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Equivalent Digital High Pass Filter (I°order)

Introduction.

This worksheet, developed using a common operational amplifier in an inverting configuration, begins with a
brief summary of the main results of the circuit analysis, enriched with graphics and examples. Seven signals
from an external file (Signals List.xmcd), among the most common, are generated and used as input of the
amplifier or, once sampled, as input to the digital filter. The many algorithms to implement the corresponding
digital filter are derived applying the z-transform. Two approximations are applied to each result to derive the
corresponding difference equations. Thus one will see that, as the analog filter is effective, just is the digital
one with the used approximations. After reviewing this worksheet, the reader just has to choose the algorithm
and implement the firmware for the DSP.#
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[¥] File Reference

Definitions and a few necessary constants:

Amplifier Gain: Ag = -6, 4.0
Cutoff frequency: fy = 0.250-MHz,
1
Cutoff period: Tg = e To = 4-ps 4.3)
Pass Band edge: wg = 2-7-1, (4.4)
1
time constant: Ty = — 4.5)
“o
Quality factor: Qq = 10.0, (4.6)
w0 krads 1
damping factor: =—, = 78.54. (wy = — = 2-C
ping Co 2, Co i~ (wo - CoQp)
Defined in "global data.xmed"':
Op. Amp. saturation voltage: Vg, = 15-V (4.8
Number of samples for the FFT: Nogd =256 , 4.9
Number of elements of a series: N ed = 50 (4.10)
Aninteger constant: Ug := U, (4.11)

k = kT (defined once for all in "global data") (4.12)

The Bode diagrams will have an extension defined by a multiple UO =100 ofo, freely chosen.
s

Tiest = 1~2~7T~‘ro-8

2.7 1 Mrads
w. =— f, =— w. = 0.196-
test test test
Ttest Ttest sec
\%
Vi = 7pp
2
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4.2)

4.7

(4.13)

(4.14)

4.1
Analog HIGH PASS Filter (I° order)

Consider the simple analog high pass active filter (derivative) below depicted:

Rf
R C
| U3
. I
vi @ Vo
4
R1 R
Fig:: (4.1.1)

Hereafter are reported the main results of the analysis that is: the transfer function, the graph of the impulse response, the

Bode plots.
—Rf Rf s

The transfer function (ideal Op. Amp.) is: Whp(s) = " = _K. T 4.1.1)
R+— S+ —
s:C R-C
. : 1 1 _ 4 Re
Placing the low cut off filter pulsationat w = 2-¢Q = RC = — and the high frequency amplitude A = X
. 0
(Tg = R-C), the filter transfer function takes the form:
s
Wi (s) = Ag——— 4.1.2
hp(s) 055 0 (4.1.2)
The angular frequency by which the voltage gainis 0dB, is:
W
W = ! = 0 (4.1.3)
0dB 2_g2 7 -
C/Rf -R (Ag) 1
w0
sothe 0dB pulsation is: WodB = (4.1.4)
(A0)* -1
. . 1 . .
Finally, since w = —, the transfer function can be rewritten
T
0
Wi (s) := ,Ap =-6, 4.1.5
= o A0 @15)
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Ik

Ao-S _ Ao"To'S

or Wi (s) = = . 4.1.6
hp( ) S (‘ro-s + 1) ( )
LOO' —+1
“o
40-w
o=0 w = —40-wpy,—40-wy + ——— .. 40- W,
0 0™ 10000 0
7 Plane of s=o+jw
7.854x10 T
5.236x10’
2.618x10”
Im(s_(o,w)) 0
— ~2.618x10’
~5.236x10’
~7.854x10’ :
—40.660.3330 0.330.667 1
Re(s_(o,w))
Fig.: (4.1.2)
Plane of W(o+jw)
4
2.667
1.333
Im(Whp(s_(c, w))) 0

-1.333
—2.667

-8-65-5-35-2-05 1
Re(Whp(s_(cr,w)))

Fig.: (4.1.3)

Ao'To'S
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Calculation of the pulse response that is the inverse Laplace transform of the transfer function:

From the definition of the transfer function it is simple to derive that filter output in fact it is given by
Vo(s) = Wp(s)-Vi(s),

A=Ay To =T
t
invlaplace T
simplify  — | A() - € Ag A(t) is the Dirac Pulse.
T
collect,AO 0
t
70
The pulse response is:  (w(t) = Aqy| A(t) — S| where T0= — (4.1.7)
T0 “o

Anti Laplace transforming, in the time domain corresponds a convolution product:

t
vo(t) = J vi(T)w(t-T)dT . (4.1.8)
0
o0
So that the exact system output is (assuming that for t<0, v;(t) = Oand J vi(T)-A(t = 1) dT = v;(D):
— 0
t
t—T rt
ey T
e 0 AO T0
Vo(t) = Agr | vi(T) | A(t-T) - dr = Agvi(H) ——| vi(T)e dr, 4.1.9)
To To Jg
0
Hence the time domain filter's output is:
t t
- T
T0
e To
Vo) = Agr| vi() ——— vi(T)e " dr (4.1.10)
’TO o
Example:vi(t) = V;A(Y),
t ot t
- T L
0 0
€ T0 [§
Vo) = Ag Vi A() —— A(T)e " dr|=Ag Vi A -——2() | 411D
T T
0 — 0o 0
Transfer function approximation
Ao'S
Given the transfer function: Whp(s) =

—_—, (4.1.12)
Wy . +1
“o

— ) < 1, namely for time harmonic signals since the imaginary pulsationis s = j-w,hence w < wy,or

.

T> (2- 7T-T0), the fraction can be developed ina Maclaurin series after having placed x = S ,sothat:
W
0

0

Apx
0
(1 j (=) [A0~X'(1 T xs)] and, in a first approximation: (4.1.13)
+X
Ays A
0 0 Rf
Wi (s) = —, — =AyTy) = —Tg = -REC=-71 4.1.14
hp(S) v w  0TOT TR0 £ (4.1.14)
Ag
Tf = —TJ N Tf = —Ao'TO = ‘Ao‘ 'TO
0

from which the approximated input-output bond is:

V() ~ (-Tf.svi(s)), (4.1.15)
where Vj(s) is the Laplace transform of the input signal.

Anti-transforming and considering zero initial conditions, the approximated time-trend of the output signal is:

Vol (D), —Tf~j—vi(t) for w <K wgorT> (2:77) (4.1.16)
t

that is, the output is proportional to the input derivative.
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| Exact pulse response calculations

A0=—6

Ag=Ap si=s a=a wp = Wy

AO S
Dirac pulse response:

S+UJO

—tw
invlaplace —» AO-(A(t) - wge 0)

Impulse
response:

Dirac pulse definition:

Egd =0.1'ns

1
To=
]

t-wg)

Whp() = AO-(A(t) —wge 0 )

{o 0]
J A(t)ydt— 1
— 0
-1 . —1
00-sec if t= 0.0-sec

A(t) =

0.0-sec” | otherwise

Graph of the filter impulse response

€

= 10e.y.-10¢. .+ &4 :
tg 1= —10-€4q,~10-€4q + .. 2000-€4

gd>

-t

(0 = Ag| A - e
w = Ay - —e
hp 0 0

To = 0.637-ps

(Consider a negative Dirac pulse of area |A | at the origin A = =6 ).

Geometric tangent to the curve at the point (0, w(0)):

fo() = Agwy (wyt = 1)-( ()~ 2(t- 7))
20-t19—0.1-1

€,q=0.1'ns
gd 2000

To = 636.62-ns t:=0.1'179,0.1-79 +

@.1.17)

4.1.18)

(4.1.19)

Ay =-6

Finite Dirac Pulse (Area=A0)
10
1.1x10 &
od

T —

1.037x1¢’

7.54x10°

€
gd Whp(t)

AO'AE(tX’ggd) —2.75><1010 —

~4.675x10'° 1.885x10°

: ~9.425%10°
00 sx10” 'i07?

tx

—6.6x10"°

~ix10= k107!

4712x10°

Filter Impulse response t>0

Fig.: (4.1.4)
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Fig.: (4.1.5)

1x10* ==

Impulse response.
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Fig.: (4.1.6)




[ Bode plots (FIRST ORDER HIGH PASS FILTER)

For time harmonic input signals the complex variable (or the complex pulsation ) is purely imaginary: s = j-w

Mrads

secC

wy = 1.571-

The transfer function takes the form (negative voltage gain):

AO = -6 Ao‘j-w = _‘AO‘ Jws= ‘AO‘.w.e
s
-l (T w
Agiw ‘AO“e 2 _ \Ao\ —J-(?atan(wojj

€

jw+w w 2
0 (“0] (woj

w 1+ —

w

2
. . . “o
Its magnitude indB is: Whde(w) = 20~log( ‘AO‘) —20-log| |1+ [

while the phase is: ‘Php(‘*’) = —g - atan{uJ
")
0

Limit values: lim Whde(w) = 20-log( ‘AO‘)
w -

w—>0

Asymptote:  Asy g (w) := 20-log( ‘AO‘) — 2().10g£0:?j

wodB
loono—T
1 WodB WodB 0
W = 2.655x 100~ w = , + L10-Ugw
0dB U 3 0w
s 0 0 10-U,

Magnitude of the transfer function W(w) in dB

20
ba g (] 1)
=TT
20-log(|Wyp(-w)|) 10
Asygp(w) 0 S 1 B M 1 I R R A 0
WhpdB(w) |
=D ~10
~20
1x10* 1x10° 1x10° 1x107 1x10® 1x10°
w
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(4.1.20)

@.121)

(4.1.22)

(4.1.23)

(4.1.24)

(4.1.25)

Fig: (4.1.5)

Magnitude of the transfer function W(w) in dB (particular)

20
Y NEBEWAINE AN
=TT o1
20- 10:‘:’( | Whp(i-w) | ) QOkIOg(erlf)js
AsydB(w)
0
1x10° 1x10° 1x10’ ix10%
w
Fig.: (4.1.6)
Phase of the transfer function W(w)
-1.5 S N B B 1 O Ry Bt B :
-2 1 i
(Php(w) i Y
. -25 ! |
arg(Whp (i-w)) ! :
- S SRR RN ARt S —
35 | :
1x10* 1x10° 1x10° 1x107 1x10® 1x10°
w
Rf
R C
| U3
I
.
vi 8 l\'u
R1
= 1
Fig.: (4.1.7)
Mrad: Mrads 0 krads “0dB
Wy = 1571 | Wygq = 0.196~—— , =8, Wyqp = 265.513——, —— = 42.258.-kHz
sec sec Wiest S 2.7
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Attenuation:

Atthde(W) := —20-log(w-sec) + 20-10g(m.sec)

3. w
Attenuation's Phase 4y, - (w) = —| —— —atan| —

Final value lim Atthde(w) =0

w — oo

Inital value 1i;n0 Aty g (@) = ~20-log(w) + 20-10g(w0)

w

Attenuation Asymptote B 4g(w) := —20-log(w-sec) + 20-log(w0-sec)
Atthde(deB) = 15.563

Normalized Attenuation

40
30
Atthde( w)
— 20
Byp(w) Aﬁlﬁpcrg(woaz}
----- 10
,,,,,,,,,,,,,,,,, S,
0
1x10° xto*  x10° 1x10° 1x107 ix10® 1x10°
w
Fig: (4.1.8)
Attenuation Phase
-3
-35
Patthp(w)
— 4
L("’atthp(“"O)
" —45
-5
1x10*
w
Fig: (4.1.9)
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(4.1.26)

4.127)

(4.1.28)

(4.1.29)

(4.1.30)

4.2
ANALOG FILTER OUTPUT ANALYSIS

Chosen period of the test signal: Tyoqq = 32-ps. At the corresponding frequency, the voltage gain of the filter is
20-log( [Wiyj-weegy) | ) = ~2.566-dB.

|ANALOG FILTER OUTPUT ANALYSIS

4.2.1) The sinus response Sinus amplitude: V; = 2.5-mV, period: Tyoq = 32-ps

Ysin(V) = Vi'Sin(wtest't)

3 Sinus Input
3x10™
1x10~
ysin(ttw)
— - 1x10~
—3x10~
0 8x107° Lex10°%  24x107* 32x107*
Ly
Fig.: (4.2.1)
. Aps  ViWeest
Laplace trnsform of The sinus response  V (s) = > 3 (4.2.1.1)
S+TWo ¢ + Wiegt
AO = Ao, Vl = Vl
invlaplaces,t '
assume, ALL > 0
Aps  Viw L
0 1 *test
sinus response — | simplify - 42.12)
stwy 2 2 [ 2
test collect,sin(t~ Weegt )
collect,AO
collect, V;
[ ( —twp) |
Ap Vi wtest'LwO'Kcos(t'wtest) -¢ )T L"’test'Sin(t"")test)J
Y Outsirl) = 5 5 -P(t (4.2.1.3)
W + Wrest
[¥] Output calculations
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-t

AgV 2 P
0" Vi Wtest' ™o Weest Wiest T0
Y Outsin(D = - 5 1+ -cos| atan —tWiegt| — €

w w
W+ Wiest 0 0

- ‘AO‘ Vi Weest Wtest
t> 75 = Youtsin(V) ® | ———————"cos| atan — b Weegt

2 2
W Tt West
cos(—ay) simplify — cos(a)

“rest _ Yrest | || _ “rest
cos| atan -t wtest = cos| —| t- U.)test — atan = cos| t- wtest — atan
“0 “0 “o

Wrest , L “test | _
COS| t-Waqp — atan % takes its negative minima for tj W4 — atan o =2k +1)m
. 1 Wtest
maximaat tOg := ——-| (2-k + 1)-7v + atan e k=0,1,...
Wtest ]
Apl-Viw Y
test
Maximum output value: Y .. = ‘0‘71% = 1.861-mV Omax = 1.316:mV (4.2.1.4)
2 2
J W0 T Yrest
Drawings
=-9.549x 10 ~-volt-sec t; = 0-19,————..1000-T = -1¢V;
7 Impulse response. Ramp Response
1.037x1q 2107 Y5
6 "~ n nz
7.775x10° 1x10 | |
wip(11) 11l
— 5 184x10° Youtsin(t1) NEEEE
) — i
2.592x10° ~1x10° U U U
—2x10~ : :
0 _ _
0 51070 1x107 Y
t
t 1
Fig.: (4.2.2) AyV;=-15mV Fig.: (4.2.3)

Analog filter Input sampling.
Calculate the bandwidth of the signal, using the program BCSA defined in "Fourier Analysis.xmcd", to sample it correctly:

Ysin()

The dimensionless input signal be: Isin(t) =

Description of the program's parameters:
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BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
CSA stands for ""Bandwidth Calculation and Signal Analysis"

Sbgip, = BCSA(Isin,rtgd,Ngd,0.0,Ttest) g = 10-% (42.2.9)

[¥] Bandwidth Calculation

frogt = 31.25-kHz

Ei@gl bandwidth: Bgin = 4375~ka|

Parsevalg;, = 6,25~mV2‘ Averageg;, = 0-m |RMssin = 1.768-mV|
Sampling frequency: fgin = ! > 2-f) (4..2.2.10)
samp
Chosen sampling frequency (Nyquist rate): |fs3 = 2-Bsin| |fs3 = 0.875~MHzi (4.2.2.11)
. 1
samplingperiod: ~ Tg3 1= — *.22.12)
fs3
Samples are takenat the instants:  ng3 = k- T3
k
n T 0 1 2 3 4 5 6
s3 = §
0 0| 1.143-10°¢ | 2.286-10° | 3.429-10°| 4.571-10%| 5.714-10°¢

: Ngd 1
Input sampling: _Jfu3y = ysin(ns3k) 7 = 1786 (4.2.2.13)
3

S test

n Tz 0 1 2 3 4 5 6
3 < S
0 0| 1.143-10-6| 2.286:100| 3.429:10¢| 4.571-10¢ | 5.714-10-6
T
w3 = 0 1 2 3 4 5 6 v
0 0| 5563-104| 1.085-103| 1.559-103| 1.955-103| 2.252-10-3
Ag=-6
Sampled Input
_ . T,
Ttest = 0.032-ms 0.002 1,:
Ysin(3) |
— 0
udy
- 0.002
0 5.12x107° 0.000102 0.000154 0.000205 0.000256
t3,n,
sSk
Fig.: (4.2.4)
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Input signal reconstruction according to the Shannon sampling theorem

NOgg-1
Weh3o = 2T Bgipy sh3in(t) == Z (u3n~sinc(wsh30-t— n~7T)) (4.2.6.10)
n=0
3 Rebuilt (Single Tone) Amplitude Modulated Input Waveform
2.75x10
Tt
1.375%107°
sh3in(t3)
u3k 0
~1.375%107° 1
~275%107° :
0 5.12x107° 1.024x10” % 1536x107 % 2.048x10” % 2.56x10” %
t3,n
s3k
Fig.: (4.2.5)

Output signal reconstruction according to the Shannon sampling theorem

|ANALOG FILTER OUTPUT ANALYSIS

Nogg
Output sampling: |u30k = Youtsm( 3 )l = 0143 (4.2.2.13)
s3 test
NOgg-1
Wehde = 2:T Bg; sh3o(t) = z (u30n~sinc(wsh30~t— n-Tr)) (4.2.6.10)
n=0
3 Rebuilt Output Waveform
2.790782x10~ T
L ,eris ,,,ILJ A P A ,ll ,,,‘; \
sh3o(tyy)  1.093086x107 3|/ 1,' 1 p l AL S : i
— [ R Y Y Al Y A Y A S [ I
rll W [, WY L W L W A W L W 1
u3ok —6.046092x10 4 \‘W ;W R iR -‘W i -‘ i
. v \ ' \ 1 \ \ \
\ ) \ \
.S}.ﬁ.lf (tw) ~2.302305x10° v \/ \ \/ V! W \/
—4x1073 ‘
0 5.02x10°° 1.024x10° % 1.536x107 % 2.048x107% 2.56x107 %
ttw’ns3k’ttw

Fig.: (4.2.6)

Pulse amplitude:  V; = 2.5-mV

T
1
Pulse delay: 75 := I;Od—

Pulse duration: Totd = 250-ps

4 .2 .2) Short-Pulse function filter reponse

4) HIGH PASS (I° order) DIGITAL FILTERS

Ao's “S5TS
Output: V(s) =V

—8T§
e -e P

Ag

Now that the Laplace transform of the input signal is known, I can define the filter output

s+w0

4) HIGH PASS (I° order) DIGITAL FILTERS

= Vi‘
S+UJ0

16

-sT -sT
(o)

Top = (75 Tpta )
The dimensionless input signalbe: V. (t) = V4(t,’r6 ’Tptd_’Vi) 4.2.2.1)
(For the definition see reference)
[¥] Definition of the function rect1 and of the function V4
Graph of the input signal:
2T
L ptd
t3 .= -0 Tptd7’0 Tptd7+ M .. Tptdﬁ
3 Input Signal
3.25x10° T T
3 TS T8t Tptd V;=25mV
24375x10 T — i
Ts = 25-ps
V() 1.625%107° 8
— T = 250-ps
8.125x10~ 4 ptd_ W
0
Ix10” 4 1x10” 4 10~
3
Fig.:(4.2.2.3)
For the calculations I will use the Laplace transform
Ao'S
Laplace transform of the filter output: Vo(s) = —~£(Vw(t)) (4..2.2.3)
S+ (A)O
where £ (Vw(t)) is the Laplace transform of the input signal, called also window funtion.
Calculation of the Laplace transform of the input signal V(t)
To =Ty T§=Ts Tptd = Tptd L=t Tsp = Top
laplace —s$Ty s Tap
cpt_q—)_cpt_(q- )—| assume,Ts > 0 — & —°
(t=75) —2[t=(75p o s
assume,'r(;p >0
STy —STep
_ —e
£(Vw(t)) = - (4.2.2.4)




It follows the time domain filter's output. Calculation of the output signal as the inverse Laplace transform of V (s) :

assume,Tg > 0 t=T§ =Tsp
N ) __° __ %
0 ST T T
T e 0. assume, g > 0 _, Agle 0 ~<I>(t—'r6) e 0 -@(t—Tép)
s+ — “STop
70 +(-1)-e assume, Tg,, > 0
invlaplace
il T
. . To 70
Calculated output: [v2, (1) := V;-Aq| e “B(t-Tg) —e B(t-Tgp) (4.2.2.5)
The general time domain filter's output as previously seen s:
t t
- T
o T0 ?0 he _ 1
Vo)) = Ag| vi(t) - —— vi(t)e © dr where o = @
To
— 0
while for the window functionI get:
t t
- T
TO ?
O t © 0
UIPUT o () = Ag| Vi () - e (4.2.2.6)
0 Jo
Approximated output:

Vzoapp(t) = —Tf%tvi(t) = —‘rf-Vi~§t(<I>(t— 76) - <I>(t— Tptd ~ Té))

v20app(t) = (AE(t -T5~ Tptd_’sgd) - A€(t =T ,Egd))-"l'f-vi 4.2.2.7)

TV, = 9549 % 107°-V-ps

Output signal

8107 =
3 Ts Tt ptd|
4x10~
Vzoc(t?’) 0 ‘ - Vi = 2‘5'1’11\/
—ax1073 |
—8x1073 :
0 210”4
t3
Fig.: (4.2.2.4)

Graph of the Pulse response considering the Op Amp saturation:

V20p6(0) = if (~Veat < VZoapp® < Viar) :V20app 1] (V2oapp® < Vear)s~Vear:Vear || 4228
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Approximated Output (Voltage Spikes)

0.08— .
S Totfptd
0.04| |
V2op,(t3) 0 ‘
—-0.04 i
—-0.08 ;
0 0.0002 0.0004
t3
Fig.: (4.2.2.5)

(Always Avoid spikes!)

Analog filter Input sampling.
Consider now the same signal repeated periodically, with period Tvp = 4. ( Ts Tptd_)’ insucha way

that it is possible to calculate the bandwidth of such a new signal, using the program BCSA defined in
"Fourier Analysis.xmcd", to sample it correctly:

escription of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
CSAstands for "Bandwidth Calculation and Signal Analysis"

Sbypg = BCSA[ V. 1tgq.Ngg 0.0.2:(T5+ Tpg )| rtgq = 10:%

(4.2.2.9)

[*] Bandwidth Calculation

The function returns a three columns matrix.

The first column contains:

pos. 0: relative error,

pos. I:  bandwidth (Dimensionless),

pos.2: the nth. harmonic number corresponding to the given relative error,
pos. 3: temporary variable,

pos.4: Parseval,

pos.5:  signal average,

pos. 6:  signal rms.

The second column contains the coefficients ay of the Fourier series,
the third column contains the coefficients by of the Fourier series.

0 1 2 3
0 0.1 22731073 0 0
1| 8727104 -224-10*| 1.559-10-3 0
2 49 -2.149-104 | -6.304-10-5 0
3| 2.487-10°5| -2.003-104| 4.391-104 0
4] 5.659-100| -1.809-10*| -1.161-104 0
50 1.137-103| -1.576-10 1.82-104 0
6| 1.689-103| -1.359-104| -1.513-104 0
Sbvp(): 7 0| -1.035-104| 6.666-10-5 0
8 0| -7.532:10°5| -1.644-104 0
9 0| -4.799-105| 1.416-10-5 0
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10 0| -2.263-105| -1.56-104 0
11 0| -3.644-107| -5.611-10 0
12 0| 1.847-10°5| -1.301-104 0
13 0| 3.291-105| 9.598-10-¢ 0
14 0| 4.281-105| -9.423-10-5 0
15 0| 4.805-105| 3.081-10-5
Fourier series coefficients: rtgd =10-%
) D ) )
cffaSpro = Sbvpo cfbepro = Sbvpo
T
CffaSbva _ 0 1 2 3 4 5
0| 2273103 -224-104| -2.149-104| -2.003-104 | -1.809-10-4
T
Cfbebva _ 0 1 2 3 4 5
0 0| 1.559-10-3| -6.304-10-5| 4.391:104| -1.161-104
(o)
(Styp0).
Signal Bandwidth; BVpO = T

This is the number of the harmonic for which rtgd =10-%

. (0)) —
Jvp0 = (Sbva ) Jypo =49
. ) (o) -5
Frequency of the pulse train: Tva = (Sbva ; Tva =2487x 10
Parsevalvpo = (Sbvp0<0>)4'vz Averagevp0 = (Sbvp0<0>)5~volt RMSvp0 := (Sbvp0<0>) 6~volt

j3vp0 = 0..r0ws(cffaSpr0) -1

[&] Bandwidth Calculation

Ei@;_il bandwidth: vaO = 87.273-kHzi fiest = 0.031-MHz

[Averagevp0 = 1.137x 1073V | [RMSvpo = 1689 % 1073V
1

Parsevalvpo = 5.659% 10 °V? ‘

Sampling frequency: f50 = > 2-f] (4..2.2.10)
Tsamp
Chosen sampling frequency (Nyquist rate): |st = 2-va0| |st = 174.545~kHz| (4.2.2.11)
. . 1
samplingperiod: ~ Tyy = (4.2.2.12)
fs0
Samples are taken at the instants: ng =k Ty +Tg assuming that it is periodic.
k
_3 Nogd 1
V;=25x10 "V Pulse sampling: JJu_4y = Vw(ns4 ) —=—— = 45833 (4.2.2.13)
k fg T
sO  “test
4) HIGH PASS (I° order) DIGITAL FILTERS 19

T _ 0 1 2 3 4 5 6
2.5:10°5| 3.073-10-5 | 3.646:10-5 | 4.219-10-5 | 4.792:10-5 | 5.365-10-5

S

L 0 1 2 3 4 5 6 7 8
0| 1.25-103| 25103 | 25103 | 25103| 25103| 25103| 25103| 25103
Ag=-6
Sampled Input
0.003 p e
Tiet = 0.032-ms | T8 S Tpd vy
0.002
Vi (13)
w4k 0.001
0 L L
0 0.0001 0.0002 0.0003 0.0004
t3,n,
s4k
Fig.: (4.2.2.6)
Input signal reconstruction according to the Shannon sampling theorem:
NOgg-1
Weh40 = 2~1\'-va0 shdo(t) := Z (u74n-sinc(wsh40~t— n-ﬂ)) (4.2.2.14)
n=0
3 Rebuilt Input Waveform
3x10 T
- - Vv
shdo (t3—’r5) 210~ 3
Vw(t3) l><1073
4
u_4ak 0 ‘ 2
~1x107 3=
0 x107% w107t 107t axi0?
t3,13, nS4k
Fig.:(4.2.2.7)
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Sampled Input

Analog filter Ouput sampling. Tiest = 0.032-ms 'ﬁ& ot ptd_
Consider now the same signal repeated periodically, with period Tap= 2. (‘r 5t Tptd_), insucha way 0.002 :
that it is possible to calculate the bandwidth of such a new signal, using the program BCSA defined in Vo(13) |
"Fourier Analysis.xmcd", to sample it correctly: u doy !
) . o V2.0 - 3
the dimensionless output signal is Vo(t) == (4.2.2.15) 0,002 !
escription of the program's parameters: 0 0.0001 0.0002 0.0003 0.0004
BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period) B.n
CSAstands for "Bandwidth Calculation and Signal Analysis" ? sOk
Fig.: (4.2.2.8)
Sbypo = BCSA[ V0,115 N0g4.0.0,2:(T5 + Ty )] rtgq = 10:% (42.2.16)

[¥] Bandwidth Calculation

Qutput signal reconstruction according to the Shannon sampling theorem:

Bignal bandwidth: _J[B, ,, = 461.818-kH3

frogt = 0.031-MHz

NO, -1
gd
Parsevalvpo = 0.178~mV2‘ |Averagevp0 = 0.017~mV| |RMSVp0 = O.318~mV| Wghdo = 2~‘rr-BVp0 sh400(t) = Z (u740n~sinc(wsh40-t— n~‘rr)) (4.2.2.20)
1 =0
Sampling frequency: foo = > 2-f] (4..2.2.17) "
Tsamp
. . Rebuilt Output Waveform
Chosen sampling frequency (Nyquist rate): |fso = 2-vao| |fso = 923.636~kHzi (4..2.2.18) 0.02 ‘ ‘
T(S T5+Tptd7
h400(t3~ |
o 1 (4.22.19) :( ) 001 :
samplingperiod: T . = — |
0" f Vo(13) 0
SO ———-
u_4og |
Samples are taken at the instants: ng, =k T +Tg assuming that it is periodic. - 0.01 i
k :
-0.02 ;
V;=25x% 103V Pulse sampling: Ju_ 40y := Vo(nSo ) (4.2.2.13) 0 1x10~ 4 w1074 1074
k
3,13
t3,t Mo,
ng' 0 1 2 Fig.: (4.2.2.9)
2.5°10-5| 2.608°10-5| 2.717°10-5
|ANALOG FILTER OUTPUT ANALYSIS
u740T 0 1 2 4.2. 3 ) Triangular wave response
-7.5°10-3 -2.738:10-3 -4.999-10-4 Veon(t. T V.. NO
i i i i 1 tri0O\ > “test> YV i» d
Ag=-6 the dimensionless input signal is V(D) = 11 ( est> "11m g ) 42.3.1)

4) HIGH PASS (I° order) DIGITAL FILTERS
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" NOg4 = 256
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Input Voltage

Vi = 2.5:m\

0 5x107° 1x10~* 1.5x10~ 4
t4
Fig.: (4.2.3.1)
Analog filter Input sampling
At first I calculate the signal bandwidth for a correct sampling.
Tiest = 32-ps To = 0.637-pus

escription of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)

CSAstands for "Bandwidth Calculation and Signal Analysis"

Sbyrj == BCSA (Vi Mtgq:Ngg 0.0, 1-Tyeg)

[¥] Bandwidth Calculation

g = 10-% (4.2.3.2)

Ei@gl bandwidth: By = 0.625- MHﬂ

-5
fiogr = 3.125% 107 -GHz

RMS,; = 1443 % 107>V

Parsevaly; = 4.167x 107 °v? Averagey; = 0V
. 1
Sampling frequency: fyri = — 2 20}
Tiri
Chosen sampling frequency (Nyquist rate): |fstr1 =2 Btri
. . 1
samplingperiod: T, =
stri
Samples are taken at the instants: Ngi = ke Ty
k

Input sampling:  u_5y := Vtri(nstrik)

2O'Ttest

To.:=0Tiaes,———
Al test”™ 1000

4) HIGH PASS (I° order) DIGITAL FILTERS 23

i = 1.25°MHZ (42.3.3)
(4.2.3.4)
(4.23.5)
" test

Sampled Input
0.004 T
Ttest
e i R Ein iy’ ity f”””\lif
Vtrl(TO) 0.002 :
u_5k 0
W/ NN\
: 1
—0.004 :
0 21077 4x107° 610" ° 8x107°
T .
0- Pstriy V,=25mV
Fig.: (4.2.3.2)
t t
- T
. 7 =
Exact output: Votri(® = Ag| V() ———| Vigi(m-e ~dr (4..2.3.6)
TO 0
Ao'S
Laplace transform of the filter output: Vol(s) = 'S(Vtri(t)) 4.2.3.7)
S+ W
0
Laplace transform of the filter input:
£(Vtri(t)) = egs(vtrio(t’Ttest’Vi’I\IOgd))
[¥]Laplace transform calculations
2
[ Trests
V. 4 2-sinh 0
E(vio(t: Tpace, Vi NO ) = —- : -1 4.2.3.8)
tri0 = “test> ¥ 1> d
( ( & )) S | Ttest's . (Ttest'sj
A0~S £
V. (s) = XV, (t 4.2.3.9
o= o (Vi) )
|I| Calculations of the filter reponse to the triangular signal
Output signal:
10 5 iy .
4 — |tk Teagy)-w . —tw
v ommic(® = Vi-Ag- — 1—e = D:|-¢>|_t ~ ke Thagy) —e lag
Ttest o k=0 R
{ ‘[t‘it“ij'rtest}“ﬁ N (4.2.3.10)
+(=2{1-e -~ @ t—ik+;:-1"tes€|
wy| (k1) T~ 1 _
I [0k + 1) Tyqe - 1] - 1:|-|:e ol st _ et - k- Typgy)
‘ Ap ¢
Approximated output: v aq(6) = — = V() |holds for w << wy or Tyeqy > (2-7r-'r0) | (4.2.3.11)
see (4.1.16). W dt

21T = 4P
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NO
4-V; gd 1 Signal spectrum Phase spectrum
Vourid(® = 7 — Bt Tyegrk) + B[t = Tyegp(k+ 1] = 2| t= Tyogp |k + e (4.23.12) o 4
=0 gx107 [ max( [ Specso] ) best R
+A|:t—Ttest-(k+ 1)]-[t7Ttest-(k+ 1)] o 2|
1 1 S b !
. _ . 2L . L pecS0k Al arg(Spec50x) OH
SR (W T o I Jwnl o ) oy sy 2
P |l
+A(t— Tiagrk) (t— Tracrk | T T I ‘
test test !
(st~ o) st T80 s
Ag 0 2x10°  4x10°  6x10° 0 2x10° 4x10°  6x10°
Alg = L1-|—V;  Al;=10.504-V-ns £ £
wo Ll B
T 32-us T, | =31.25kH f, 1.25-MH ‘AO‘ Vi 1.194-mV| A 6
= 32 = 31.25-kHz ;= 1.25- Z |[—- = 1.194- =— . .
test h test stri wo Trest 0 Fig:: (4.2.3.5) Fig.: (4.2.3.6)
5 984210~ Output Voltage Ouput signal reconstruction according to the Shannon sampling theorem:
-3 NOgg-1
. (t4 1.4921x10 .
Votric (14) ’ . Weh50 = 2:T By sh5o(t) = Z (u_SOn-smc(wshso-tf n-‘rr)) (4.2.6.10)
— f 2.6.
Vii(14) ol ¢ n=0
Noia(t) L
———— —1.4921x10~ 3 ) _3 Rebuilt (Single Tone) Amplitude Modulated Output Waveform
b 1.43239x10 N -
_3 '
~2.9842x10 : ; p . A shSo(t4)  7.16197x10" 4 E
0 3.2x10° 6.4x10~ 9.6x10™ 1.28x10~ 1.6x10"~ — (14) ! !
v, H n
“ _oud 0 ; : 0
[
50, _ | ) 1
‘ R a6197x107 4 | i : i
Fig.: (4.2.3.3) _ B i\
o ling: . ~1.43239x10"°
utputsampling:  u_50k := Votric(nstrik) 0 2107 4x107° 6x107°
t4,t4 ,ng
3 Sampled Output striy
1.43239x10~ ‘ NS
7777777777777 st - --------—4 T
» wo Wiest Fig.: (42.3.7)
7.16197x10
u_50k
0
Votric (4 3
~7.16197x10"* ‘ \
~1.43239x10"° :
0 1.408x107° 2.816x107° 4.224x107° 5.632x107 > 7.04x107 >
Lt
Dstriy
Fig.: (4.2.3.4)
Spec50 := fft(u_50) (4.2.3.14)
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|ANALOG FILTER OUTPUT ANALYSIS

4.2.4 ) Sawtooth wave response calculation

Amplitude: Viawth =50V
Sawtooth length: dsawth = L'Hs
v
Slope: S = 50-—
ope Psawth s
Period: Toawth = 1Ms fsawth = 1'MHz

the dimensionless input signal is

Vlsw(t’ Tsawth_ > Vsawth > Nogd)
\'%

—5x10%mv

v
sawth_ Vew(t) =

Input Signal
,,,,,,,,,,,,,,,,,,,,,,,,, T,

wth- Vsaw

7 6 6 6

1x10~ 1.333><10_61.667><10_ 2x10~

tSW

0 3.333x107/6.667x10"

Fig.: (4.2.4.1)

Analog filter Input sampling
At first I calculate the signal bandwidth for a correct sampling.

(4.2.4.1)

escription of the program's parameters:
BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
CSAstands for "Bandwidth Calculation and Signal Analysis"

Sbgy = BCSA(Vgyrteq:Ngg: 0.0, Toauih )

[¥] Bandwidth Calculation

rtgg = 10-%

(4.2.42)

f 0.031-MHz Ei@;_il bandwidth: Bow = 48-MH%|

est =

Averageg, = 0V

Parsevalsw = 1.647 x 103 V2 |

RMSgy, = 28.868 V

1
SW

Sampling frequency: SsW

Chosen sampling frequency (Nyquist rate): foew = 2B

SSW swW fisw = 96-MHz

samplingperiod: T, = L

SSwW
SSW
4) HIGH PASS (I° order) DIGITAL FILTERS 27

(4.243)

(4.2.4.4)

(4.2.4.5)

Samples are taken at the instants:  n, =kT

SSWk SSwW

Input sampling:  u_6 = sz(nsswk) (4..2.4.6)
40-T -T -0
sawth — “sawth
sw T Tsawth_'o’Tsawth_'o + 10000 - 40'Tsawth_
Sampled Input
60 T
0 3333x107/6.667x10° | 1x10”® 1333x107 °1.667x10"® 2x107°
t
sw Msswy
Fig:: (4.2.4.2)
t t
- T
TO T_O
Exact time domain output: Vosw(D) = Agr| Vg (D — Vew(T)e —dT (4.2.4.7)
0
[¥] Output calculation
Output signal:
Vsawthi'AO
Veaw = T
sawth
—t w Ngd
2~(1 -e ) [ _(t_k'Tsawth )""’0 |
Voswe(D = Vsaw' wo @) - Tsawthﬁ' Z | e B "I’(t - k'Tsawth) |
k=0

Nd [T (kT
+ Tsawth; z [ewo I: i (t SaWthi)]'[(I)[Tsawthi - (t - k'Tsawth)] B 1]}
k=0

Z'Vsawth_' |A0|

Tsawthf' w0

. 0
Approximated output: Voswd® = 24 Vaw (D (4.2.4.8)
W dt
-V: = 2.5-volt:n Ao -3
=381.972V sawth " Yi =~ < = —— Teawth = 1x 10 ~-ms
(.LJO -
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3

Test Signal spectrum

Phase spectrum

1 sawth
Time average value: Vewm = 5 J' Ve (D dt (4..2.4.9)
sawth_ J
2-V S|A
th 0 _
Upp = —— al Upp = 381972V vgy = ~2.704x 107 Ag =6
Tsawthf' w0
Output Signal
Ag=-6
0 125¢107 %2.5x107%3.75x107© 5x107 ¢ 6.25x107 ©7.5x107 %8.75x107 ¢ 1x107°
tSW
Fig.: (4.2.43)
Output sampling: Oswg = Voswc(nsswk) (4..2.4.10)
Teawth = I'Hs Togw = 0.01-ps fawth = I'MHz  fg, = 96-MHz
Sampled Output signal
400
200
Oswg
0
Voswc(tsw)
—200
—400
0 5x1077 1x10 % 1.5x107% 2x107©
ssw > tsw
Fig.: (4.2.4.4)
f,
fguiy = 1-MHz =W _96
- fsawth7
Fourier Transform of the output signal ~ OSpecsw := FFT(Osw) (4.2.4.11)

S
max(OSpecsw)| = 47275V
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80 T T T 4r
,,,,,,,,,,,,,,, {T{) fshiwth ' '
max TOSpecswl |
60 b 2 K 1
JOSPGCSWH 401 * arg(OSpecswk) 0 EY hi py P
* e
20 T T . P d
0' T \T’ Qm QT%LQTJQJ _4 1 I I
0 1x10” 2x107 3x10” 4x10’ 0 1x10 2107
fSSW fSSW
Fig.: (4.2.4.5) Fig.: (4.2.4.6)
Ouput signal reconstruction according to the Shannon sampling theorem:
NOgg-1
Weh6o = 2'TBgyw sh6o(t) = z (Oswn~sinc(wsh60~t— n-ﬂ)) (4.2.6.10)
n=0
Rebuilt Output Waveform
458.37
shbo(tgy)  238.73 M\ W\\\
Voswellsw) 191
Oswg ~200.54 w
—420.17
0 5x107 7 1x10~° 1.5x10" 2107 ¢
tow o tgw s
sw tsw ssw
Fig.: (4.2.4.7)
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| ANALOG FILTER OUTPUT ANALYSIS

4. 2. 5 ) AM Signal response

[*] Data
Carrier Amplitude: A1 := 10-volt
Modulating signal's amplitude: BI := 5.5-volt
2.
W3am = IOO-wad T3cam = 3
cam
w3
a 2
Wlhipam = cam Tl am =
10 Wlpam
. wWlham . W3cam
flpyg) = o Beam = p
Al = Vammax * Vammin BI = Vammax ~ Vammin
Vammax = Al + Bl Vammin = Al — Bl
Vammax = 19-5-volt Vammin = 4-5-volt
Vammax ~ Yammin
my, = — TR my, = 0.55
Vammax T Vammin
[«] Data
Carrier max amplitude: Al =10V
Modulating single tone max amplitude: Bl =55V
i ion: krads
Carrier pulsation: W3 = 628319-
sec
Carrier frequency: 3.am = 100-kHz
Carrier period: T3.qm = 10-ps
krad!
Modulating single tone pulsation: Wlpam = 62.832- acs
sec
wlnam
Modulating single tone frequency: f = f = 0.01-MHz
Y- mam * o mam ~ V-
1
Modulating single tone period: Tham = ——
fmam
modulation index: my, = 55%
krads krads
wl = 62.832- w3 = 628.319-
mam sec cam sec
(Single tone) Modulated signal ~ V2,(t) := V2i(t,wlmam,w3cam,Al ,Bl) m, = 55%
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Al =10V =15V

Bfmm

3

mam’w

v

v2(t.wl cam+Al.B1)

the dimensionless input signal is: V2, (0 = (4.2.5.1)

(Single Tone) AM Input Signal

Fig: (4.2.5.1)

Analog filter Input sampling
At first I calculate the signal bandwidth for a correct sampling.

Description of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
BCSAstands for idth Calculation and Signal Analysis"

Sbym = BCSA (V2. Ttgq:N0gq. 0.0, Ty rtgq = 10-% (4.2.5.2)

[¥] Bandwidth Calculation
6.
N1 gd =2

fy

est = 0.031-MHz Ei@;_ﬂ bandwidth: Bam = 0.77~MHﬂ (4.2.5.3)
Average,, = 0V RMS, ., = 7.587V
1

Parsevalam = 115.125 V2 ‘

1 . — — l —

Sampling frequency: sam = —— 2 24 {:= 0..N1gd— 1 ngd =1
am
Chosen sampling frequency (Nyquist rate): fsam = 2'Bam fsam = 1.54-MHz (4.2.5.4)
Modulated signal bandwidth: B,m = 770-kHz

. Mrads

sampling angular frequency: Weam = 2T fam.  Weam = 9-676- X
sec
1
sampling period: Toam= 7> Tgam = 0.649-ps,
sam

L k
sampling time step: namy = ——,
fsam
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Nogd’ =5.195
test
namT _ 0 1 2 3 4 s
0 0 0.649 1.299 1.948
v2 namy
Sampling: u 7 = M (42.5.2)
volt
18-T3am
tam = 0 T300m >0 T3cqm + oo " 18-T3.4m

(Single Tone) Sampled input AM Signal

namy, ty,

Fig.: (4.2.5.2)
Approximate signal reconstruction according to the Shannon sampling theorem:

NOgg-1
Wepy = 2-TB, sh7(t) := Z (u_7n-sinc(wsh7~t—n~7r)) (4.2.5.3)
n=0
(single tone) AM Rebuilt Waveform rtgd =10-%
20 T3 T |‘ T
‘ %am ‘ ‘
oy B3 A SR .
sh7(tam) ':| ,‘ n a A Nl '| '\ n 4
AV AAVAV A AV AV ATATAYAVAVAVAY
2am(tam) MR TR TR TR TR TR U S
20 L 1 1 1
0 51077 1x10” 4 15x10°4
tam
Fig: (4.2.5.3)
02, = 308000~
s
Spec 7 := fft(u_7) (42.54
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Amplitude Spectrum

3 cam T3, m”'fmam —

60f T s ”}””rﬁé)i(’|'5péé;7ﬁ

- | |
JSpec77k| 40 3 3
20 y :

0......00?9?TI ]TT????Q

15400 32725 50050 67375 84700 102025 119350 136675 154000
f,

ke sam
NOgg
Fig.: (4.2.5.4)
t t
- T
TO ‘r_
Exact output: e 0
PGy (0 = Age| V2i(0) - ——| V2ime Tdr (4.2.5.5)
0 Jo
|Z| Single tone AM filter output calculation
|wlcm = (“"3cam + wlmam)| “""2cm = (w3cam B wlmam)|
C22 = B1~l- ! + ! + Al
B 2 2 2 2,4 2 5 2.
T0 ‘Wiem T T0 ‘Woem TO0 "Wcam T
Vosin(t) = Ag| Al-cos(wW3am-t) ...
Bl
+7'COS|7(wlcm)'{|
Bl
+—~cos(w2cm~t)
- . -
To : 7 —
L), e 0. BL. TO'(COS(t'wlcm);’TO'wlzcm'Sln(t'wlcm)) -eTO )
TO |:2(T0 ~wlcm + 1)]
T()' Ccos t’Uchm +T0'(.02cm'Sil'l t~w20m))
+
2 2
|:2<T0 -wzcm + 1)]
. 2
. Al- w3cam-sm(t-w3cam)-‘ro +cos(t-w3cam)-'ro
2 2
i To Wcam *1 |
+(-1)-7(C22
Approximated output: Vosind(D = —‘rf-2 V24(t)  holdsfor w < wyor T> (2:7-T) (4.2.5.6)
dt
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t:=0-T3 0-T3

cam?

20-T3
+ e
cam 1000

cam

cam

Tiest = 32:ps

Output Voltage

am [am
Fig.: (4.2.5.5) Fig.: (4.2.5.6)
Output sampling: Osing := Vosin(
(single tone) AM Rebuilt Waveform
40 T T
Tl;est
e TV Aﬂﬂmﬁﬁ ***** A
Osing 0 : V WMW UMV \J
0 - - T ‘ ”””””” W” - I T ”W ””” Vséf
-20[f
3 1 1 1
0 5x10 0.0001 0.00015
tam ,namjc
Fig.: (4.2.5.7)
. fsam
Carrier frequency: 3.am = 100-kHz =154
cam

Fourier Transform of the output signal

OSpecsin := fft(Osin)

Output Magnitude Spectrum

150

lOSpecsink 1001

50

0------|...09?T
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Fig.: (4.2.5.8)
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Output Phase Spectrum
4 T
3 Bcamrfmaﬁ H'fmam
i 1] *
arg(OSpecsing) 0 o o o 0 90 69 3 ® 3 O
e ( ) I | |
_2f : | .
_4 I 1 I 1 I
0 sx10* 1x10° 1.5¢107
fsam
NOgd
Fig.: (4.2.5.9)

Quput signal reconstruction according to the Shannon sampling theorem:

Wsh7o = 2T By sh7o(t) :=

NOgq-1

Z (Osinn~ sinC(wsmo't - n'“)) (4.2.6.10)
n=0

Rebuilt (Single Tone) Amplitude Modulated Output Waveform

40

sh70 (tam) 20

haaandMUAAAA

.Z;‘;E;i(tam)_ 22 W w V \VAT)

WA

—40
0 5x107° 1x10~ 4 1.5x10~ %4
tam . tam , namy
Fig.: (4.2.5.10)
BODE Plot of the transfer function W(jw)
Whpds(w)
g WhpdB ('\/ wW3cam’ wsmp)
Whde (""3 cam)
1x10° 1x10° 1x107 1x108
w
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| ANALOG FILTER OUTPUTANALYSIS

4.2. 6 ) (Single tone) Frequency Modulated carrier response

Defined in "FM data.xmcd.xmed"

Carrier max amplitude: Afy =02V
Modulating single tone max amplitude: Bfym = 15V
. . Mrad:
Carrier pulsation: Wefyp = 18.85: racs
s
Carrier frequency: fofm = 3-MHz
Carrier period: Tefyy = 0-333-ps
L . krads
Modulating single tone pulsation: Whpm = 942.478:
Modulating single tone frequency: foym = 150-kHz
Modulating single tone period: Tmm = 6-667-ps
2-Kst-m-B
frequency modulation index: mg, = ZRstmB mg, =8 (4.2.6.1)
w
m
Vim(©® = mesl(t’ 1ccfm > Ftmm > Afm > Mfm ’Ngd) (42.62)
N,
. d
J- 2 fopmet £ Jke 2 By )
mesl(t fefim > fimmo> Afm o MmN gd) Re| Agye Z kJn(k mfm) )
k=- Ngd
Vin(® = Rel Agp - z Jn(k mfm) cos|_2 ue t( ofm T fmm' k)-|
k:*Ngd +sm|_2‘rrt( fm+ffmmk)-|1
Vin(® = Agye z |—Jn(k mfm) c0s|_2 g ( ofm + Timm' )t—|—|
k=- Ngd
-3
Ay =02V Vi=25x10 "V
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Input Waveform

i

Fig.: (4.2.6.1)

mesl(t ffim > ffimm e Afim > Mfim > Ngd)

the dimensionless input signal is V2 (D) = v (4.2.6.3)
Analog filter Input sampling
At firstI calculate the signal bandwidth for a correct sampling.
escription of the program's parameters:
BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
CSAstands for "Bandwidth Caleulation and Signal Anabsis”
Sbiy = BCSA(V2fiy.Mtgq N 0.0, Tpip) rtgq = 10-% (4.2.6.4)

[*] Bandwidth Calculation

The function returns a three columns matrix.

The first column contains:

pos. 0: relative error,

pos. 1:  bandwidth (Dimensionless),

pos.2: the nth. harmonic number corresponding to the given relative error,
pos.3: temporary variable,

pos. 4:  Parseval,

pos.5: signal average,

pos. 6:  signal rms.

The second column contains the coefficients a, of the Fourier series,
the third column contains the coefficients by of the Fourier series.

0 1 2 3
0 0.1 8322-108 0 0

1 4.8-106| -2.081-1077 0 0

2 33 9.092-10°7 0 0

3 6.55-104| -3.885-10°¢ 0 0

4 0.04 1.56:10-5 0 0

5| 4.161-108| -5.852:10°5 0 0

6 0.141| 2.039-104 0 0

Sbgy =17 0| -6.55104 0 0
8 0| 1.925-10-3 0 0

9 0| -5.119-1073 0 0

10 0 0.012 0 0

11 0 -0.025 0 0

12 0 0.045 0 0

3 0 -0.064 0 0

1
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14 0 0.068 0 0
15 0 -0.037 0
Fourier series coefficients: rtgd =10-%
cffaSbg = Sb cffbSby, = Sby ¥
cffaSbfmT _ 0 1 2 3 4 5
0| 8.322:108| -2.081-107| 9.092:10-7| -3.885-10°0 1.56:10°3
T 0 1 2 3 4 5
cffbSb =
fm 0 0 0 0 0 0
(503 9).
Signal Bandwidth; Bg, = ——m——
e fm sec
This is the number of the harmonics for which Ttoq = 10-% Ifm = (Sbfm<0>)2 Jfm =33
- — (o B —4
Frequency of the pulse train: Tgm = | Sbep Ty = 6.55x 10
3
Parsevalg,, = (Sbfm<0>)4-V2 Averageg,, = (Sbfm<0>)5~volt RMSg, = (Sbfm<0>)6~volt

33fm = 0..r0ws(cffaSbfm) -1

[=] Bandwidth Calculation

fiest = 0.031-MHz Ei@al bandwidth: By = 4.8-MHE1 (4.2.65)
Parsevalg, = 0.04\72 ‘ Averageg,, = 0V RMSg,, = 0.141V
. 1
Sampling frequency: f4fm = — 2 2+f)
Ttm
Chosen sampling frequency (Nyquist rate): fsfm = 2'Bfm fyfm = 96 % 10 3-GHz (4.2.6.6)
Carson bandwidth: Carsl := 2'fcfm'(mfm + l) Carsl = 54-MHz (4.2.6.7)
Grad!
sampling angular frequency: Wy, = 2T fgf.  Wgpy = 0.06- r s’ (4.2.6.8)
sec
1
samplingperiod:  Tgg = ——, Tggy = 0.104-ps,
sfm
L k
sampling time step: nfmy = — (4.2.6.9)
fSfm
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39

NOgg 1
Ned 1o
fstm Tefm
nfm! = 0 ! 2 3 4 5 6 7 | s (4.2.6.10)
0 0 0.104 0.208 0313 0417 0.521 0.625
Wefi
ofm _ o
Yfmm
me(nfmk) _3
Afn =02V u8gi=—— Vi=25x10 "V (4.2.6.11)
volt
Sampled Input Waveform
O'Z”Wf’m‘f‘| N .7|,‘-‘17."-;}:‘."-1-‘.E]?F’:‘. |‘-r‘.“‘, fim
R R O L [N T S I R e B T L O O
Vim(t HE TR IR R TR R L R L I
Yinltn o “IIU'!L h 1’ il ‘l-. Il ”Il’lltllllul il 4 L
i WHL ‘l L 1‘ { ‘”lHlH} lf } “
L U 1 A A | B | A L I L I T O O A A A '
R E R N
-02—
tem» nfim
Fig.: (4.2.6.2)
Input signal reconstruction according to the Shannon sampling theorem:
NOgg-1
rtgd = 10-% |wgpg = 2:7-Bg, | sh8(1) = Z (u78n~sinc(wsh8~t—n-‘n)) (4.2.6.12)
n=0
Rebuilt (Single Tone) Frequency Modulated carrier Waveform
0.3
sh8 (tfin)  0.15
me(tfm) 0
u_8k
h -0.15
-03
tfm,tfm,nfmk
Fig.: (4.2.6.3)
Exact output
_ -3
The filter cutoff frequencyis  f = 0.25-MHz Vi=2.5x10 "V
t t
- T
= ?0
Exactoutput: v () = Ay me(t)f’r—o- Vin(m)e ~dr (4.2.6.13)

0
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[¥] Calculation of the single tone FM filter Output

WI(K) = 270 (T + Fiimm k)

N
ed
vofm(wl,t,'ro,mfm,fcfm,ffmm) =Ag Ay Z Jn(k,mfm)‘ cos(wl(k)-t) ...
t
k=- Ngd _ :0
cos(wl(k)-t) ... -
+2:1g-wl(k)-sin(t-wl(k))
+
ol w7+ 1
. A0 ¢
Approximated output: Vofma(t) = w—ogt Vem® Tiest = 32-ps A =02V
[¥] Calculation of the frequency modulated Approximated Output
Ay Ag (&
Votma( @1t Mfin e fin fimm- f0) = Ta Z [In(k. mgy ) -sin] 270t (g, + k) | w1 (0]
k=-Ngq

1
Output Voltage Compared with the Input Signal |A0| 'Af =1
m M
Vofm(""1 > tims T0> Mfim > fefim > f1’mm)
me(tfm)
0 21078 ax107® ex107°
tfim
Voltage gain: Ag=-6 Fig.: (4.2.6.4)
Output Signal Compared with the Approximated One
30
Vofma("01 s tim> Mfim» fefm > fimm > fO) 10
Vofm("‘)1 s tfim> T Mfim» fefim s ffmm) -10
-30
0 x10 % ax10®  ex107®
tfim
Fig.: (4.2.6.5)
A wl,nfmy, Ty, mg.., T fi
. ofm ’ > 10> m> cfm> fmm
Output sampling: ~ Ofmy := ( ) (4.2.6.14)

volt
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Sampled Output Signal

2
1 ‘ |
MAARLLLL LA L L LRI
L oSl LG L
e 11 St
-1 , ‘ , ‘ , ‘
-2
0 5x107 ¢ 1x10~° 1.5x10°
nfmy , te,
Fig.: (4.2.6.6)
f,
Mrad _ fi
W = 0.942—— £ =3x 10 -GHz — = 3.2 mgy, = 8
sec fofm
Fourier Transform of the output signal ~ OSpecfm := fft(Ofm) (4.2.6.15)
FM Test Signal spectrum Phase spectrum
- T T 4 T T fcjfm T
3 ok 3 4
OSpecfmy | 2] arg(OSpccfmk) 0 ‘
L L
1 -2F
ob—— L TJ[ _4 1 1 I 1
0 1x10° 2x10° 3x10° 4x10 0 1x10% 2x10® 3x10° 4x10°
) fsfm " fsfm
NOgg NOgq
Fig.: (4.2.6.7) Fig.: (4.2.6.8)
% wl,t, Ty, mp, e, £
the dimensionless output signal is: v2og, (1) = ofm( 0 me cfm fmm) (4.2.6.3)
Analog filter Output sampling
At first I calculate the signal bandwidth for a correct sampling.
escription of the program's parameters:
BCSA(Dimensionless signal name, relative error, polvnomial degree, start time, signal period)
CSAstands for "Bandwidth Calculation and Signal Analysis"
Sbofim = BCSA(v2047.1t5q. Ngg 0.0, Tnp)  rtgq = 10-% (4.2.6.4)

The function returns a three columns matrix.

The first column contains:

pos. 0:  relative err

pos. I:  bandwidth (Dimensionless),

pos. 2:  the nth. harmonic number corresponding to the given relative error,
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pos. 3:  temporary variable,
pos. 4: Parseval,

pos.5:  signal average,

pos. 6:  signal rms.

The second column contains the coefficients ay of the Fourier series,
the third column contains the coefficients by of the Fourier series.

0 1 2 3
0 0.1] 8.07-104 0 0
1 48106 5.963-104| 3.576-104 0
2 33| 3234104 3.92-104 0
3| 3.954103| 2.185-10*| 3.628-104 0
4 1.517] 1.207-10°5| 2.204-104 0
5| 4.035104| 4.67-104| 4.531-10% 0
6 0.871] -1.253-10-3 | -4.225-104 0

Sbom =[7 0| 4.184:-103| 1.953-10-3 0
8 0 -0.012| -4.45-1073 0
9 0 0.032 0.011 0
10 0 -0.075 -0.024 0
11 0 0.155 0.045 0
12 0 -0.273 -0.073 0
13 0 0.391 0.097 0
14 0 -0.411 -0.095 0
15 0 0.226 0.049

[¥] Bandwidth Calculation

frogt = 0.031-MHz

Ei@gl bandwidth: Bofm = 4.8~MHf|

(4.2.6.5)
Parseval g, = 1517v? Average g, = 0V RMS i, = 0.871V
. 1
Sampling frequency: fsofm = > 2-f)
Tofim

Chosen sampling frequency (Nyquist rate): fsofm = 2Bofm  Tsofm = 96 % 10_3~GHz (4.2.6.6)

. Grads
Carson bandwidth: Garsh, = 2 Wepm (M + 1) Carsl = 0339- 42.67)

sec

. Grads
sampling angular frequency: wgyfn, = 2T fofn. Weopy = 0.06- S (4.2.6.8)
sec
1
samplingperiod: Ty = ——, Tgofiy = 0-104-ps,
fSofm
L k
sampling time step: nofmy = ——, (4.2.6.9)
fSofm
Med 1 _y
fsofm Tefim
nofm! = 0 1 2 3 4 5 6 7 8 s
0 0 0.104]| 0208| 0313| 0417| 0.521 0.625| 0.729
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w
i _ (4.2.6.10)
Wfmm
V2045, | nofm,
fin(n0fmy) _
Agy = 02V u o= ———  V;=25x10 °V 4.2.6.11)
volt
Sampled Input Waveform
1.3 a2 AR B A A RN A A - ——-y p—~w——— —iad
0.7
VZOfm(tfm)
—— G
u_8og
L -0.70 W
-13 :
tfim» nOfmy
Fig.: (4.2.6.2)
Input signal reconstruction according to the Shannon sampling theorem:
NOgg-1
rtgd = 10-% |wgpg, = 2-TByg sh8o(t) := Z (u780n-sinc(wsh80~t—n-ﬂ)) (4.2.6.12)
n=0

Rebuilt (Single Tone) Frequency Modulated Output Waveform

i

1.32

sh8o (tfm> 0.66

ot o vn

u_ 8ok
K -0.66
-1.32
21076 4x107 0 6x10"°
tfim> tfm> nofmy
Fig.: (4.2.6.3)

=

On the other hand if the carrier frequency (or test frequency) is located in the passing band, the filter response
is:

Grads wW2¢fim
wchm = IOOwcfm w2cfm = ISSST chm = e Qfmm = IOOffmm
1
T2 = 2 =T T2 = —
cfm sfm sfm fmm
f2cfm f2fmm
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o Magn’itude of the transfer function W(w) in dB Input Waveform
e Waf) M%ﬁﬂAl) 0.2 a2 & 2 2 aaa - 228 2 AAdlrted
””””” B | | o[} ‘
| | 01 | | | | ”
ﬂg(lwhp(']w)l) 777777777777 i 77777777777777777777 i 777777 A Vlfm(tlfm) 0 | [ 1 ’ ‘ B , [1 I, | | [ 1 ! ‘ B , 1 I"‘i‘
Asyqg(w) 3 3 -0.1
| | ~02
" } } 0 167x10 ¥ 333x107° 5x107% 667107 ¥ 833x107% 1x1077 117x107 7 1331077
1x10° 1x10° 1x107 1x10° 1x10° 1x10'° i
w Fig.: (4.2.6.10)
Fig.: (4.2.6.9)
¢ ot Ag=-6
- T
. T 1-_0 Output Voltage
Exactoutput: vl g, () = Ay | Vg, () ———| Vigy(1)e " dr (4.2.6.16) 2
T
0 Jo
1
A 1 tle) oM UIMELIRARIRAN IR AR R 1 Y l l l l
. 0 Viofi fm) 0 p
Approximated output: V1ofma(D = —~1V1fm(t) (4.2.6.17) —Om( m) ‘ ' '
Wo dt -1
-2
Vgn(®) = Veingl(t 2efims 2fimm  Afim : Mpim Ngg) 0 1.083x10 5.167x10” $.25x10” %.333x10 7 5.417x107 36.5x 107 87.583x 10" B.667x10 2
wW2(K) 1= 270 (¢ + gk tlgn
Vipfm () = Vofm("ﬁ’t’TO’mfm’ﬂcfm’ﬂfmm) Fig.: (4.2.6.11)
Sampling of the output:
80-T2 -0-T2
g = T2y 0. T2 04— 7im gy gy K Vi (n1fimg)
20000 nlfimg := —— Tl g1 Output samplingg  Olfmg = ——8 (4.2.6.18)
- NOgd volt
T1 = = 0.104-ps T2 =3.333-ns i
cfm o cfm Sampled signal
IOOWO fsfm
Olfimy
L 0
Vlofm(“fm)
0 1x10°8 2x107%  3x107®
nlfimg, tlg,
Fig.: (4.2.6.12)
Mrads fsfm
Wiym = 0.942: 2 gy = 300-MHz =0032 mg, =38
sec cfm
Fourier Transform of the outputsignal ~ O1Specfm := fft(O1fm) (4.2.6.19)
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FM Test Signal spectrum

T T T
fest - ’frfai( [O1Spect]|

w2

10 1 Specfmk| )

1

Phase spectrum

4 T T

ZW TTN?ﬂ

O1Specfi 0
!arg( pec mk) m‘.l l
_2F

0 —4 1 1
0 5107 1x10° 0 5%10° 1x10°
. stm stm
NOgg NOgq
Fig.: (4.2.6.13) Fig.: (4.2.6.14)
[
W,
0
wo-Up =
wo wo 20'UO Grads
w = 20U , 20U + 2 . 10U00.)0 wchm = 1.885-
- . s
0 0 Uy
Wdbwl = 20-log( |Wpp(j-w2ey)| ) Wdbwl = 15.563-dB (4.2.6.20)
Magnitude of W(w)
“:’0 Pathg d wzicfm
00 o Wbwl]
20-log(|Wpy(-w)|) O AR 1 e T
Asygp(w) ~20 /
e | |
~60 : |
x100 10t x10® xa0® w0’ xi0® w0’ ix10'
w
Fig.: (4.2.6.15)
[
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| ANALOG FILTER OUTPUT ANALYSIS

4. 2. 7) (Single tone) Phase Modulated carrier response

Defined in "PM data.xmcd.xmed"

Carrier max amplitude: Apm =20V
Modulating single tone max amplitude: Bpm =8V
Carrier pulsation: Bopm:'= 4 Weest
W
. cpm
Carrier frequency: f =
quency epmT T
. . 1
Carrier period: T onm, = P Tcpm = 8-ps
cpm
Modulating single tone pulsation: w — “epm
AT "
Modulating single tone frequency: ._ “pmm _ -3
prmmw* o fpmm =6.25x 10 ~-MHz
Lo . 1
Modulating single tone period: T omm. = . Tpmm = 160-ps
pmm 2~Kstpm~7r~Bpm
frequency modulation index: Mpm,'= 8 My = —————
“pmm
Carson bandwidth: Cars4 = Z'wpmm’(mpm + 1)
the dimensionless inputsignalis — v2p(0) = V9p(t fopm. fomm Apm:Mpm Ngd) (4.2.7.1)
S ..
tpm = YV pmm> 10000 " pmm
PM (single tone) Input Waveform
20 A A A A A bl YE y :“En”""’" N W o
; i
om(tm) O IV 1 ! ’ ’ ””” 1P
—-10 |
-20 3
0 1x10” 4 2«10~
tom
Fig.: (4.2.7.1)
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PM Spectrum

[
.
6 .
lApm'J“(ki’mpm)“, B }Apﬁf}n((l,mp—m}l—
2
0 T?Q--------
0 20 40
ki
Fig:: (4.2.7.2)
Analog filter Input sampling

At first I calculate the signal bandwidth for a correct sampling.

escription of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
CSAstands for ""Bandwidth Calculation and Signal Analysis"

Sbpm = BCSA(V2p.1teq. Nog. 0.0, Ty

The function returns a three columns matrix.

The first column contains:

pos. 0:  relative error,

pos. 1:  bandwidth (Dimensionless),

pos. 2:  the nth. harmonic number corresponding to the given relative error,
pos. 3: temporary variable,

pos.4: Parseval,

pos. S:  signal average,

pos. 6:  signal rms.

I'tgd =10-%

The second column contains the coefficients a) of the Fourier series,
the third column contains the coefficients by of the Fourier series.

0 1 2 3
0 0.1 8322:10© 0 0
1 2-105| -1.355-10-14|  2.081-10-5 0
2 33| -9.092:10-5| 1.253-10-14 0
3 0.065| 9.045-10-15| -3.885-104 0
4 400 1.56:103 |  5.42-10-15 0
5| 4.161-10°| 1.95-10-14| 5852:10-3 0
6 14.142 -0.02 | -1.636:10-14 0

prm =7 0| 1.942-10°15 -0.065 0

8 0 0.192 | -4.932-10-15 0
9 0| -2.978-10-14 0.512 0
10 0 -1215| 3.115-10-14 0
11 0| 2.541-10-14 -2.526 0
12 0 4.469 | -2.474-10-14 0
13 0| 3.634-10°15 6.412 0
14 0 -6.752 | -7.654-10715 0
15 0| -1.592-10-14 23715
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(4.2.72)

[»]—-Bandwidth Calculation

frogt = 0.031-MHz

Eiggal bandwidth: Bpm = 0.2~MH§|

(4.2.7.3)

Parseval = 400V Average,, = 4.161x 107 °V | [RMS = 14142V
. 1
Sampling frequency: fspm =T 2 2-f;
pm
. . X L _ -4
Chosen sampling frequency (Nyquist rate): fspm = Z'Bpm fspm =4x10 "-GHz
. Mrads
Carson bandwidth: Carsl = 2~wcpm~(mpm+ 1) Carsl = 14.137- o
. — 3 Grads
sampling angular frequency: w =2 W, =2513x10 ~- X
plng angu quency: Wspm spm Sspm sec
(4.2.7.6)
1
sampling period: Tspm =—_—, Tspm = 2.5-ps,
fspm
L k
sampling time step: npmy := s (4.2.7.7)
fspm
NO
ed 1
. =20
= Tk
me(T) = Apm' Z (Jn(k,mpm)-cos(‘rk wpmm)cos(T + T'wcpmjj
k=-Ngq
Voo npmyg, £ LA, sNgg
Apm = 20V u 9 = pr P fpmlft“ pm:pm-Ngd)
vo

me(t) = me(t’fcpm’fpmm’Apm’mpm’Ngd)

PM (single tone) Input Waveform Sampling

~10
~20
0 2x107° 4x107° 6x107°
tpm s IPIK
Fig.: (4.2.7.3)

Input signal reconstruction according to the Shannon sampling theorem:
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(4.2.7.4)

(4.2.7.5)

(4.2.7.8)

(4.2.7.9)




NOgg-1

sh9(t) := Z (u_9n-sinc(wsh9-t7n-7r))

I‘tgd =10-% Wgh9 = 2-7T-Bp

(4.2.7.10)
n=0
Rebuilt (Single Tone) Frequency Modulated Output Waveform
RARARARRRARARARARR AR
tren g A8 A% oW A4 e I'I”l'll:,'|"l|"'||'||.,'||“| i
sh9(tpm) It '.', AR WANINL -..|::;:|I.Xu::,’:::n,':,",
— ot 44 77777 7777 !"'::::!‘”::”"”i::::l’i’
% (t ) ATRTRYRYRYEVRLETE R R LT
pm|{‘pm 0840 1 WA d0 Wy RA WA oo UH AH BA oo de UH HA BO Ry ¢
—1fd BF RF R4 RA RA ty Rf 4ot ':'”",I'nh'..':,' (R )
ARR'R'RREAELELIALELRAD
-22
0 5x107° 1x10” 4 1.5%10°4
'pm-pm
Fig.: (4.2.7.4)
t t
- T
T —
. = e ! 7o
Exact output: vopm(t) = Ay me(t)—T—0~ me(-r)~e dr (4.2.7.11)
0
[¥] Output filter PM signal calculations
wk[k} = wcpm"' k'i“’pm.m wp[k} = wcpm— k'i“’pm.m
-k -k
O (t.k) = - + wy k)t Hp[t,k} = - + wp[k}-t
Voapm(® = A9  Vom(®) - 1
L . r [ [T (cos(ty(t. 1)) . A T
T, I | . v -
= Je. . gd ol \ i3 | () Ty sin{ ()] T
Ty '-\Pm - Mpm 2 (k}z P )
k=-N w (k) Ty +
gd . .
(cos(B),(t.k)) . 3
|+ w () mysin0 (t8))
N 2 2
wy, () Ty +1
TENETS kY]
| cos| — | + wylk)-Tysin — ||
W \ 2 P2
Lo - J 2 )
c 2 2
w k) Ty + 1
PO R a2
| cos| ﬂ—k |+ wp[k}-ﬂ'_l_-sin: ﬁ—k 1
N L2 ) L2 ))
202
w7y 1
Fig.: (4.2.7.5)
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PM (single tone) Output Waveform

4 4

0 1x10~ 3x10

Fig.: (4.2.7.6)
Vopm(t)

Vopms (t) =

Analog filter Output sampling
At first I calculate the signal bandwidth for a correct sampling.

escription of the program's parameters:

BCSA(Dimensionless signal name, relative error, polynomial degree, start time, signal period)
CSAstands for ""Bandwidth Calculation and Signal Analysis"

[¥] Bandwidth Calculation

f

Sbopm = BCSA(Vopme:Tted-Ngd: 0.0, Tep) — Ttgq = 10:% (42.7.12)
Ei@z_ll bandwidth: B opm = 6-MH%| (4.2.7.13)

test = 0.031-MHz

3,2
Parsevalyy, = 2.138x 107V ‘ [Averageq oy = —5355V | [RMS gy = 32701V
1
Sampling frequency: fsopm = — 22
pm
Chosen sampling frequency (Nyquist rate): fsopm =2-B opm fsopm = 0.012-GHz (4.2.7.14)
Carson bandwidth: Carslo = 2 +1)  Carst = 00145729 (42.7.15)
: arslo = 2-Wepm (mpm ) arsl = 0. _— 2.7.
. Grads
sampling angular frequency: Wsopm = z'ﬂ'fsopm' Wsopm = 0.075-——, (4.276.16)
sec
1
sampling period: Tsopm = I Tsopm = 0.083-ps,
sopm
L k
sampling time step: nopmy := R (4.2.7.17)
sopm
Nog 1
-0
fsopm Trest
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Output Voltage

0 3.466667x106933333x10 > 1.04x10” * 1.386667x10 1+733333x10~ #2.08x10™ *
tpm
Fig.: (4.2.7.7)
. , _ Moy
Approximated output: Vopmd(t) = w—-Ethm(t) Tiest = 32-Ks
0 (4.2.7.18)
Ngd -k
me(t) = Apm' Z (Jn(k,mpm)cos(tk- wpmm)-cos(T +t prmD
k=- Ngd
N
Ay A gd

0 pm . [Tk

Vopmd(t) = —UJ() . z —Jn(k,mpm)~ wcpm'sm(T + t-wcpm)-cos(kt-wpmm)
k=- Ngg Tt-k .
+k-wpmm-cos ES + t"*’cpm -sm(k-t- "‘mem)
Approximated output
Vopmd(tpm)
0 0.000035 0.000069 0.000104 0.000139 0.000173 0.000208
tom
Fig.: (4.2.7.9)
\% (nopmk)
Opmy = 2~ 4.2.7.19)
volt
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Sampled PM signal

100

e L\ AN 2 YaN
ol NN NS A

-50
— 100
0 1x10~° 107> 31070 ax107°
nopmk,tpm
Fig.: (4.2.7.9)
Fourier Transform of the test signal
¢ B fSOpm 3
cpm = 0.125-MHz —— =96
cpm
Mrads
OSpecpm := fft(Opm) My = 8 Womm = 0.039- - (4.2.7.20)
Output signal spectrum
T T T SN
fepm_ o )
300f ! max( [OSpecpm| )-
JOSpecpmkl !
200} | _
|Specpmk| !
. 100 | [ 7
b
O:T T?,Qm.......-l--------
0 2x10° ax10° 6x10°
o fsopm
Ngd
Fig.: (4.2.7.10)
Phase spectrum
3T T T
fcb
2F, N
arg(OSpecpmk) b
° 1+ : -
arg(Specpm |
_._g.(_p P 0 3 |||””l||||”””||||||||IIITT‘I‘I'NM
_ 1 ] 1 1
0 2x10° ax10° 6x10°
” fsopm
NOq
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Fig.: (4.2.7.11)

(4.2.721) 4.3
Equivalent Digital High Pass Filter (I°order)

Wbt := 20-log( |Wpp(j wepm)|) Wdbw,, = 8.573-dB

Magnitude of the Transfer Function W(w)

Rd

’

20 9,

"’"#est L*:"
‘ g
: 0

| I 4.3.1) Z-transfer function of the I° Order High Pass Digital Filter
Wlog(|WipGrw)|) O T il Ags

Given the transfer function: ~ Wy ,(s) = ———, the corresponding z-transform canbe calculated with the
Asygg(w) P s+ wp

—1

change of variable: s = z s (4.3.1.1)
smp

-20 i

20 where Tsmp is the sampling period depending on the signal bandwidth.

1x10% 1x10° 1x10° Ix107 1x108 1x10° 1x1010 (Toallow the symbolic calculation, I choose a value of Tsmpamong those previously calculated (sinusoidal signal)).

w Later, however, it will be calcualted for each input signal.

2-1 Mrads Mrads
Tsmp =Ty Wsmp = T Wsmp = 5.498- o wg = 1.571- o
Fig.: (42.7.12) smp

Ag=Ap Tsmp = Tsmp Ysmp = WYsmp

substitute ,s =
Ag's Tsmp

thp(z) = s+ W collect,z

Ay (4312
0
2(Tgmpwo+ 1) = 1

collect, A

and after some algebraic manipulationand the definition of the following z transfer function:

z—1 (1—2_1)'A0 Ag (1-2Y

z.(Tsmp.wO+1)—1 1+Tsmp'w0_271 (1+Tsmp.w0)~{ i }

- (1 + Tsmpwo)

. . Ag 1
and its coefficients: u = — v0i= —— (4.3.1.3)
(1 ar Tsmpwo) (1 ar wOTsmp)

ul = -2.146540144 v0 = 0.357756691 f. =

I get the following result for the t. f. as a function of z'1:

—1

Hy, (7) = w1z 43.1.4)
p 1

1-z -v0

Mrads Mrads
Wi = 0.196-————
sec test sec

UJO = 1.571-
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20-10g( ‘ th(

HdBl(w) = 20~10g(‘H

(o
HdBc = 20~10g\ th

j""’test'Tsmp) ‘ \
¢ )

=-2.702-dB

jrwT ) 3 ( ( jrwT )\
hp(e smp ‘) el(w) = arnghp e smp)
i 2.7 T
j'wtest'Tsmp)\ . Tiest 7
e } plc = arg th e
“o
Wemnn20-Ug — ——
wg W P Yo
=—,—+ ..2O~U0~wsmp
8:Ug 8Ug 4Uy’

(43.1.5)

(4.3.1.6)

w,
smp - 28

Ytest

Magnitude of H(z) compared with the magnuitude of the transfer function

20 0
’i‘*'-.-.-.
HdB1 (w) ~
20-log(|Whp(j-w)|) 0
HdBc
-20
1x10* 1x10° 1x10° 1x107 1x10®
w
Fig.: (4.3.1.1)

Phase of H(z) compared with the phase of the transfer function

4) HIGH PASS (I° order) DIGITAL FILTERS

Fig: (4.3.1.2)
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Normalized Magnitude of H(z) and W(jw)

| H, (e_] W Tsmp) | 0

A9

Whp(i-w)
ool B)
Hy, (ej ""’test'Tsmp)|

[Aq| —40

20-log

20-log

Ix10*

4) HIGH PASS (I° order) DIGITAL FILTERS

Fig: (4.3.1.3)
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4.3 Equivalent Digital High Pass Filter (I°order)

4.3.2) Difference equations (HIGH PASS FILTER (I°order))
Canonical form
After having defined the coefficients:
Ag 1

O T Tope) - (190 Tomp)

— 1
1 -
the z transfer function th(z) = u0- 721
1-z -v0

, canbe decomposed in this way:

divide and multiply the t. f. by W_ (z) and split the fraction in two:
Y(@ _ Y(z) W (2

Hy . (z) = 43.2.1
% X0~ W X 4320
1
reultingg D W@ _ . 177 4322)
W _(z) X(2) -y 1~V0
define : YO _ ofi-) (4.32.3)
W_(2)
sothat: Y (2) = u0-W_(2) —u0-z W _(2) 4.3.2.4)
whose inverse z transform is: |y(n) = u0-w(n) —u0-w(n— 1)| 43.2.5)
Now define: =2 = ! 43.2.6)
X 1-72 'vo
from whichobtain:  X(z) = (1= 7" 'v0)- W ()= W (2) =2~ 'v0-W (2) 43.2.7)
whose inverse z transform is: |x(n) = w(n) - v0-w(n— 1)| 4.3.2.8)
Ultimately the corresponding set of difference equations is:
1) w(n) = x(n) + vO-w(n—1) (4.3.2.9)
2) y(n) = u0-(w(n) — w(n-1)) (4.3.2.10)
they give the output sequence y(n) knowing the input one x(n).
Calculation of th initial and final values.
|Z| Symbolic initialization of z,u0, v0
-1
ZT. Initial value theorem: im w02 | S u0 = -2.147
Z — © 1—-7 ].V()
-1
Z T.Final value theorem: lim uo-i - o if vO=0 uo =6
z—>0 1-7 'vo vo vo

undefined otherwise
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4.3 Equivalent Digital High Pass Filter (I°order)

4.3.2.1 ) Sequence of the sinusoidal voltage response

x1;(n) := u3y

3 Sampled Signal

3x10~

B A AN

u3k
_ 3><1073 77777777777777777777777777 Vf
0 125 25 375 50 625 75 87.5 100
k
Fig.:(4.3.2.1.1)
Mrads
(JJO =1.571-
S
. Ag 1
Coefficients:  uQ == —— X = ——
(1 arF TS3WO) (1 ar onS3)
2.
we3 = -n u0 = —2.146540144 v0 = 0.357756691
Ts3
) wl(n) = [x1;(n) +vO-wl(n—1) if n>0
0 otherwise
2)  yl(n) := |u0-(wl(n)—wl(n-1)) if n>0
(0) otherwise
Komd Wy = W Wn iﬂ .
o, ¢ Ve
Wa
Eﬂ By W
2 e
4 v, Wi of
W4 bW
Fig.: (43.2.1.2)
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fsa:

1
Tg

3

43.2.1.1)

(432.12)

(432.1.3)

43.2.1.4)




w1 Sequence

Output Sequence

4x107° 21073 -
ax
21072 1x10”
M 1(k
wl(k 0 (k)
J1 ;l P4
-3
~2x1073 ~1x10
03 ~ ! “ox1073
0 8.33316.667 25 33.3331.667 50 0 8.33316.667 25 33.33%1.667 50
k
Fig.: (4.3.2.1.3) Fig.: (43.2.1.4)
3 Comparison Among Rebuilt Output Waveforms
sh3o(ttw)
u3og
L
sh3in(ttw)
zl(k)
0 288x107°  5.76x107°  8.64x107° 1.152x10° ¢ 1.ddx10” 4
ttw’ns3k’ttw’n53k
Sampled signal: vixg = yl(k) (4.3.2.1.5)
Speclx := FFT(v1x) (43.2.1.6)
Amplitude Spectrum Phase spectrum
T 4 T
fi — f,
@St st test
8x10™ 4 S max( |Spec Tx| ) ’ :k:s
» 2 |
Specl | x 10 |
peclxy f
4 4><1074 ;rg(Speclxk) 0
21074 2
0 i
0 s<10*  1x10° SR E— ;
£ 0 5%10 Ix10
s3 £
3
NOgg s
NOgy

Fig: (4.3.2.1.5)
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Fig: (4.3.2.1.6)
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4.3 Equivalent Digital High Pass Filter (I°order)
4.3.2.2 ) Sequence of the Voltage Pulse response

Digital first order High pass filter difference equations:

x2i(n) :=u_4y 4.3.2.2.1)
Input

0.003

To

i

0.002| ¥

Vi (13) :
u_4x 0,001
0

0 0.0001 0.0002 0.0003 0.0004
t3,n
s4k

Fig:(4.3.2.2.1)

. Ag 1
Coefficients:  u00 := ———— v00 = ——m8
(1 arF Ts4°)0) (1 ar onS4)
) w2(n) = [x2;(n) +v00-w2(n—1) if n>0 (43.2.2.2)
0 otherwise
2)  y2(n) := |u00-(W2(n) —w2(n—-1)) if n>0 (43.2.2.3)
0 otherwise
v XemA W= W Wn i" "
Xn o Yo
We
“AML Ezl By W
‘ R
A W, o oF
AW, byw,

Fig:(4.3.2.2.1)
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Output Sequence

3x10~ 21073
21073 1x10”°
w2 (k)
_ 2(k 0
* 1x10 { ®
~1x107°
0 _3 g
—2x10
0 10 20 20 40 60 80
k k
Fig.:(4.3.2.2.2) Fig.:(4.3.2.2.3)
Sampled signal: v2xg = y2(k) (43.2.2.4)
Spec2x := fft(v2x) (43.2.2.5)
Amplitude Spectrum Phase spectrum
4 T T
Fst .
1 O
JSpeCZXkl arg(Spchxk) 0 : &
1x10”4 L) l l ll ll
_2F i
0 |
4 4 4 4 - L
0 2x107 4x10" 6x10" 8x10 -4 . 4
£ 0 4x10 8x10
So ;
Ngg k-NS—O
ed
Fig.:(43.2.2.4) Fig.: (4.3.2.2.5)
Frequency Responses
Wrest d"O
HdB1(w)
o — -
20~log(|Whp(]-w)|) !
6
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1x10 1x107 1x10
w

Fig: (4.3.2.2.6)
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4.3 Equivalent Digital High Pass Filter (I°order)

4.3.2.3 ) Sequence of the Bipolar Triangular wave response

Digital first order High pass filter difference equations:

x3j(n) :=u_5,

Sampled Signal

Fig: (4.3.2.3.1)

Ag
Coefficients: u0l = ———
(1 T Tstri‘("’O)

) w3(n) = |x3;(n) +v0l-w3(n-1) if n>0
0 otherwise
2)  y3(n) := |u0l-(w3(n) —w3(n-1)) if n>0

0 otherwise

0l :=———-—
’ (1 g wO'Tstri)

1

£ |

Kerd W4 = Win W

Win

Wit

bW,

W, bW,

¥Ya

bW

Fig: (4.3.2.3.2)
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4.3.2.3.1)

(4.3.2.3.2)

(4.3.23.3)




w3 Sequence

Fig:(4.3.2.3.3)

Sampled signal:

Output Sequence

Spec3x := FFT(v3x)

Amplitude Spectrum

flest @ wax( [Specia])
4x10”4 — .
;Spec3xk| |
21074 — .
Lot Mrvree e
0 2100 4x10°  6x10°
fstri
Ned

Fig: (4.3.2.3.5)

4) HIGH PASS (I° order) DIGITAL FILTERS

21073
1x10~2
PO 0
C1x1073
—axi1073
0 25 50 75 100 125 150
k
Fig.: (4.3.2.3.4)
V3xy = y3(k) (4.3.2.3.4)
(4.3.2.3.5)
Phase spectrum
4T T T T
]
2 i
arg(Spechk) o LJ
. sl LY
-2r 7
_4 3 1 1 1
0 2x10°  4x10°  6x10°

65

Fig: (4.3.2.3.6)

4.3 Equivalent Digital High Pass Filter (I°order)

4.3.2.4 ) Sequence of the Sawtooth wave response:

Sampled Input

0 3.333x107 /6.667x107

Coefficients:

u02 :=

1x10~°

tew >
SW TISSW)

Fig: (43.2.4.1)

A 1

—_— 02 :=
(1 v Tssw"“’O) ’ ssw)

u02 = -5.903405749  v02 = 0.983900958

Digital first order High pass filter difference equations:

x4i(n) :=u_6y

) wa(n) =

x4;(n) +v02-w4(n—1) if n >0

0 otherwise

2) y4(n) := [u02-(w4d(n) —w4(n—-1)) if n>0
0 otherwise
KemB W, = Wa Wn iﬂ R
. Ya
Wa
Eﬂ bW
w;!-‘ b
4w w, i
AW, bW,
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Fig.: (4.3.2.4.2)
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1333x10” ®1.667x10”

(1+w0-T

6

(4.3.1.3)




w4 Sequence

1x10°

500

wd(k 0
B, (k)

—-500

~1x10°
0 25 50 75 100 125 150

k

Fig.: (4.3.2.4.3)
Sampled signal: vaxy = y4(k)

Specdx = fft(v4x)

Amplitude Spectrum

lct st
(Tspecaxt
ol max | Spec4x|}
iSpec4xk|
500
0

0 l><107 2><107 3><107 4><107

f

SSW

Fig.: (4.3.2.4.5)

4) HIGH PASS (I° order) DIGITAL FILTERS

Output Sequence
400

200
¥4(k) 0
—-200

—-400
0 25 50 75 100 125 150

k

Fig: (4.3.2.4.4)

Phase spectrum

Fig.: (4.3.2.4.6)
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4.3 Equivalent Digital High Pass Filter (I°order)
4.3.2. 5) Sequence of the AM Signal response:

volt

VZam(namk)

(Single Tone) Sampled input AM Signal

5

6x10

namyg, ty,,

Fig:(4.3.2.5.1)

Digital first order High pass filter difference equations:

Ao

Coefficients: 103 ;= ———— v03 :

(1 i Tsam""'JO)

u03 = -2.970300537  v03 = 0.49505009

9x10 "

5

x5i(n) :==u_7y
1)  w5(n) = [x5(n) +v03-w5(n-1) if n>0
0 otherwise
2 y5(n) = |u03-(w5(n) —w5(n—1)) if n >0
0 otherwise
v XemA W= W Wn i" "
x" - bW, ¥
Wa
ANy Ezl By Wi
, b,
PN W, o oF
3, Wna bW

Fig: (4.3.2.5.2)
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w5 Sequence

Output Sequence

PR

40
20

sag 0
£0_ 5
—40

Fig.: (4.3.2.5.3)

Sampled signal:

Spec5x := FFT(v5x)

- 60

Fig:(43.2.5.4)

v5xg = y5(k)

Amplitude Spectrum /

6

$Spec$xk| 4

o+

\
T x| [9pecsx] |

T
Bcam

TTITY?.?Q_

0

g10t 1100 12x10°  1.4x10°

fsam

"NO

gd
Fig.:(4.3.2.5.5)

Phase spectrum

4 T T T T T
fécamﬂc +HBcam
i | | [ I I [ [ I [_
arg(Spechk) ofe—eeo o g : Y
e l ;
_ok : | i
_4 1 : 1 : 1 1
810" 1x10° 1.2x10° 1.4x10°
fSam
Nogg
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Fig.: (4.3.2.5.6)
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4.3 Equivalent Digital High Pass Filter (I°order)

4.3.2.6 ) Seq e of the Freq 'y Modulated signal response
Digital first order High pass filter difference equations:

me(nfmk)
u_8k =
volt
Signal
0.2 T Te w1 Te

o
il

-0.2

Fig: (4.3.2.6.1)
A

Coefficients: u04 = —————
(1 + T wo)

v04 =

u04 = —5.15630205 v04 = 0.859383675

x6;(n) :=u_8,

1)  wé6(n) = [x6;(n) +v04-w6(n-1) if n>0

0 otherwise

2) y6(n) := [u04-(w6(n) —w6(n—1)) if n>0
0 otherwise
Mrads Mrads
) = 18.85: w. = 0.942. Ap = -6
cfm sec fmm sec 0
Kem8 W, = W Wn iﬂ N
T, Ya
Wa
Ezl bW
) Y b,
1wy Wi A
=8, Wy bW,

Fig:(43.2.62)
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Sequence w6

Output Sequence

0.2

0.1

o) 0

-0.1

=02

Fig.: (4.3.2.6.3)

Sampled signal:
Spec6x := FFT (v6x)

Fig: (4.3.2.6.4)

voxy = y6(k)

Amplitude Spectrum

0.2

—
¢ ’a&( [Specex|

0 1x10° 2«10° 3x10° ax10° 5x10°
fsfm
k-
NOgd
Fig.: (4.3.2.6.5)
Phase spectrum
4 T T 7 T
cfm [
2r ! .
arg(Spec6xk) 0 ‘
[ ]
_2F -
_ 4 1 1 ﬁ 1
0 1x10° 2x10° 3x10° ax10°
fsfim
Nogd
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Fig: (4.3.2.6.6)
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4.3 Equivalent Digital High Pass Filter (I°order)
4.3.2. 7) Sequence of the Phase Modulated signal response

A e
g L

k

Fig: (4.3.2.7.1)

Digital first order High pass filter difference equations:
Ag
Coefficients: u05 = ———
( 1+ Tspm wo)

u05 = —1.217781852
x7;(n) :=u_%

1) w7(n):=

0 otherwise

v05 =

1

spm)

o)

U.)OT

v05 = 0.202963642

x7;(n) + v05-w7(n-1) if n>0

2) y7(n) := [u05-(Ww7(n) —w7(n—1)) if n>0
0 otherwise
Mrads Mrads
Wepm = 0.785- - Womm = 0.039- - Ag=-6 My = 8
[+
Nerd W, g = Win Wi i" N
Ya
b,
Win
Eﬂ bW,y
w:\.‘
1 b‘
F AL W 4
AW Dyw,, 4
Fig.: (4.3.2.7.2)
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Sequence w7

30 T T
i
10
w7(k) 0 I IN
T ol
»

_20F Y ) d

0 50 100

Fig.: (4.3.2.7.3)
Sampled signal: v7xk = y7(k)

Spec7x := FFT(v7x)

Output Sequence

Amplitude Spectrum

Fig: (4.3.2.7.4)

fc‘bm I (—)
S PToTTT s ~max\ [SpecTx|
1 'Y
4Spec7xk|4— 3
ok
JT[ Lelrlline Ls
1x10° 1.5x10° 210°
k. fspm
NOgg
Fig.: (4.3.2.7.5)
Phase spectrum
4 T T T
Pl |
al sl L LI I
arg(Spec7xk) 0 /
e T T l
—2r —
_4 1 ‘ 1
1x10° 1.5%10° 210
Lsom
Nogq
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Fig.: (4.3.2.7.6)

73

4.4
Transfer Function Sequence. Convolution Qutput

TSmp = Tsmp wy =wy a0 :=al B30 := B0

1-z !
th(z) = uO-i1

1-z -v0

Numerator degree N = 1

n Denominator degree My =1

NI =N, +My Nogd =256  hlg:=0
A generic first order transfer function in the z domain takes this form:
-1
bo+by-z
th(Z) = —_—
ap +ajp-z

The coefficients of the numerator and denominator can be defined as the elements of two vectors, namely a and b,
hence:

Ag 1
Coefficients:  nQ == ——— X0 = —— 4.4.1)
(1 arF TS3WO) (1 ar onS3)
w a 2.7 1
AASHIPATT u0 = -2.146540144 v0 = 0.357756691 f =—
Tsmp rempe TsmP
Numerator coeffs. Denominator coeffs.
nl := 1..N0gd71 bp1 = 0.0 ap1 := 0.0
bo := u0 ag =1
by ;= —u0 a] ;= —v0

and divide the two polynomials by means of the following algorithm:

nl

bo 1
Nl =2 hlp:=— hlpg = —{ bpg - Z (hlni-i-aj)
ao aQ
i=1
T. F. Numerator coefficients:
al = 0 1 2 3 4 5 6 7 8 9
0 1| -0.358 0 0 0 0 0 0 0
T. F. Denominator coefficients:
bl = 0 1 2 3 4 5 6 7 8 9
0| -2.147| 2.147 0 0 0 0 0 0 0
Sequence of the Impulse response:
T
it =[] 0 [ 1 2 3 4 5 6

= T T T T T T 1
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10] -2.1465 | 13786 | 0.4932 | 0.1764 | 0.0631 | 0.0226 |

The whole procedure to obtain hl is implemented by the program polyalg().

[¥] polyalg
rows(hl)-1
Stability (S1<co): S1:= Z |ni] S1 =4.293
k=0
rows(hl)-1
Energy of the sequence hl: El := Z (‘hlk‘ )2 El = 6.787
20T0 k=0
0 "I'O7 | 0 ’TO
Impulse Response Sequence
L 1.5 T T

8x10° ?
Wip(0) 6x10° s ]
£ 4x10° hiy
- . °

2x10 0.5 7

0
0 T ’ ® 00 aa0dbaa
t 0 5 10
k
Fig.: (4.4.1) Fig.: (4.4.2)

4.4 Transfer Function Sequence obtained by an Iterative Algorithm. Convolution Output
4.4.1) Sequence of the sinusoidal voltage response

v :=nl

v
y8y = z (if (v - k = 0,hl}-u3y_i,0))
k=0
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Input Sequence.

—1x1073

—2x10~

-3x10

Fig.: (4.4.1.1)
Sampled signal:
Spec8x := FFT (y8)

Amplitude Spectrum

4SpCCSXk|

4

0o 0" ax10t exi0
fs3

s
NO

egd

Fig: (4.4.13)
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arg(Spcchk) 0
L]

2

Output Sequence

Fig.: (4.4.1.2)

Phase spectrum

-2

-4

frogt = 31.25-kHz

99000000000ee00006s
: 1 1
0 ax10®  sx10t
fs3
Nogg
Fig.: (4.4.1.4)




| 4.4 Transfer Function Sequence. Convolution Output

4.4.2) Sequence of the Voltage Pulse response

Outl := polyalg(AO , W Ts4’N0gd)

hil = (Outl<2>)0

Coefficients: 00, := (0utt?), v00,= (out )
2w
Wsq = Tﬂ u00 = —0.600038765 v00 = 0.100006461
Numerator coeffs. Denominator coeffs.
nl = 1..N0gd—1 b1 = 0.0 an1 = 0.0
bo = u00 ag =1
by = —u00 a; = —v00

and divide the two polynomials by means of the following algorithm:
nl

1
hlpg = a0 bni — Z (hlni—i-aj)

b
Nl =2 hlg= -2

a0
i=1
T. F. Numerator coeflicients:
al = 0 1 2 3 4 5 6 7 8 9
0 1| -0.358 0 0 0 0 0 0 0
T. F. Denominator coefficients:
bl = 0 1 2 3 4 5 6 7 8 9
0| -2.147| 2.147 0 0 0 0 0 0 0

Sequence of the Impulse response:

hit = 0 1 2 3 4 5
0 0.6 0.54 0.054|  5.401-103| 5.4014-10-4
Stability (S1<c0): Sl= (Out1<3>)0 S1=1.2
Energy of the sequence hl: El = (Outl<4>)0 El = 0.655
20T0
t:=0T1y,—..20-T
0°"1000 0
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Impulse response.

Impulse Response Sequence

1

8x10°

Wip(D) 6x10°

6
(1) 4x10 hly
= . °
2x10 0.5 7
0
0 T ® e aaaaciaa
t 0 5 10
k
v
Yoy = Z (if (v -k > 0,hlliu_4y,0))
k=0
Input Sequence. 3 Output Sequence
b T 2x10~ T T
1x10" 2
y9k
°
0
-3 1 1
—1x10
0 50 100 0 50 100
k k
Fig.: (44.2.1) Fig.: (4.4.2.2)
Sampled signal: Specox = ffi(y9)
Amplitude Spectrum Phase spectrum
T T T T 4 T
1.5x10" *F [ Srg®x|

o
_.I
——oe
il
—e
——e
® o
® o
—e |

4Spec9xk| 1x10~ AL

w

o T gelsoen] T 11 I ﬂl ﬂi“_

4
A -2
0 1 1
0 2x10* 4x10® ex10® sx10 -4
0
st
Fig.: (4.4.2.3) Fig.:
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| 4.4 Transfer Function Sequence. Convolution Output

4.4.3) Sequence of the Bipolar Triangular wave response
Out2 = polyalg(Ao w0 Tgeri ,NOgd)
h2 = (Out2<2>)0

Coefficients: 0 := (Out2<0>)0 ¥O,= (Out2<]>)0

2.7
) =—
0 = —2.658823655 0 = 0.443137276 fo = ——
ABERPA Tsmp ul Vi APV T
Sequence of the Impulse response:
! = 0 1 2 3 4 5
0 -2.6588 1.4806 0.6561 0.2907 0.1288
rows(hl)—1
Stability (S1<o0): S2 = z |h2y| S2 =5.318
k=0
rows(hl)-1
Energy of the sequence hl: E2 = z (‘th‘ )2 E2 =9.797
20’1’0 k=0

t= 0~T0,m..20“1’0
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Impulse Response Sequence

Impulse response. |

1.
8x10°

6
Wyp() 6x10

£ 4x10°

h2y
—_- L]
2x10° sk i
0 I
0 T e0acaniaa
t 0 5 10
k
v
y10, = Z (if (v -k = 0,h2g-u_5,,0))
k=0
3 Input Sequence. 3 Output Sequence
y10x
L]
X k
Fig.:(4.43.1) Fig.: (4.4.3.2)
Sampled signal: Specl0x = fft(y10)
Amplitude Spectrum Phase spectrum
T
S sax{ [spectox])
810 T
6x107 -
;Specmxkl _3
4x10 T b, °
-3
2x10 " T
g???TT Ttoes ‘

0 1x10°  2x10°  3x10° B S E—
£ 0 1x10 2x10 3x10
stri

k'N_ fotri
ed k-
Nogd
Fig.: (4.4.3.3) Fig.: (4.4.3.4)
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| 4.4 Transfer Function Sequence. Convolution Output

4.4.4) Sequence of the Sawtooth wave response

Out3 := polyalg( Ag, wp. Tggy NOgd)

h3 = (0ut3<2>)0

Coefficients: u00,:= (Out3<0>)0 ¥00,:= (Out3<l>)0
© 2w 1
SSW T 00 = —5.903405749 00 = 0.983900958 f. =—
Tssw Y v ~ESWT T
SSW
v
ylly, = Z (if (v -k = 0,h3gu_6y-x,0))
k=0
Input Sequence. Output Sequence

Fig.: (4.4.4.1§ Fig.: (4.4.4.2)
Specllx := fft(yl1)

Amplitude Spectrum Phase spectrum

;Specl 1xk|

0 1><105 2><105 3><105 4><105

Lsmp .
Nogg L ]\IS(r)np
ed
Fig.: (4.4.4.3) Fig.: (4.4.4.4)
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| 4.4 Transfer Function Sequence. Convolution Output

4.4.5) Sequence of the (Single tone) AM Signal response

Out4 := polyalg(Ag,wp. Tgam Ngg)

h4 = (0ud?) o

v
y12,, = z (if (v -k > 0,h4u_Tyx,0))
k=0
Input Sequence. Output Sequence
y12¢
L]
k
k
Fig.: (4.4.5.1) Fig.: (4.4.5.2)
Sampled signal:
Specl12x = fft(y12)
Amplitude Spectrum
T T T T
1001~
P —
;Specmxkl
50
0
4x10° 5x10° 6x10° 7%10°

fsam

NOgg
Fig.: (4.4.5.3)
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Phase spectrum

2+

f3Ca rfntén:mrf"fmam

arg(Spechxk)()eeeee“““"'m‘ I
L]

-2

LT

al

-4
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sx10*

1x 105
f,
o Sam

Fig.: (4.4.5.4)
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| 4.4 Transfer Function Sequence. Convolution Output

4.4.6) Sequence of the (Single tone) Frequency Modulated
carrier response

Out5 := polyalg(AO w0 Tgfim s Nogd)

hS = (Out5<2>)

Coefficients: 00, := (Outs¥) 00, (oust?)
v
yl13,, = Z (if (v -k 2 0,h5u_8y-x,0))
k=0
Input Sequence. Output Sequence
0.2
u_ 8k 0
4
-021
k k
Fig.: (4.4.6.1) Fig.: (4.4.6.2)
Sampled signal: mg, =8 Specl3x = fft(yl13)
Amplitude Spe(;trum Phase spectrum
fd‘fm I
2
;Specnxkl arg(Specl3xk)
1 L]
0
0 1x10° 2x10° 3x10° 4x10° . .
¢ 0 2x10 4x10
] sfm ¢
NOgq . S(fm
Fig: (4.4.6.3) Fig.: (4.4.6.4)%2d
Mrads Mrads
w, = 18.85- w = 0.942. Ap=-6 me =8
cfm sec fmm sec 0 fm
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| 44 Transfer Function Sequence. Convolution Output

4.4.7) Sequence of the (Single tone) Phase Modulated carrier
response

Out6 := polyalg(Ag, W Tgpm:N0gq)

h6 = (Out6<2>)

Coefficients: 00, := (0ut6?) v00,= (oute'”),
14
yl4, = Z (if (v -k > 0,h6-u_9y,0))
k=0
Input Sequence. Sequence

&

ZOM % M
;_91( o j !y]4k
N % W Mm

-20¢
K k
Fig.: (4.4.7.1) Fig.: (4.4.7.2)
Sampled signal: m,, = 8 Specl4x := fft(y14)
Amplitude Spectrum Phase spectrum
fc‘pm I
| ——
100F T maR Wpec14x|)
;Specl4xk| |
50
1.5%10° 2x10°
fspm ' .
NOgg . _Spm
Fig.: (4.4.7.3) Fig.: (4.4.7.4)
Mrads Mrads
w, =0.785—— w, = 0.039-—— Ap=-6 =8
cpm sec pmm sec 0 mpm
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4.5
Search of the time sequence output by a discrete
convolution

The sequence corresponding to the transfer function, can be found applying the "invztrans" MATHCAD's operator as
follows:

u0 :=ul v0 := v0 k:=k
-1 k+1 k
1— . k.0) —
hly = w-——2 invztrans,z,k — uo (VO +5(k,0) - v0 )
1-2 "0 v0

The result is the sequence of the impulse response, here depicted:

Sequence of the Impulse Response.

2 T T
it )
00000000 00000000000

hly 0

—1F ,
_2k ,

_3' | |

0 10 20
k
Fig.: (4.5.1)

The Output of the Digital System is given by the discrete convolution betweenthe discrete-time input signal (the
discrete time-sequence of the triangular wave for this example) and the discrete impulse response of the System:

Out7 := polyalg(Ag,wp, Tgi - NOgq)

h7 = (Out7<2>) 0

Coefficients:  y00,:= (0ut?¥), ¥00,= (ourr?)
nl
y15,1 = z (if (n1 -k = 0,h7cu_S41-x,0))
k=0

Input Sequence.
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Fig.: (4.5.2)

Response Triangular response.

Votric (t1)

y15k
°

Output amplitude

0 5107 1x10” !
tl k
time as multiple of T
Fig.: (4.5.3) Fig.: (4.5.4)

Knowing the sequences of any input and of the impulse response and the relative Z transforms, the
z-antitransfom of the product of the two z functions can be determined , it corresponds to the convolution of
the two sequences, as follows:

Ni-1 ., NOgg-1

Xnp(?) = Z (uln.z ) Hpps(2) = z (hln'[ n) Yhp(?) = Hypg(2)-Xpyp(2)
el n=0
V.z

1

inputsignal: V;:=V;,n:=n, V;n ztrans — 5
(z-1)

System output corresponding to the z-inverse transform of the product:

1-—
yl6g := uO-—Z~ !

-1 V:.z invztrans,z, k Vi-u0~(v0k - 1)
o -
-0 l-VO (z— 1)2 simplify v0 -1

Sequence of the ramp response.

0
—5x107 2 g
y16)

-0.01 u

—0.015 Il Il A‘U "1

0 10 20
k
Fig.: (4.5.5)

sampling frequency: fsmp = 0.875-MHz

sampling period: Tsmp = 1.143 x 103-115,
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Mrads

sampling angular frequency: Wsmp = 5.498-
sec
AT Trest
Nogd
Trest = 32:1s o Ty 0Ty 0+ S 10T =
= stV Teest ™V T 07 1Y et g =
Example: Sinusoidal input
M
Z transform of the input signal: W = Wyegt w = 0.196- rads

sec
AT = AT W= w Vi=2.5><10_3V n=n V.=V.
= i =V;

V;-z-sin(w-AT)

Vi-sin(wn-AT) ztrans —

22 —2-cos(wAT)-z+ 1

I place: K2 :=sin(AT-w) cos(AT-w) =+ 1- K22
K2 :=K2
2 .
_ _ J 1-K27+K2-
polesl :=1—-2+/1- K22-z 1+z 2 solve,z — !
1-K2%2 - K2:j
plo = polesly plo = 1+0.025j ply = polesl ply = 1-0.025j
V;zK2 K2-V;z K2-V;z

(plo- Z)'(plo - p_lo) (plo —13_10)'(2 —E))

22 1-K22 241

—

smp

AT = 125-ns

J1-K22 =1

Computing the corresponding sequence the result returned for the symbolic operation is too large to be

displayed, but can be used for other calculations if assigned to a function.

! K2V;z

1-2 1o (plo- Z)~(p10 —a))
-K2:V;z

(p10=p1o)-{z—p10)

y17g :=u0-

simplify

+

[(1-p10)-(p10)* + v0*.v0 - 1|
(p1o-plo)-(v0-plo)
v0 .0 - 1) = (p10 - 1){p10)
(vo~p1o)(p1o—p1o)

y17k = K2-V;-u0-
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invztrans,z,using,n = k

-

Y174

A0:*6

HdB1(w)
WhpdB(w)

th:dB (\/ wo wsmp) 0

vade (‘*’test)

6x10°
4x107 3

2x10° 7

-10

Sequence of the sinusoidal response.
3 T T

0 10 20 30

Fig.: (4.5.6)

K2-V;u0
(p1o-p1o)-(v0-plo)

20-log{ | Wi i/ w0 wsmp)|) = 14472

wo
WempUp ——
P Up Up

3

1.1- =6.562%x10 "V

wWo “o

Wi=——F— W,
ANA ’ smp
Yo Uo 4Uy 4

BODE Plots of H(z) compared with that of W(jw)

20

10

1x10* 1x10° 1x10° 1x107
w
Fig.: (4.5.7)
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4.6

The bilinear transformation

4.6.1) Z-transfer function of the I° Order High Pass Digital Filter

2 [1-7"
s = - aE 4.6.1.1)
Tsmp 1+z
the amplitude response of the analog function is preserved.
2. 2 Ysmp
Ap = A wp =W w, =W, w, = — =
0 0 0 0 sm| sm| sm|
P P P Tsrnp Tsmp T
w A
1 -
substitute ,s = _Smp, 721
Agys s l+z
HIly(2) = Srug |collect,z - 46.1.2)
collect,AO-wsmp
1-7 ! 17! Ap Wsmp
(AO"*’smp) - w, “mw) | w + T W
Wymp + W) — 2 .(wsmp—ﬂ W | _ L[ Zsmp 0 smp 0
Wsmp + W0
-1 Anw
1-
Hil(z) = z : 0 “smp 4.6.13)
. wsmp - TF'UJO 1 (wsmp + TFUJO)
Y e SR -
Wsmp + T Wo
The following new parameters are necessary for the design of the digital filter:
w, - W Agw
50 = P . X0 = i 4.6.1.4)
Wsmp + W0 (""smp + Tt ""0)
krad.
wp = 1571 x 10722 50 = 0.053964066 , %0 = —3.161892199
s
the new t. f. is:
1-z !
H1l(z) := XO~71 4.6.1.5)
1-80z
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Z T. Initial value theorem:

Z T.Final value theorem:

80 := 80 X0 :=x0
—1
1 —
lim X().izl - X0 x0=-3.162  46.1.6)
Z —> 0© 1-80-z
1-7 ! 0
lim [x0—2— | 5 | X2 if 50 %0 46.17)
250 1-802 ! 80

undefined otherwise

e [Whp(Gw)
H1INdB(w) := 20-log WhpNdB(w) := 20-log| ————F— 4.6.1.8)
A0 A0l
Normalized Magnitude of H11(z) and W(jw)
W
0 I
HIINdB(w)  —20 :
WhpNdB(w) - 40
(H1INGB(wiegy)) — 60
-80
- 100 1
ix10* 1x10° 1x10° 1x107 ix10®
w
Fig.: (4.6.1.1)
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| 4.6 Equivalent Digital High Pass Filter (I°order) - The bilinear transformation

4.6.2) Difference equations (High Pass filter(I°order)).
Canonical form
7' Y@ _ Y@ WO

1-
Hil(z) = x0— = 1 o 11
DX T X W X

Y(2) _ -1
W) = XO~(1 -z )

Y(2) = X0-W(2) - X0z - W(2)

y() = X0-(w(v) —w(v-1)

W(z) - 1
X@  (1-50..")

X(2) = (1 -850z 1)-W(z) = W(z) -80-z l-W(z)

w(n) = x(n) + 60-w(n—1)
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4.62.1)

462.2)

4.62.3)

4.62.4)

4.62.5)

4.6.2.6)

462.7)

| 4.6 Equivalent Digital High Pass Filter (I°order) - The bilinear transformation

4.6.3) Sequence of the sinusoidal voltage response

Signal

3

3x10~

Fig.: (4.6.2.1.1)

The following new parameters are necessary for the design of the digital filter:

w, 3 —T("UJO A()UJ 3
M= ———, X ———,
Wg3 +7T'U)O (UJS3 +7T'UJO)
Mrad krad
Wy = 5498 = () = 1571 x 107~ 50 = 0.053964066 , X0 = ~3.161892199

N

The corresponding set of difference equations:

u3
Vni(V) = K‘ljt
D w) = |vyi(v) +80-_wv-1) if v>0
0 otherwise
2)  yW) = |[X0-(ww)- ww-1)] ifv>0

0 otherwise

B, Yo

E

AW ByW

Fig: (4.6.2.1.2)
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462.1.1)

462.1.2)

4.6.2.13)




Sequence of w 3 Sequence of the response

T T T T
21073 :
Al
—2x107°F
I I I I
0 10 20 30 40 50 0 100 200
k k
Fig: (4.6.2.13) Fig: (4.6.2.1.4)
3 Graph of the sinus response
Youtsin(t)

4

0 5%10° 1x10~

tl

Fig: (4.6.2.1.5)
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| 4.6 Egquivalent Digital High Pass Filter (I°order) - The bilinear transformation

4.6.4) Sequence of the Voltage Pulse response

Tyegq = 32 10*ns 7o = 0.637-pis
1
Chosen test signal period, Ty = 5.729-ps —— =0.031-MHz
test
Short pulse sequence of amplitude V;:
3 Pulses Sequence.
3x10 b T T T
b - - - - commmmm IS Vi
w107 1
u_4i _ :
o 10t | 1
op—— L a
; 1 1 1
0 20 40 60
k
Ko, = 270 £,
s0 Fig.: (4.62.2.1)
The following new parameters are necessary for the design of the digital filter:
w, 4~ TF'U)O Aow 4
8= ———— xO=———— 462.1.1)
(.OS4+TT'(AJO (ws4+1'r~w0)
Mrad: krad:
Wy = 1097 4= ) = 1571 x 107~ 50 = ~0.636342278 , X0 = —1.0909731652

S

Digital first order High pass filter difference equations:

volt

dimensionless inputsignal:  v;1g(v) =

) wi8(v) = |vjg(v) +80-wi8(v-1) if v>0
0 otherwise
2)  yl18(v) = |Xx0-(Wi8(v) - wl8(v—1)) if v >0
0 otherwise
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Kem8 W, = W, W, in
+ amd Wy = Wa n +
. - bﬂwn - vﬂ
i
A, EH byws
W
i‘ W W, i‘
-aw, bWy
Fig.: (4.6.2.2.2)
N0y = 256
3 Sequence of w 3 Sequence of the response
3 4x 107 T T T
21073 -
wl18(k 18(k 0
Py (k) s (k)
_ox1073 §
_4x10” 3 1 1 1
20 40 60
k k
Fig.: (4.6.2.2.3) Fig.: (4.6.2.2.4)
Sampled Input 3 Output signal
0.003— T 8x10 T
TS TS5 Tptd 75 Tt ptd |
0002 ax1073|
Vi (t3) : i
—_— V200(83) 0 L.
w4k 0.001 - 3
—4x10 i
oF= ‘ —8x107° :
0 0.0001  0.0002 0.0003  0.0004 0 2x10~ 4
3, t3
Dsdy
Fig: (4.6.2.2.5) e 46226
ig.: (4.6.2.2.
Sampled signal: v18xk = y18(k)

Specl8x = fft(v18x)
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Amplitude Spectrum

;Spec 18xx |

0 2x10* ax10* ex10® gxi0*

fso
Nogd

Fig: (4.6.2.2.7)
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Phase spectrum

Fig: (4.6.2.2.8)




| 4.6 Equivalent Digital High Pass Filter (I°order) - The bilinear transformation

4.6.5) Sequence of the Bipolar Triangular wave response:
Test = 3:2% 10*ns Tgtri = 800-ns T = 0.637-us

L = 0.031-MHz
test

Chosen test signal period, Tyoqr = 3.2 % 104~ns

Triangular wave sequence:

Pulses Sequence.

Fig.: (4.6.2.3.1)

The following new parameters are necessary for the design of the digital filter:
Wegri ~ T W Agw

stri
Wepj = 20 Q= ————, X0=——— ., 462.1.1)
wstri + Tt u)o (wstri + TT- wo)
Mrad krad
Wyrj = 7.854- = wp = 1.571 x 102288 50 = 022826091 , X0 = ~3.6847827294
S S

Digital first order High pass filter recurrence relations:

dimensionless input signal: ~ v19;(v) := u_5, L 40
- frest
D wi9) := |v19;(v) +80-wl9(v 1) if v >0
0 otherwise
2) y19(v) := |x0-(wl9(w) - wi9(w—-1)) if v>0

0 otherwise
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B

Komd, W 4 = W Wn J\" "
Ya
bﬂwn -
Wa
Ezl Byw, 4
Yt
a b
PN w, '
AWna byw,,
Fig.: (4.6.2.3.2)
NOgq = 256
3 Sequence of w 3 Sequence of the response
3 2x10
1x10~°
;vl9(k)
v19:(K) ¥19(k) 0
""" —1x107°
—2x107°
0

Fig: (4.6.2.3.3)

Transient Output

Fig: (4.6.2.3.4)

%1073 Iy 1 Togt
2 test I
1107 "
Votric(t) !
y19(k) 0 | 0
_ix1073 :
_oxi1073 : :
0 2%107° 4x107° 6x10~
t, .
nstrlk
Fig: (4.62.3.5)
Sampled signal: v19xg = y19(k)

Specl9x = fft(v19x)

4) HIGH PASS (I° order) DIGITAL FILTERS
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Amplitude Spectrum

8x10~
6x10
;Spec 1 9xk| B
4x10
210~
0 :10°  4x10°  6x10°
fstri
NOq

Fig: (4.6.2.3.6)

4) HIGH PASS (I° order) DIGITAL FILTERS

101

Specl19:
;rg( pec xk)

Phase spectrum

0 2><105 4><105 6><105

Fig: (4.6.2.3.7)

| 4.6 Equivalent Digital High Pass Filter (I°rder) - The bilinear transformation

4.6.6) Sequence of the Sawtooth wave response

Test signal Sampled test signal

0

aoF |
20
ubx 0
-20
—40
~60

0 1x10”® 2x1076 0 21078

t
nsswk
Fig: (4.6.2.4.1) Fig.: (4.6.2.4.2)

The following new parameters are necessary for the design of the digital filter:

w — T W, Apgw
SSW 0 0" ¥ssw
) = 2-m-f, 00 ;= ——— X0 = 77— 4.62.1.1)
NROEWA SSW M > >
Wsgw T W0 (wssw + 7r~w0)
Mrads 3 krads
Wegy = 603.186- wy = 1.571x 107 ——, 80 = 0.983770317 , X0 =-5.9513109511

s s
Step sequence of amplitude V;:

Digital first order High pass filter recurrence relations:

fssw 3
dimensionless inputsignal: ~ v20;(v) := u_6y — =3.072x 10
test
) w20(v) := |v20;(v) +30-w20(v—1) if v >0
0 otherwise
2) y20(v) := |x0-(w20(v) - w20(v = 1)) if v >0

0 otherwise

b
Ko, W, 4 = W Wao 4t .
Ya
bw, o
Wn
Ezl bW,
- wh.l b
by W, i
=8, Wi bW,
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Fig: (4.6.2.4.3)

Sequence of w Sequence of the response
3
1x10 T T
0.4
5001 b 0.2
w20(k 0 20(k 0
. (X bt (k)
- 500 d -02
-04
~1x10° ‘ ‘
0 100 200 0 100 200
k k
Fig.: (4.6.2.4.4) Fig.: (4.6.2.4.5)
Sampled Output signal
400
200
y20(k)
0
Voswc(tsw)
—-200
—400
0 51077 1x107° 15x107% 2x107°
ssw > tow
Sampled signal: v20xy = y20(k) Spec20x = fft(v20x)
Amplitude Spectrum Phase spectrum
4r— T T
f, ‘ s p
2|
18pec20xk| arg(SpecZOxk) Opths
L] b
—2F i u
_4 . 1 1
5 5
0 1x10 2x10 0 1><105 2><105
f,
k- Smp K fsmp
NO =L
ed NOgq
Fig.: (4.6.2.4.6) Fig.: (4.6.2.4.7)
>
max({ |8 1
(| |) = max(lSpec20x|) =1.114x 109—-us
S

—
max( |SpecZOx| )
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| 4.6 Egquivalent Digital High Pass Filter (I°order) - The bilinear transformation

4.6.7) Sequence of the (Single tone) AM Signal response

AM input-signal sequence of amplitude V;:

AM Signal
20 T T T T

&
u7x 0 -
: ¥
- 101 T
1 1 1 1
0 10 20 30 40 50
k

Fig: (4.6.2.5.1)

The following new parameters are necessary for the design of the digital filter:

Ysam ~ W0 A0 Wsam
Weamy'= 2T fgm  30= —————,  XQi= ———————, 4.6.2.5.1)
wsam + ‘lT(.LJO (wsam + TFLUO)
Mrad krad:
W = 9-676——— Wy = 1571 x 10°-2= 50 = 0.324504357 , X0 = -3.9735130721
s
Digital first order High pass filter recurrence relations:
fsam
dimensionless input signal: ~ v21;(v) := u_7y =154
fmam
) w2l(v) = [v21;(v) + 80-w2l(v—1) if V>0
0 otherwise
2) y21(v) := [x0-(w2l(v) -w2l(v—-1)) if v>0
0 otherwise
KamA W= Wo Wy iﬂ R
bﬂwn - vﬂ
We
EH bBaw, 4
wn-]
a‘ b‘
4w, W A
=AW bW

Fig: (4.62.5.2)
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| 4.6 Egquivalent Digital High Pass Filter (I°order) - The bilinear transformation

State function sequence Sequence of the response
40 T T T .
2 4.6.8) Sequence of the (Single tone) Frequency Modulated
0 carrier response mg, -8
PRILCI, P fm
— 40 FM signal FM Spectrum (sinus. test signal)
B 1 1 1 1 0.08 T T T
0 10 20 30 40 50
K 0.06 A
Fig.: (4.6.2.5.3) Fig.: (4.6.2.5.4) Vim(tim)  OESSERERHIMIEILIAE @ 000 e =D
— lAfm- Jn(ki s mfm)l 0.04+ 4
4
(single tone) AM Rebuilt Waveform : 0.02[~ T T I T
— 6 — 6 — 6
i Tiest ' ' ] 0 2x10° " 4x10 ° 6x10 . or s

eIt Mas T
VUVVVVWV ! VWW 5}{1 Fig: (4.6.2.6.1) Fig.: (4.6.2.6.2)

e

0 —20ff ;
— 40l i — Sampled FM signal FM Test Signal spectrum
L 1 1 T T T
0 5><10_5 0.0001 0.00015 3
tym » NAME -
am lOSpecfmk 2
1
Sampled signal: V21xg = y21(k) . . L 0
0 20 40 60 6 6
0 2x10 4x10
Spec2lo = FFT(v21x) Kk ) )
K fsfim
Fig.: (4.6.2.6.3 Fig.: (4.6.2
Amplitude Spectrum Phase spectrum & ( ) g ( N‘)@l
B cani T, Himam (T— NI o T N £
,,,,, m m - mam R cam| nam’ mam 11
8F : : i fspecaiof | i : ; | max( |OSpecfm|) = 3373 S _ 35
o | | i : | | fefin
;Speczmkl“_ : : i arg(Spec2log) of—e—e—e e ly The following new parameters are necessary for the design of the digital filter:
| | K 17
of T TT . ll Watm = 2T Fpn 00 Psfin = 0 X0, Ao sim 462.5.1)
! _ak ! ; - =2l 0= —) = ——, .6.2.5.
0 0o? L IT??.?? | | Wsfim T T W (wsfm”f'wo)
4 5 5 5 —4 TR S — L Mrads 3 krads
810" 1x10° 1.2x10° 1.4x10 _ , _ ) _ _
. ax10%  1x10°  12x10° 1.4x10° Wgam = 9-676 S wy = 1.571x 10 T 80 = 0.848749533 , 0 5.5462485977
sam
'Nog d k. fsam Digital first order High pass filter difference relations:
NO
ad

Fig:(4.6.2.5.5) dimensionless input signal: ~ v22,(v) := u_8,,

Fig.: (4.6.2.5.6)
) w22(v) == [v22i(v) +80-w22(v— 1) if V> 0

0 otherwise
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2) y22(v) == | X0-(W22(v) —w22(v-1)) ifv>0
0 otherwise
Kem8 W, = Wa Wi E" N
¥a
bW,
Win,
EH bW
%-1
i‘ h Woq i‘
AW, Byw, g

Sequence of the state function w

Fig.: (4.6.2.6.5)

Sequence of the periodic response

0.2 T [

0.1F

* o
A
2 MRS
== S
——e¢

B

2

1 J.THTM nﬂ

T
zw22<k)_0j ‘ﬂﬁuw‘fu ﬂl‘[{ ;Zz(k)_?ill “lllll lr‘llllﬂl
- 0'2(; 2% : % 20 40
k k
Fig.: (4.6.2.6.6) Fig.: (4.6.2.6.7)
fofm = 3-MHz fs% = 0292 U22) = y22(K)

Spec22 = fft(U22) mg, =8 Whpm = 0.942-———

FM Signal spectrum

3
18pec22k| )

JSpec8k|
1

0 1x10® 2x10° 3x10% 4x10°

Fig.: (4.6.2.6.8)

4) HIGH PASS (I° order) DIGITAL FILTERS

Mrads

secC

Phase spectrum

T f !

4

3
arg(Spec22,
!rg( pec22k) ,
arg(SpecSk) 1
°

Fig.: (4.6.2.6.9)

107

max( ‘SpecS‘) =1 max( ‘Sp6022‘) =3.162

FM Signal spectrum

4 T T T T
fof
3 omiax | Spee22] )
JSP6022k|2* |
=

Fig.: (4.6.2.6.10)
max( |Spec8| ) _

Spec22|) = 9.538
| max(Spec22)| max( |Spec22| )
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| 4.6 Egquivalent Digital High Pass Filter (I°order) - The bilinear transformation

4.6.9) Sequence of the (Single tone) Phase Modulated carrier

response
=8

mpm
PM test signal PM Spectrum

Vpm(tpm)

0
-20 =10 O 10 20

tpm ki
Fig.: (4.6.2.7.1) Fig.: (4.6.2.7.2)
Sampled PM signal PM Signal spectrum
20F o To---©-—- ———Ap}ﬁ
1.2 max(Spec9)|
101 T |
Spec9,
;_9k 0 . |Spec kg
_10 max(lSpec9|
0.316
—20kE 1 1 1]
0 v f
0 10 20 30 k- ﬁ‘f"l’m _Spm
Kk Nogd 4
Fig.: (4.6.2.7.3) Fig.: (4.6.2.7.4)

The following new parameters are necessary for the design of the digital filter:

Wspm ~ T Yo A Wspm
Weo = 2070f, 5= —— 0:= 462.5.1)
spm A’ S VN >
Aopry© P Wspm T Wo (wspm + 1'r~w0)
Mrads 3 krads
Weam = 9-676: S wo = 1.571x 107 S 80 = -0.325121276 , %0 = —2.0246361721

dimensionless input signal: ~ v23;(v) := u_9y,

) w23(v) = |v23;(v) +80-w23(v—-1) if v>0 80 = —0.325121276
0 otherwise
2) y23(v) = |x0-(w23(v)-w23(v—1)) if v>0 X0 = —2.024636

0 otherwise
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b
Kem8 W, = W Wn J\ﬂ N
¥u
Duwn -
Wn

Ezl bW

3, L b,

Ay W, oA

=8, Wy bW,

Fig: (4.6.2.7.5)

Sequence of the state function w Sequence of the periodic response

40 T 200 T T T
20
s e
§B0O 0 TR SR TIILT V23,0
i
Rzl .
- 40 . ! - 200 : L L
0 20 40 60 0 20 40 60
k k
Fig.: (4.6.2.7.6) Fig.: (4.6.2.7.7)
U23) = y23(k)
Mrads
Spec23 := FFT(U23) My, = 8 Womm = 0.039- -
PM Signal spectrum Phase spectrum
15

2
Spec23
arg( pec k)

by il

15pec23k| 10

5
0 ‘
0 1x10° 210 0 1x10° 2%10°
fspm N fspm
Nogq Nogg
Fig: (462.7.8) Fig.: (4.6.2.7.9)
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PM Signal spectrum

( 4.7
"l'mnf;‘i%g? Synthetic division algorithm
Speck (considering the bilinear transformation)
0.316
0 . £ f f The following new parameters of the z transfer function are necessary for the design of the digital filter with
. 1\?(1)3 epm SZ o sinusoidal input:
gd We3 — Wy Ag w3
N=— X0Q=7. 47.1)
Fig.: (4.6.2.7.10) Wg3 + W) (wg3 + 1 wp)
R — Mrad: k
mx( [specs]) _, max( [Spec23| ) = 17,345 wgg = 5408 M8 571103 52 50 2 0.053964066 . X0 = ~3.161892199

(Ispec23!) S

max{ |Spec23| The sequence corresponding to the following t. f. :

-1
1-

H11(2) = 0 ——

_ — zp=-1 pg = 80 pg = 0.054
Mpm = 8 1-80-7 !
is realized using the following method:
Numerator degree  Nu,, =1 Denominator degree Mdy =1

N2 :=Nu, + Mdd Nogd =256 hllk =0
-1
bo+by-z
N2=2 Hll(z) = ———
a0+a1~z_

I can define the coefficients of the numerator and denominator as elements of two
vectors, namely a and b:

Numerator coeffs. Denominator coeffs.
bk :=0.0 ag :== 0.0
bo :=x0 ag = 1
by :==—x0 aj] := —-60

and divide the two polynomials by means of the following algorithm:

b 1
hilg = - hily = — by 3 (bi1yia)
ag a -
i=1
T. F. Numerator coefficients:
al = 0 1 2 3 4 5 6 7 8 9
0 1] -0.054 0 0 0 0 0 0 0

T. E. Denominator coefficients:
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bl = 0 1 2 3 4 5 6 7 8 9
0| -3.162| 3.162 0 0 0 0 0 0 0
Sequence Impulse Response: 4.7 Iterative algorithm (considering the bilinear transformation)
hitl = 0 1 2 3 4 4.7.1) Sequence of the sinusoidal voltage response
0 -3.1619 2.9913 0.1614 8.7109°10-3
400-T, v
rows(hl1)—1 0 .
=0-TH, ——— . = k> .
Stability (S1<09): S0 z i1y $ - 6324 t:= 01, 5000 4007 y24,, : z (if (v -k 2 0,h11}-u3y—x,0))
=0 k=0
rows(hl1)—-1 Sinus Response Sequence
. o 2 _ 210 3 — -3
Energy of the sequence hll: Ell := Z (‘hllk‘) E11 = 18.971 Ton o Yomax
i i o o e aa
k=0 3l eh ok g opt opr g
DAOFpg o g gt
Y, ; |
The whole procedure to obtain hl is implemented by the program Bpolyalg(). Outsin(t) 0 .|| t ." I: .I |I| .” ln .I lll : :Ia y24i
| LN NN IO AL I
u3og RIACRI R RN R
3 Tiest HNETRIRIRIBIE
To = 0637hs 100 Tieq = 32x 107 ps 14 = 0-Tegp, — - 1000- Tyegy Tiest = 32-HS U R A A A A A
L] L] Y Va L] Y »
—2x107 3L ! J
—4
307 Impulse response. Impulse Response. 0 1x10 X
2x10 T T T 4 T T
T0 t,ns3k
A0wo ) i
0 T Fig.: (47.1.1) Fig.: (4.7.1.2)
whp(t4) —2x10°"7F 1 hilg o
3071 4 -2F A - - —— e -
—4x10 | 4.7 Iterative algorithm (considering the bilinear transformation)
6103 w w w -4 " - 4.7.2) Sequence of the Voltage Pulse response
—4 —4 —4
0 1x10 2x10 3x10 k
t4 [¥] Bpolyalg
BOutl := Bpolyalg( An,wn,Teq,NO
Fig.: (4.7.1) Fig.: (4.7.2) POty g( 0-%0- 's4 gd)
hil = (BOut1<2>)0
fsmp
fgin = *MHz = v
fo 25, = Z (if (v -k = 0,h1Ticu_4y,0))
k=0
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Input

Ov?OS
st 7o
0.002
Vi (12)
u 4 0.001
0
0 0.0002 0.0004
2,
N4,
Fig.: (4.7.2.1)

4) HIGH PASS (I° order) DIGITAL FILTERS

Sequence
0.02
0.01
y25x
—_—— - a» ea» e — 0
Vo(t3)
-0.01{)
e AgVy
—-0.02
0 2«04 ax107?
ng, ,t3
SO,
Fig.: (4.7.2.2)

115

l4. 7 Iterative algorithm (considering the bilinear transformation)

4.7.3) Sequence of the triangular wave response

BOut2 := Bpolyalg( A, wp, Tggri - N0gq)
h12 = (BOut2<2>)0

v

y26y = Z (if (v —k > 0,h12;u_5,,0))
k=0

3 Sequence Sequence

y26K
®

Fig: (4.7.3.1) Fig: (4.73.2)

|4. 7 Iterative algorithm (considering the bilinear transformation)

4.7.4) Sequence of the Sawtooth wave response

BOut3 := Bpolyalg( A, wy. Tgy-NOgq)
hi3 = (BOut3<2>)0

v

y27y = Z (if (v -k > 0,h13k-u_6y,0))
k=0
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Sequence

k
Fig: (4.7.4.1)

4) HIGH PASS (I° order) DIGITAL FILTERS

Sequence

400

k
Fig: (4.7.4.2)

117

| 4.7 Iterative algorithm (considering the bilinear transformation)

4.7.5) Sequence of the (Single tone) AM Signal response

BOut4 = Bpolyalg(AO w0 Tgam ,NOgd)

hi4 = (BOut4<2>)0
1%
y28y, = Z (if(v -k > 0,h14u_7yx,0))
k=0

Input Sequence Output Sequence

Fig.: (4.7.5.1) Fig.: (4.7.5.2)

| 4.7 Iterative algorithm (considering the bilinear transformation)

4.7.6) Sequence of the (Single tone) Frequency Modulated carrier

response
BOut5 = Bpolyalg(AO R wO’Tsfm’NOgd)
hi5 = (BOut5<2>)0
v
¥29,, = z (if (v -k = 0,h15u_8y,0))
k=0
4) HIGH PASS (I° order) DIGITAL FILTERS 118




Sequence Sequence

Il

-0.1 T
—02 L] d I _9 1 1 1 1
0 10 20 30 40 0 20 40 60 80
k k
Fig: (4.7.6.1) Fig: (4.7.6.2)
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| 4.7 Iterative algorithm (considering the bilinear transformation)

4.7.7) Sequence of the (Single tone) Phase Modulated carrier

response
BOut6 := Bpolyalg(AO,wO,Tspm >N0gd)
o (2)
h16 := (BOut6 )0
v
y30, = Z (if (v -k = 0,h16)-u_9y—.0))
k=0
Sequence Sequence

. 200
10 . »m TT H <] 100
u 9 oprn® i y30k 0
. if ¢ ¢
— 10 H - 100
D 1’ b L
[J qp" p"q. Ld

-200
0 20 40 60 80 0

e

Fig: (4.7.7.1) Fig: (4.7.7.2)
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4.8
Analytical search of the output sequence by means of the
residues method (considering the bilinear transformation)

80:=080 x0:=%x0 z:=z

—1
1-
Poles and zeroes of H11(z) = x0- z

1-60z !
0

2
v := numer(H11(2z)) coeffs,z — AO'wsmp + ﬂ'AO'wO'wsmp

2
_AO'wsmp - T Ay Wy Ysmp

0
zeros := polyroots(v) Zeros = (lj
0
2 2 2
v = denom(H11(z)) coeffs,z — Wsmp — T "Wo
2 2 D) 2
Wy T 2 TWo Wsmp ~ Wsmp

poles := polyroots(v)

| 0
oles =
P 0.054

80 = 0.054 , X0 = -3.162
The calculation gives:
hllg =1

Sequence of the Impulse Response.
2 T T

, ]
hilg

hl -1 .

———_, i

_3 L L

4) HIGH PASS (I° order) DIGITAL FILTERS 121

k
Fig.: (4.8.1)

1.6iii) By using the "invztrans" operator:
X0 :=x0 60 :== 60 vi=v
—1

1_
h101, = Xoizl
1-80-z

invztrans,z,v —

080V + 510y - 50Y)

50

4= 0-7,—— 50T
1000

Timpulse response w(t).

Sequence of the imp. resp.

;
1x10 ’13'0 53’1’0‘ 7 4 T T T
\ z :
Vhp(*4) | |
— o ‘ h101x
0 I A —_
B )
| | )
k107 Ay -2F 7
0 a7 X0
t4 _4 1 1 1
0 10 20 30
k
Fig.: (4.8.2) Fig.: (4.8.3)
rows(h101)—1
Stability (S11<o0): S1l := Z [n1015]  s11=3.162
j=0
rows(h101)-1
Energy of the sequence hil: E101 := Z (|nto1j])? E101 = 8.974

=0

The Output of the Digital System is given by the discrete convolution between the input
signal (in this case the sequence of a step function) and the impulse response of the System:

v

y3ly = Z (if(v—-j = 0,h1j-u50,-j,0))
i=0

4) HIGH PASS (I° order) DIGITAL FILTERS
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v

y32y = Z (if (v -k = 0,h101jcu_5,1.0))
k=0

Example 1) Triangular wave

Sequence

/nlli:!lfllln | /\
\

k
Fig.: (4.8.4) Fig.: (4.8.5)
Example 2) AM Signal input:
Input Signal Input Sequence
20 T T T
7777777777777777777777777 Vgat|
10
V2i()  of
- 10F
[ N Vat
~20 1 1 1
0 5%1070 1x107>  1.5x107° 0 21077 4x107° 6x107°
t ng
Fig.: (4.8.6) Fig.: (4.8.7)
1%
y33, = Z (if(v -k > 0,hll}u_7y,0))
k=0
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Sequence of the imp. resp. Output Sequence.
2 T T
1 i
hilg o '
1} B
k
2 L L
0 10 20
Fig: (4.8%9) Fig.: (4.89)

Knowing the sequences of any input and of the impulse response and the relative Z transforms, I can determine
the inverse of the product of the two Z transformed , corresponding to the convolution of the two sequences, as

follows:
NI-1 N-1
X4(z) = Z (uln-[ “) H4(z) = Z (h11n~z’ “) Y4(z) := Ha(z)-X4(z)
n=20 n=0
Viz
V=V V; ztrans — 80 = 0.053964066
z—1
_, 1 Vyz |invztrans,z,k X
Y34 = X0 —————— | . - V;x0-80
1-60.7 1 z—1 simplify
Sequence of the step response.
(U Adadddddd yvvvevvveew A
_sx10 3k .
y34i
L] -0.01F T
— 0015~y cAg Vi
0 10 20
k
Fig.: (4.8.10)
ni=n V,=25x 10 VAT = 125:ns
\'%

Example 3) wy = wyqr. System Input: x2 := —:t-sin(k-wz-AT)
Vo

Vi=V; AT = AT wy:=wy
Mrads
K3:=sin(ATwy)  {1-K3=1  K3=0025 Wogg = 0-266-——
V;zK3
Xgin(2) = K3 = K3

2-21-K3%2+1
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5 5 J1-K3% 1 K3
polesl =z~ —2+/1-K3"-z+ 1 solve,z —

polesl =

J1-K3% K3
V;zK3 V;zK3
A 2-\/1771(32-2 ‘1 h (z - poleslo)~(z — polesl 1)
r:=10 p2,:=polesly p2o = 1+0.025j
p2y = polesl| p2; = 1-0.025j

£(t5) = r-cos(t5)

Y(t5) := r-sin(t5)
CL(t5) = £(t5) +j-(t5)

1 +0.025j
1 - 0.025]

: )
0-5/ \
Im(polesl)
Yyl 0
Im(C1(t5)) —
_ 0'5\ /
1 1

,] _ —
“1 -05 0 05 1 410 0
Re(xsm(QIUS)x

Re(polesl) ,Re(C1(t5))

Fig.: (4.8.11) Fig.: (4.8.12)

The sequence of the result returned for the symbolic operation is too large to be displayed.
It require some seconds.

s 1 K2-V;z invztrans,z,using,n = k
y12k := %0- T — ... olif -
1-80-z (P20 - Z)‘(P20 - P20) Stplty
K2-V;z
(1) —
K2VixOT ik _ L
—11~ 50-(p20) -~ 20" P20 - p20:(p2g) +80%p2g + p250°"" ..
volt
—\k+1 —
920180 - 2.50°1 - 2802~ pag(p2g) - p20" 92 -
—\k+1 —
+30(p2g)  + 80 p2g + 250+ p20-50
yl12g =

O ) T
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Input Sequence.

Output Sequence.

47.722

Re (yl Zk’

Im(y12¢

-47.412

0 sk » NOgd

Fig.: (4.8.13) Fig.: (4.8.14)

Bode Diagram of H11(z) compared with that of W(jw)
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Fig.: (4.8.15)

20-10g( |H11(ej 'wte“Tsmp)‘) - —2.53.dB 20-log( | Wi wiest)| ) = —2-566-dB
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