Herleitung des Systems der Differentialgleichungen fiir das 3-fach Pendel

created by: Volker Lehner '
E.= % my -+ (% +1,") +% my+ (2, +1,7) +% my (5% +1y57)
By=myegey+my g yp+myeg-ys R '
y=lsin ()@=, +lyesin (ips) =1 - sin () + Ly - sin (py) 13
g m
Ty =@y + Ly e sin (p3) =1y +sin (py) + 1+ sin (py) + 13+ sin (p3) )
yr=—locos () Ya=ys— Ly cos (py) ==Ly - cos (ipy) Ly - cos (i) N
Y3 = Yp — by » cOs (p3) = =1y + cos (p;) =Ly cOs (p,) = I3+ cos (py) £ ma
—
x2
Zusammengefasste Koordinaten (generalisierte Koordinaten ¢, , ¢,, ¢ : 8
zy =1y +sin () xy =1y« sin (py) + Iy - sin (y) x3 =1y« sin (py) + 1+ sin (py) + 13+ sin (ip3)
Yy =1, - cos () Yo = —l; + cos (1) — Ly + cos () Y3 =1y + cos (1) — by cos () — I3+ cos (ip3)

Die Geschwindigkeiten:

Ty =1y- ¢y’ cos (py) Ty =1y -y cos (1) + 1y - 3"+ cOs (pn) T3’ =1y -y~ o8 (1) + 1y py'+ cOS (p2) + 13+ 3+ cOs (p3)
y1'=l @)+ sin (‘Pl) Yo'=li o+ sin (‘Pl) +ly+ ¢y sin <‘P2) y3'=l - sin <901) +lye p'+sin (‘Pz) +13+ 3+ sin <‘P3)

Eingesetzt in die Lagrangeschen Gleichungen (und vereinfacht) ergibt:

/2) ﬁ+ My <l12 S '<P2'2>
2
+1y -1y my- cos <<P1_<P2> <@ 1y Iy my - cos <‘P1—‘P3> <@ '+ 1y Iy my - cos <<P2—<P3) <0y

’ ’ 1 ’ ’ ’
Ek=<l12 v+ 0 1 g +?m1 Lo +l1-l2-m2-cos<<p1-—<p2)-<,pl Ty d

E,=my gy, +myege (Y1 +Ys) +my- g+ (1 +Y2+Y;)

E,=-m;-g-l;-cos <<p1> —Mmy-g- <l1 . COs ((pl) +1y+cos <<p2)) —mg-g- (l] * cos (<p1> +1,-cos (<p2> +15-cos (<p3>>
Somit ergibt sich als Lagrangesche Gleichung fur das 3-fach Pendel:

L=E,-E,

m ol st 1

2 () <1/ () ' (t) + 1+ Ly o my - cos (@1 (8) — s (£)) - 0" (2) - 0/ ()

()) () <,>03()+l2 lyemg - (os( )2 t) ) () ’(t)+m1 cgely. Lob(<p1( ))J
t Iy

>_+l2 * cos (<p2 t) +mg-g- (1 cos (<p1 +1y- cos(goZ ))+l3 cos <903( )>>

2 2 2
= (1o () + 02 0y 1)+l 0y’ ()’ -

+l1-l2-m2-(:os(<p1( )=
+l1-l3-m3-cos(<p1( )=
+m2-g-<l1-cos<ga1 (t

Die Ableitungen: ¢, -Koordinate

dL d d d d

~= —gal(t))-ll2 -m1+(—gol(t) 0 emy 4 |— ) (t) .1, -m3+l1-l2-m2-—<p2(t)-cos (cpl (t)—cp2(t)> d
dey’ | dt dt dt dt

d d
+l1‘l2‘m3‘E<P2 (t)-(:0s (‘Pl(t)_% (t))"'ll‘l3‘m3.'g<;03(t)’COS (‘Pl (t)_903 (t)>

dL . . . d d .
e = —(ll em,+g-sin <<p1 (t))) —1l,+my-g-sin <<p1 (t)) —l;+my-g-sin <<P1 (t)) —lyelyemy ‘E% (t) -Egpz (t) .sin <<,01 (t) — @, (t)) d

1

== (6) = (1) 50 (1 (1) = (1) =l == 1)+~ (651 g 1) = (1)
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d dL ) d? d? d?

o Ao =47 -my- 17 @1 () +1,% -my- e @ (1) +1,7 ey 17 1 (t)
%@mrwi%memy%mfi%mnimng ;
dlf2 dt dt ; .
-{d2%Uﬂ%%@Aﬂ—%UD+%ﬁ%ﬂﬂ%U%wdm'rzvdﬂ—dz%ﬁ)d
dt dt dt
(e}t (O ) |t (t)]
t dt ]
ety 2.%% () +sin (1 (1) ~ 2, (t)).[%% (t)—%% (1) _(jtz 2 (1) cos (1 (1) — 2 (1)) 4 y

Fou )5 1 (0= () [ ()= 0

+ o, (t) +CoS (gol (t) — Py (t» : d

—(dz <P3(t)

dat’

—wwm-wi%m«u%mﬂm»Fiﬂm“i%m
dt dt dt

.+ COS ((pl (t) — 3 (t)) d

da’ d?
Sei(t) ——es(t)
dt dt

+¢p3(t) +sin (901 (t)=ws (t)> : (

+p;(t) + cos <<p1 (t) =5 (t)> : d

Erste Differentialgleichung fiir die ¢, Koordinate:

2 2 2
d

d d
2<P1(t)+l12'm2’ 2<P1(t)+l12‘m3' 2<P1(t)<J =0
dt dt dt

2
L7emy e

Lo 0--Lp)

ety 2-%ga2(t)-sin (1 ()= pa(0) - | ¥ J J
—( d S P2 (t)) * COs <(p1 (t) =, (t)) + ¢, (t) - sin (901 (t) =, (t)) . ( d S (t)— d S P2 (t)] 4
dt dt dt
+ ®s (t) * Cos <‘P1 (t) —®a (t)> . (i $1 (t) _iwz (t))
dt dt
e lyemy - 2-icp2(t)-sin(<p1(t)—<p2(t))-(icpl(t)—icpz(t) —(d2<p2(t)]-cos<gol(t)—goz(t)><J J
dt dt dt dt
+%aymn@xw—%u»{dzwmn—dzwu)+%u»«m@an—¢ﬂm-Fiwaw—liwxﬁ
dt dt dt dt
N R— 2-%<p3(t)-sin(<p1(t)—<p3(t))- %gpl(t)—%cpg(t) _(th ea (1) |- cos (1 () = 0 (1) 4 y
+waa«m@xw—%u»{di%urff¢aw+%aymw%urwam-kiﬁariiﬁaﬂ
dt dt dt dt
— [~ -my - g-sin <g01(t)>>—ll-mzog-sin<cp1(t)>—ll-m3-g-sin<cp1(t))—ll-l2-m2-%<p1(t)-%go2(t)-sin (@1 (8) = (8)) 0
Ly ()~ (£) - sin (1 (8) = 03 (8) = - Ly g~y (£) -~ (£) - sin (1 (6) — 05 (1)
dt dt dt dt

Die Ableitungen: ¢, -Koordinate

dL
dpy

i% (t)) b emy+ (%902 (t)

dt

d d
.y’ .m3-|-l1.l2-mzogcp1 (t) - cos <<p1 (t) =, (t)) +l1.l2.m3.g<p1 (t)-cos (901 (t) =, (t)) J

+lyely-my- i @3 (t) - cos (‘Pz (t) =5 (t)>
dt
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% ddL =1,% -m, dr @y (t) +1,° -my dz oy (t) =1y lyomy-|2 -itpl (t)-sin ((pl (t) =, (t)) . (i% () —igoz (t)] dld
Pa dt dt dt dt
= jtz o1 (8) - cos (o1 (1) = 2 (1)) 4
o1 (£)-sin (4 (1) 0 (1)) [ C - ()]
dt dt
F 1 ()05 (o1 (8) = 23 (1) - [ o1 (1) =0, ()
] dt dt
oLy |2 .%% () ~sin (1 (t) - 03 (1)) [% o (1) _%% (0)|- ( jtz o1 (8)|-cos (g1 (1) — o (1)) 4 y
ro ) esin (o1 (-0 0) [y (-, ()] + 01 1)+ cos (01 (-2 () [ (), (t)]
dt dt dt dt
by 20 o (1) sin (g (£) — 04 (1)) - [i%, () -y ()| - ( Ly (1) |- cos (s (6) 5 (1)) ¢
dt dt dt dt ;
4y (1)-<in (1) — 3 (1) ( V) - ()] 4 s (0) o () - (0) [ (1) (t)]
dt dt dt dt
ZZ =1, -lz-mz-j—tgal () -%(pz (t)-sin <<p1 (t) =, (t)) —ly+my-g-sin <<p2 (t)) —lyemy-g-sin <<p2 (t)) J
ey ey (6) gy (8) - sin (2 () = (1)) — by Ly - g - iy () -y () s (1 (6) = 5 (1)
dt dt dt dt
d dL  dL _
dt dpy'’ ] dp, r
Zweite Differentialgleichung fiir die ¢, Koordinate:
I, -mz-d—;go2 (t)+1,° -m3-d—:2<p2 (t)—1ly-lyemy- 2-%% (t) +sin (py (t) =2 (t)) - (%gol (t) —%902 (t)) 414 =0
[ (1) - cos (1 () a ()
dt
1 (0)5in (1 () =2 (8) |00 (1) =~ a(8)| 4
dt dt
+1(t) - cos (1 (£) — 5 () - [i o1 ()=~ (1)
dt dt
—lelyemge |2 -icpl (t) +sin (gal (t) — @y (t)) . (icpl (t) —i(pz (t) - ( d S P1 (t)] + COS (gol (t) — @y (t)) d d
dt dt dt dt
Fr(0)-sin 0= 0) [ 1 (0= 0] s 00 (2 (- ) (% - (t))
ety (20 Ly (8- (o (6)— (1) (d% -2 00~ ( = (t)] - cos (palt) —x (8) 4 y
dt dt dt dt
g (8)5in (02 ()= 25 ()« |- () = ()] (8- cos (1) — 5 (0) (i (-1, (t))
dt dt dt dt
4, zQ.mz.;_t% (t) .%902@) +sin (py (£) = 05 (£)) L + g - g - sin (93 (£)) = by g g - sin (5 (2)) 4
ey ey (8) -y (8) - sin (0 () = 0 (8)) — oLy o+~ ()~ () s (1 (£) — 03 ()
dt dt dt dt
© Dipl.—Ing. Volker Lehner Herleitung_3_Fach_Pendel_Lagrangesche.mcdx 04.24.2017 Seite 3 von 4




Die Ableitungen: ¢,-Koordinate

dL d d
~= 3 ( )-132 emg+lielyemge—o (t) - COoS (cpl (t)—<p3(t)) +l2-l3-m3-—<p2(t)-cos <<p2(t) Lp3(t)>
des dt dt

;it (ZPI; =1,% -m, 2 @3 (t) =1y + Ly my - 2-%(pl(t)-sin(cpl(t)—tp3(t)>- %%(t)—j—t@ (1) —(j; <p1(1t)).coS (1 () = s (1)) 4
o (£)sin (o1 (£) — (t))-( L o)L, (t)) y
dt dt
i (6)-con (o1 (1)~ (t»-[%% (t)—i%(t))

dt
e 2-j—t<p2(t)-sin (@2(8) =5 (8)) - %@2(t)—§—t<p3(t) - ;‘: %(t)).m (@2 (t) = 2 (8)) 4
+%Mﬂu%M—%wny%m—d;aﬂ+%m«m%uw%wai%m—iwm)
dt dt dt dt
x;h%%fﬁﬁ%%%mWWW%%WJWWWM%Wﬂbkwgﬁmﬁi%UWWA)M»
Bl O
dt dpy dp,
Dritte Differentialgleichung fiir die ¢; Koordinate:
l32-m3-—22§03(t)—l1-l3-m3 2. i(pl() 51n(‘P1() go3(t (—cpl( )——903(t) —(d22 o, (1) -cos(gol(t)—(pg(t»d 4 =0
dt dt dt
o0 [ |
dt
+<p1(t)-u)s (dd ——<p3 t)
by by g | 22—y (£) - sin (5 (£) — 05 (8)) - (_%(t)_i%(t) ( d” <p2(t)] cos (13 (£) — 3 (£)) 4 y
dt dt dt d¢?
L (t)—sos(t»-(di 2 (6= s (8)] + 2 (2)-con i 6) — (t».(i% -, (t))
dt dt dt dt
d

Lyl e~y (6) -~ gy (2) - sin i (£) = 03 (8) = Ly g g+ sin (3 (8) + Ly Ly g -5y (£) -~y (£) - sin (i3 (8) — 3 (1))
dt dt dt
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