
LA - - — — — A — e m V ]’7]'17
L R O
X2k
e S
—6x107° : : ‘ :
0 1x10~ ¥ 2x107 % 3x107® ax107®
nk
fig.:5.8.9
Z transform of the input signal:
Vi =Vm Wiest = Wrest Tg =T V=V
V. -zsin( T w
test
X(z) = Vm-sin(v-wtest-TS) ztrans, v — o ( S es) N1 =

22 - 2-cos(Ts-wtest)-z +1
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V. .-z-sin( T, w
test
X(2) = — i 23i0(Ty ey (5.8.40)
7z — Z'COS(TS'wtest)'Z +1
K= sin(Tgweg) v 1- K? = 0.809 K = 0.588
. Agws’ .
Transfer function: Win(s) = 5 if (5# ws (5.1.7.1)
s + ZCSS + LOS
2
W5
Ag—— otherwise
(s + ws)
Coefficients of the z transfer function:
Agws T 2T w5 -8
(13:: T2 3 1fC5¢w5,B3:= > 5 lfCS;th,
S (.US —4‘C5'TS+4 TS (.LJS —4'C5'TS+4
AgTws T ws” — 4
5 otherwise 2- otherwise
(Ts-ws - 2) (Ts~w5 - 2)
Tsz'UJ52 + 4C5TS +4
Y3 = ) if G5 # ws
TS UJS - 4C‘5TS +4
(TSUJS + 2)2
-~ otherwise
(TSWS - 2)
oy = -0.49 By =-1.936 N3 = 1.034
1422 ! + 2_2
Z transfer function: Hio(2) = || o - — if 5 # wsg
4 + S3Z + "{3
2
(zfl + 1) .
oy ——— otherwise
(271 + 63)
System Output
-1
_ 1+2-Z_1+Z_2 Vmz K i
You® = o [— R s, TGs7ws (5.841)
z "+P3z 4733 1-24/1-Kz +z
2 -1
(27 Ly 1) Vmz K .
5 otherwise
(Z* L, 53) 1-241-K2z 1472
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Search of the sequence corresponding to the output:

First case: (5 # ws

oz3Vz 1-K~(l +27 Yug 2)
Your?) = 2 1 2 2
(Z_ + B3~Z_ +’*{3)~(z —241-K"z+ 1)
K-V, z0q-(z+ 1)

Youl(? = yt s (53 _ 2,%.\/1_71(2)-23 + (73 ~2By 1ok 1)'22 * (63 - Z'H)'Z +

(5.8.42)

o3 = -0.49 By = -1.936 N3 = 1.034

Search of the poles:
[

]
poles3 := 73~z4+ (63 =231 —Kz)z3 ... solve,z — poles3 :=| _ 2 2
2

= 2B 1-K2 4 1) .

(73 B3 )

+(B3 —24/1 —K2)~z+ 1 & N 332_4'73
2 2

"3
2 2
B3 /B3 —4n3 B3 /B3 —4n73
7+7 S —
2 2 2 2

2 . 2 .
plzlel—K +K-j pz::xll—K -Kj p3::7"{— pgq = -
3 3

pj = 0.809+0.588  py =0.809-0.588  p3 = 0.936-0.301; py = 0.936 +0.301

Thanks to the fundamental theorem of Algebra one can write:

K-V, z03(z+1)° .
o CE e T et e :

Yout() =

In order to calculate the inverse z transform of the output signal, decompose the (5.8.43) in partial fractions:

202




2(z+1)? )

(2= p1) (2= po) (2 p3) (2 pu)

and rewrite the output signal as a linear combination of terms like

parfrac,z —

Ph—2
oz K-V, p3(p3+1 2
Yout(?) = — CEDICE 5)3).(103)_ () (5.8.44)
P]'(p1 + 1)2
ECECENORR IR
py(p2+1)’
(o) (p2p) (p2pa) (2 7)
P4'(P4+ 1)2
(o e (2 pa) (s P} (pa 1) |
the poles are:
py = 0.809 + 0.588] py = 0.809 - 0.588j  p3 = 0.936 — 0.301; py = 0.936 +0.301
P1 =P P2 =P P3 =P3 P4 = P4

Furthermore, to simplify calculations, define the following constants:

p3(p3+ 1)2 .
Gl = £¢
(o3 p1) (P2 p3) (p3-pg) = 57

0 otherwise

pr(p+1)?
(P2=p1)-(P1=P3)(P1 —P4)

0 otherwise

G2 :

pz-(pz + 1)2
(p1=p2)(p2 =P} (P2 =p4)

0 otherwise

G3:

P4 (pg+ 1)2 .
G4 = f
(Pa—p) (o2 pa)(pspg) 27

0 otherwise
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3KV I Gi

- (5.8.44)
Y3 (P3 - Z)

Yout(® =

The inverse z transform

obtaining, after the substitution in (5.8.44):

- « -
Youty = || GI-
3

+G3-

+G4-

and collecting the Kronecker J, finally results:

[G2 Gl G3 G4
—t—+t—+—

5(k,0) — (G2~pl"’1 +Glpy 4 G, G4~p4k’l)
Py P3 P2 P4
G5::g+g+g+@

Py P3 P2 P4

oq-K-V
Youty, = m-[GS-é(k,O) - (GZ-plk_l +Glpy !+ G3p, G4-p4k_1)]
3
Second case: (5 = ws
2 _1 2
(7 1+1) Viez K K-V, ag(z+1)

Yout(z) = —~ . =

(z_1+63)2 124 1-K22 422 (B3vz+l)zv(zz—2~z-x/l—K2+1)

K-V, a3z + 1)

(Byz+ 1)2-(22 2 1-K%+ 1)

Yout(z) = (5.8.43)
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K-V, a3z + 1)

Yout(z) = (5.8.49)
632~z4 + (2~B3 - 2~B32-«/ 1- Kz)z3
+(;332—4A@3.\/ 1-K2+ 1)-22
+(2-33 —24/1 —K2)~z+ 1
a3 =-0.49 B3 =-1.936 N3 = 1.034
Search of the poles:
1
B3
' b
poles3 = 63214 + (2-63 - 2'632'\/ 1- Kz)-z3 ... solve,z —> poles4 = B3
2 | 2 2
+(B3 —463 1-K +1)'Z ,1—K2+K'j
2
+(2:B87 -2 1—K>~ +1
( B3 =2+ z V1=K - Kj

1 1 [ 2 .
P11 = Py = —6—3 p33 =y 1-K"+K;j

B3

Thanks to the fundamental theorem of Algebra one can write:

a3 KV, (z+ 1)
Yout(z) = (5.8.50)

B32'(2 -py 1)2'(2 ~p33) (2~ p4a)

In order to calculate the inverse z transform of the output signal, decompose the (5.8.50) in partial fractions:
]

(z+1)°

(Z ~P1 1)2'(Z - P33)'(Z - P44)

parfrac —

1
and rewrite the z transform of the output signal as a linear combination of terms like and 3
R LT
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aS.K-vm. (p11 + 1)2 5550

Yout(z) = 5 3
B3 (P11 -p33) (P11~ Paa) (P11 -2)

(p33+ 1)2
(Pu - p33)2'(1°44 - P33)'(P33 - Z)

(Paa+ 1)2
(P11~ Pag) (P33~ Paa) (Pas—2)

(P11 + 1)'(P33 —2pypt P44)2' (—P33 ~DP44-— 2)'P11
+P33 +P44‘(2'P33 + 1)

+

+

+

(Pl 1~ P33)2'(P1 1~ P44)2‘(Z P 1)'(2'1’1 17P33~ P44)2

Now try to calculate the inverse z transform knowing that:

2,71(Lj= 8(k,0) — p<
p-z p

e 1{ 1 2} _ 8(k,0) +1;k-(kf )
(p-2 p
and defining the following constant coefficients:

Ll (P11 +1)(p33—2p1; +;’44)2'[(P332 P4s—2)P1 +P332+ Pag(2p33+1)] 5852
(Pll—P33) '(Pu—P44) '(2'P11—p33—P44) ‘P11

(paa 1)’

(P11 - P44)2'(P33 - P44)'P44
(33 +1)°

(Pl 1~ P33)2'(P44 - P33)‘P33
(pri+1)’

(P11 - P33)'(P11 - 1344)'13112

(5.8.53

GI2 =

G22 = (5.8.54)

G33 = (5.8.55)

Substituting the previous definition, the function (5.8.51) takes the form:
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Yout(z) =

2 |7 2
B3 (p11-2)

1
G2 .
)

1
G2 — ..
O o)

1
Gll—
T )

Substituting in (5.8.51) the previous coefficients and the inverse z transform found, results:

Youtg =

33‘[6(k,0) +ppq - 1)]

85

Collecting the Kronecker deltas,

Youtg = 5

2
B3 PIT ppy

a3K-Viy, (Gll , G33

2
P11

k
3(k,0) —p33

P33

+G22-

4
P44

k
3(k,0) -pqq

P11

+Gl1-

2 GI2
92,012 5k.0)
P33 P4y

(5.8.56)

(5.8.57)

and after having defined the new constant:

G33py(k—1) G22py3° Gl2py Glipy,®
+ e —_ =
2
o P33 P44 P11
11 G33 G2 GI2
G44 ::G7+G7+G7+G7
PI1 p,° P33 Pag

Numerical sequence of the output:

T
Yout = g { 2 £
0 0 0.02-0.058j 0.03-0.048j
NOgg-1
Energy of the sequence Yout,: EYout := Z (| Youty| )2 EYout = 0.176 V*
k=0
Mrads Mrads
G5 = 10.373- ws = 190.863-
sec sec
Vout = \Wlp(i‘wtest)\ Vop Vgyt = 0.033V
Transient Response Sequence
T Vout
0.02
Im(Youtk)
[
Re Youtk ‘Il ‘ !|!‘ /\ v f\ v i\ v () / All.w /) J i\ 'll’ () H f\ Y () v i\ v /) G /) N /) v f\ “r.lh v [\ J /) n ' N /N o [\ v /) v A
x2k
—-0.02 7
1 1
100 200
k
fig.:5.8.10

Pick amplitude of the frequency response if Qs>0.5

.CS

1)

rpeak, = 20~10g[

20410g(|W1p(j~wtest)|) = 16.455-dB Q=92

the final result, considering both cases (5 # wgand (5 = wg, is:

Youtk == a3-K-V,y {Gs 8(k,0) - (G2~p1k_1 +Glpy T +G3py G4.p4k‘1ﬂ if Cg # wg

3

1
——| G44-5(k,0) ... otherwise
B | G33py ko) G22pa® Gl2pu  Gllpp

Py (k=1) G22-p337  Gl2:pyy  Gllpyy

+ — —_ -
2
Py P33 P44 P11
(5.8.58)
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Magnitude in dB

50
20- log(lwlp(j -w) | )

)
)

( ( j»w-T)
20-10gk Hlp e s

0
rpeak

1x107 1x10® 1x10° 1x10'°

fig 5. 1.8.1
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BwS5 = 47.1-MHz

4 Tog
z'ﬂjB“Xést .
| | "o
? L "o
arg(Wip (i) | R
— L [ ¢
(j.w.'rs)\ 0 ro ‘l '
arg\Hpple ) { hooy
- b ¢ [
-2 o ¢ '
[ ! ¢ .
4 [
1x10” 1x10 1x10° 1x10'°
fig.:5.1.8.1'
. . Grads Grads
pickamplitude  WipdB,; oy = 45.309 Wpick = 019 Wipp = 26021 ws = 0.191-=—
[¥] Proof
0.1
0.05

Im(Youtk) 0

—-0.05

-0.1
—-0.04

-0.02
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